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1 | INTRODUCTION

By the late 19th century, a lot of fruitful results have been obtained in the subject of fractional calculus in the continuous
setting. Since then, many problems in science and engineering have been modeled by fractional calculus. For example, we
refer the reader to Podlubny.! Despite the huge developments in the field of continuous fractional calculus in both theory
and applications, notably less is known about discrete fractional calculus. In 1974, Diaz and Osler published their paper
introducing a discrete fractional difference operator defined as an infinite series.?> In 1988, Gray and Zhang developed
Leibniz' formula, a limited composition rule and a version of a power rule for differentiation.? Since 1989, discrete frac-
tional calculus has been under focus by many researchers. The forward or delta difference has been employed in previous
studies*!?; other work has been developed for the fractional backward or nabla difference.!3"'” The relation between the
forward and the backward fractional operators has been developed in Atici and Eloe,'¢ and the fractional derivatives on
time scales have been defined.!®!° Up to now, the researchers have paid little attention to function domains or to lower
limits of summation and differentiation, which may lead to wrong claims; however, many applications of discrete frac-
tional calculus in different directions of science are successfully discussed in many papers in the last decade, for example,
in previous studies.?*?8

Not long ago, a new fractional derivative based on nonsingular kernels is introduced.?® It appears that Caputo-Fabrizio
(CF) derivative is very profitable in describing real-word problems, which behaves exponentially. Atangana and Baleanu*
solved the fractional heat transfer model using new fractional derivatives with exponential kernels. In Caputo and
Fabrizio,3! many applications about the new notations of fractional derivatives with exponential kernels were presented,
and the coherence with the thermodynamic laws were proved.
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Recently, studying the monotonicity for fractional difference operators with nonsingular discrete kernels is under
consideration.>?*> The monotonicity with discrete exponential kernels were studied in Abdeljawad and Baleanu*® when
the time step h = 1. Suwan et al®® studied the monotonicity results for h-discrete fractional operators, and they formulated
a new version of the mean value theorem (MVT) as an application for0 < h < 1.

In this work, CF fractional differences and their correspondent fractional sums are studied with exponential kernels,
and their monotonicity results are obtained for small enough time step 0 < h < 1, and then the results are prettified by
formulating a new version of the MVT as an application. As a general conclusion, the time scale hZ provides an accurate
description of the discrete phenomena.

In Section 2 of this article, the needed definitions and preliminaries are presented. In Section 3, we investigate the
monotonicity results in Suwan et al® for fractional differences with discrete exponential kernel, and hence, we generalize
the results in Abdeljawad and Baleanu.*® In the fourth section, we formulate a new version of the MVT as an application.
Finally, the conclusions are provided in Section 5.

2 | DEFINITIONS AND PRELIMINARY RESULTS

For p,q € Rwithp < g, q;—p eN,and0<h<1letN,, ={p,p+h,p+2h,..}and ;xN = {q,q— h,q — 2h, ... }, the

h-nabla discrete exponential kernel is expressed as ,6,(t, pp(s)) = (ﬁ "= (1_1;‘“) " where A = %.37

In the following, we propose the h-discrete version of the difference operators:

Definition 2.1. (Suwan et al3®) The backward difference and the forward difference operators on hZ are defined by

ag = KO 4=
and

Bty = KD =00
respectively.

Definition 2.2. (Suwan et al*>) The backward jump and the forward jump operators on the time scale hZ are defined
by pin(t) =t — h and oy (t) = t + h, respectively.

Definition 2.3. Let ¢ be real-valued function defined on N,;, = {p,p + h,p + 2h, ... } in the left case or on ¢;,N =
{q.q — h,q — 2h, ... } in right case. Let L(u,h) = B(u) (% +1- ,u), where B(u) is a normalizing positive constant

satisfying B(0) = B(1) = 1, then for 4 € (0,1) and 0 < h < 1, we define
The left h-nabla CF fractional difference by

t/h tzmh
1- h
GCVEdO) = Liu b)Y h(vhqs(mh))(ﬁ) . £ € Npynn.

m=p/h+1
The right h-nabla CF fractional difference by

q/h-1 mh—t
CFCy7H —M !
G Ve —L(M,h)mzt/hh( Ahfl)(Mh))( P > s t€g-npN.

The left h-nabla RL fractional difference by

t/h #
( FRV”d))(t) = L(u,h)Vy, Z hd)(mh)(—ﬂ]’l) , te Np+h,h-
m=p/h+1 +

The right h-nabla RL fractional difference by

q/h-1 mh—t
U 7
CPRYAB)(t) = L, b) ( Ahmzt;hh¢(mh><—+m¢> ) . t€qni.

Notice that

L0, h) = B(O)( +1—0> -1, L(l,h):B(l)(% +1—1> - %l
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Remark 2.1. After noting that L(0,h) = 1 and L(1,h) = -, in the limiting case 4 — 0 and y — 1, we remark the
following:
e (5FCVib) () = (t) — p(p) as u — O,
Proof.
CFC u L—p &
p .
lim ™V, #)(0) = Il}gg)L(ﬂ,h) _Z h(Vh¢(mh))<—1 - hﬂ)
m=p/h+1
t/h -0 t=mh
=100 3, hVpomi)(Z55)
m=p/h+1
_ f " (qb(mh) : ¢<mh—h)>
m=p/h+1 h
=¢(t) — p(t —h) + d(t = h) — Pt — 2h) + ... + P(p + h) — P(p)
= $(0) - $(D). -
e (5FCVED) (1) = Vad(t) as pu — 1,
Proof.
t/h —u Lok
. CFCxgH —1i -
lim(,™" V), é)(¢) = lim L(u,h)mgzﬂh(wamh))( -y hﬂ)
u = t/h-1 u #
= L(1,h) lim <h(vh¢(t))<ﬁ> + _g,mh(Vm(mh))(—JrM) >
t/h—1 -1 t=mh
= S lim Vape) + = Y, hVagm) (=)
m=p/h+1
= V(). U
o (FFCVEb) () = d(t) — p(q) as u — 0,
Proof.
q/h-1 s
limFEVEANO) = lim L(u, b) D) h(= Ahqb(mh))(—")
m=t/h +h
q/h-1 —0 mh—t
= L, h)m%hh( Angmh) (o )
'S (=g
m=t/h
=¢(t) — p(t+ h) + Pt + h) — Pt + 2h) + ... + P(qg — h) — P(q)
= ¢(t) — P(q). O
o (CCVEQ) (1) > —Apd(t) as u — 1,
Proof. g/h—1 ) s
lim((TEVGA)D) = lim Liu h) ) (= Ahqb(mh))(;”)
m=t/h p+hu
u S g/h-1 1—u e
=L(1,h) LLH} <h( Ahd)(t))(ﬁ) + mz%ﬂh(_Ahd’(mh)) (m) >
q/h-1 . mht
=c hm( hAR(D) + = h(~Apd(mh)) '
hm ;wl < -1+ h >

= —Ang(t). O
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Similarly, we can prove the following:
(5TRVED) (1) = () as u — O,
(57°Vyb) () = Va(t) as pu — 1,
« (;7RV4e) () = p(t)as u — 0,
(SFCVae) (1) — —Ad() as u — 1.
Definition 2.4. Let u(t) be a function such that u(t) = (5* RVZ(}&) (1),0 < 4 < 1and 0 < h < 1. The correspondent
left discrete fractional integral of (57X V') (¢) is defined by

t/h

Y hu(mh), t € Npan.

m=p/h+1

CEVHy) () = ¥ u(t) + 5
(v, "w) L(p, (A — p + hp) L(p, (1 = p + hp)
Also, we define the right fractional integral by
q/h-1
—U U
u(t) + hu(mh), te,_p,N.
L(u,h)(1 — u+ hy) L(p, (A — p + hﬂ)mzzt;h ahh

(F9;w) ()=

Note that from the definition we have,

(5" V" 5 V) (1) = (o),
and

(' Vg" ;7 Vge) ) = (o).

Proposition 2.1. (The relation between Riemann and Caputo type h-fractional differences with exponential kernels)
ForO< u<1land0 < h <1we have,

—P

L(p, )1 — p + hp) Heo\ "
: (591 @ = (7)o - FERLTIE M g (L)

L(p, h)(1 = p + hy) Y
2 (5 Vg9) 0= ("Ved) (0 - =——— ¢<K #+h) -

In the following, we provide an alternative proof to the one appeared in Abdeljawad,>” where the authors used the
discrete Laplace transformations.

Proof. In this proof, we start with the definition of the left and right Caputo h-fractional differences with exponential
kernels, and we conclude its relation with the left and right RL h-fractional differences with exponential kernels,
respectively.

t/h B Lot
L GFOVEg)D) = Liw.h) ). h(thﬁ(mh))(—”)

m=p/h+1 + hﬂ
t/h t=mh
¢(mh)—¢(mh—h)>< 1—pu ) h
=L(u,h h
(ﬂ )m=§z+1 < h 1—p+hu
t/h u Lok t/h 1— 4 mh
= L(u,h) ¢(mh)<—> — L(u, h) p(mh — h) <—>
m=§7l+1 o+ hp =§2+1 1—p+hu
t/h 1—u % t/h—1 —u z—n;lh—h
=L(u.h ml—~E2 ) " —Luh m ——#
(u )m%:‘mqb(m >< i hﬂ) (4, ) _zp‘,/hqﬁ(m )( o hﬂ)
t/h u ok t/h—1 u tchomh
= L(u, h) ¢(mh)<—> — L(u, h) p(mh) <—>
m=§z+1 o+ hy m—%ﬂ u+hpu
M #
— L(u, h)¢(P)<ﬁ>
t/h 1 _ ﬂ F;nh ” %
= L(u,)Vy Z h¢(mh) <m> — L(u, h)¢(p)<—+h#>

m=p/h+1
t=p

L(p, h)(1 = p + hy) Hoo\ "
e e I

= (§7918) 0 -
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q/h-1 et O
2 (VIO = Lk h) Y (= Ahqs(mh))(—"h)
m=t/h +hu
q/h-1 —u et q/h-1 —u mht
=L(u,h | —————— —L(u,h h+h
(u )mzl;h¢(m )< m— h,u) (u )mzt;hqﬁ(m + )< s hy>
q/h-1 u et q/h u et
= L(u, h) ¢(mh)<—> = L(u, h) ¢p(mh) <—>
mz;jh W+ hy m;/;‘m +hpu
q/h-1 u % q/h-1 p mh—;wh)
= L(u, h) ¢(mh)<—> = L(u, h) ¢p(mh) <—>
mzl/h pthu m= tE/;zH +hu
N
— L(u, hep(q) <——+h,u)
= L(u, h)(— Ah)mz:;hhd)(mh)( P > — L(u, h)¢(q) < T hﬂ>
_ (CFRyH _ L(p, WA = p+hp) —u o
= (i Vad) —Cl Hh . -

Numerical calculations have been done in order to verify the first equation in Proposition 2.1. The data used are p = 2.5,

h=0.5u=0.3,L(uh) =
In addition, the data are presented in Table 1.

Lemma 2.2.
t/h
1. cryg-uf _L=p -
Prmh \1—pu+hu
2 1—u (t=s)/h
s Vh,s - - =
1—pu+hu
CFy— CF
3. (p Vh” Vhd’) = (Vh p Vi
60
*
50+ *
3
¥
40t . ¥
£ ¥ x  Caputo
S 3ot t +  Riemann
2 ': * difference
£
+  x
Pl + o
+
+ X
10F x
t .
.é.
0 L L * T * A T S
3 4 5 6 7 8 9 10

% + 1 — p, and ¢(f) = 2. The results are illustrated in Figure 1 and Table 1.

1
L(u, )

1—p
1—u+hpu

< >p/h+1
u

1—p

) (t=s)/h

¢ ().

1—u+hu\l1—pu+hu

(

u _
$)© L(u, h)(1 —

u+hp)

FIGURE1 The relation between RL and CF h-fractional
differences with exponential kernels [Colour figure can be viewed at
wileyonlinelibrary.com]
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TABLE 1 The relation between RL and CF h-fractional differences with ¢ Caputo RETREm Difference
exponential kernels

Proof.

CFxg—H
s

1_ )l/h_ 1—//[ < 1_}4 )i/h+ u % h< 1—}4 >mh/h
1—p+hu L, ) A — pu+hu)\1—p+hu L(p, ) — p + hy) 1—pu+hyu

u

3.0 11.700000 3.575000 8.125000
3.5 13.860294 7.169118 6.691176
4.0 16.289360 10.778979 5.510381
4.5 18.939767 14.401806 4.537961
5.0 21.772455 18.035311 3.737144
5.5 24.755257 21.677609 3.077648
6.0 27.861682 25.327149 2.534534
6.5 31.069915 28.982652 2.087263
7.0 34.361989 32.643066 1.718922
7.5 37.723108 36.307525 1.415583
8.0 41.141089 39.975315 1.165774
8.5 44.605897 43.645848 0.960050

9.0 48.109268 47.318639 0.790629
9.5 51.644397 50.993291 0.651106
10.0 55.205680 54.669475 0.536205

. 1— 4 t/h _ - 1— 4 t/h
1—pu+hpu 1—pu\1—pu+hu )
t/h t/h-1
1—yp % 1—p
CFRyH =Luwh)(1- (- - .
Poh\1—p+hu (1) 1—/4+h,u( p) 1—pu+hyu

CFR# 1-n (ot
V1) (t) = L(u,h)| ——— .
Vi) 0 = Lon i =2 )

m=p/h+1

o - u t/h+1
Lp, ) \1—p+hpu
< 1—u )(t—P)/h
1—
1-p+hu

h _ p/h+1
+ H 1—u
L, WA —p+hpu)\1—pu+hp 1_( 1-p )

1-p+hu
B 1—u t/h+1
L(u,W) \1 = p+hpu
1-p

]’lpl < 1- M )p/h+1 1- <1—/4+hu

+
L, YA = p+hp) \1 — p+hpu hu
1—p+hu

o 1—pu t/h+1 . 1 1—pu p/h+1 . 1—u (t-p)/h
L(u,W)\1—pu+hu L(u,MH)\1—pu+hu 1—u+hu

_ 1 1—u t/h+1 . 1 1—u p/h+1 ~ 1 1-u t/h+1

T L(uh)\1—u+hu L(p, W)\ 1 — p + hpu L, W)\ 1 — p + hu

1 1—u p/h+1
B L(u,h)<1—u+h/4> '

)(t—P)/h
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(t=s)/h (t—(s—h))/h
(t=9)/h ( “”) _<1w >
2. Vi 1—p _ \1-pthu 1—p+hu
\1—p+hpu h

_ 1—p (t_s)/hl hu
1—p+hu h\1-—pu+hu

_ U 1- U (t=s)/h
1—p+hu \1—pu+hyu :

1- t/h

CFxg—H _ M U
3. (57 V" Vo) (1) = L h) (1 — p+ hp) V() + T AT hm ng;lﬂhvhqﬁ(mh)
1-—p 4 t/h t/h
= Viud(t h h—nh
L h) (1= u+ hw n(t) + T A nthm <m=§ﬁ+1 (mh) — p/hzhd)(m )
1—u 4 t/h t/h-1
= Vet W — L
Lo A=p+hw O L a=p+hw <m:§:,+l¢(m ) m§h¢<m )
1-— u ]’l//l t/h
o (=i Ot T V2 40
H
Lo A —p+hw P
1—u u t/h
=V h b
h <L(“’ WAt hw "t T a—n v m:glm oo )>
u
Lo A —p+hw P
— CF H _ U
= (N B O~ na e P m
_ t/h _ t/h-1
+ \Y __lili__tm _ <%L£w) _(L;£m>
"\T-wu+hu) ~ h
_ —u 1—p t/h
_1—M<1—ﬂ+hﬂ> ' u

Ly A\ Vi 1—u
5. gFRVZ<—> =L(p, W)Vy z h<—

mh/h 1—u (t—=mh)/h
L= uthy m=p/h+1 <1—,u+h,u>

t/h TN
=LV, Y, h<m>

m=p/h+1

1- 4 t/h
= L(u, W)hV
(u.h) h<<1_u+hﬂ>
- t/h 4 _ _ t/h-1 ;.
= Loy (——2 t-p) _(_1-u t-p_,
L—p+hp h 1—p+hy h
1- 4 t/h-1 i—p -
=L(uh)| —Z 1 1
Ul)(l—y+hy> +— T

1 -\
=L(uh|1—- ——— (- .
(u )< T p)) (1_M+hﬂ>
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6. (" Vy1) ®

t/h 1—u %
e, $ ()
m:pz/h+1 1—pu+hu

1 t/h 14 Lok t/h-1 1— 4 (e
= L(u, W)~ ( h<—> - h<—> >
h m:pz/h+1 1—pu+hu m:pz/h+1 1—pu+hy

t—mh

t/h 14 Lok t/h 1= 4 b
=L(u,h)( (—) - <—> >
m=§l+l 1—p+hy m=§z+2 1—pu+hu

(t=p)/h-1
1-—
-on(Tm)

3 | THE MONOTONICITY RESULTS

In the following, we define the hZ versions of the monotonic functions that appear in Atic: and Uyanik.36

Definition 3.1. Lety : Np, — Rsuchthat y(p) > 0. Then y(¢) is called y-increasing function on Ny if w(t+h) >
uy(t) Vi € Npp.

Ifw(t)isincreasingon Ny, (w(t+h) > w(t) V t € Npy), then y () is p-increasing on Ny, .. For y = 1, then the increasing
and the p-increasing are the same.

Definition 3.2. Let y : N,; — R such that y(p) < 0. Then y(¢) is called u-decreasing on N, if w(t + h) <
uy () Vi € Npj.

If w(¢) is decreasing on N, (w(t + h) < w()Vt € Npj, ), then y(f) is p-decreasing on N, ;.. For u = 1, the decreasing
and the pu-decreasing are the same.

Theorem 3.1. Let w : N, ,, — R such that (g}fvg v )(t) > 0for0 < u < 1, and t € Nyy. Then

. hu S .
w(t) is <1—;4+h;4) increasing.

hu
1—p+hu”

Proof. In our proof, we will show that when CFR is nonnegative, then x in Definition 3.1 will be replaced by
First, we recall that

t/h fmh

1—u h

CFRy 1 t) = L(u, h)V hy (mh)| ——— .
TRV w (@) = Lip )h_zpl/hwm)( M+hﬂ>

Let

t/h #
J(t) = hy (mh) <—”> .
Eh + hu

Then V,J(t) > 0. To show that

Vi = 10T h
t/h -mh t/h—-1 #
h - h
_Zp/hy/(m )< H+hﬂ> %hy/(m )< ,u+h/4>
t/h-1 “"” t/h-1 #
=yt | —— - h
=+ _Zp‘,/hw(m )( Hhﬂ) _Zp‘,/hw(m )( +h/4>

t/h-1 u # 1=+ hpy
=yw()+ Z W(mh)<—+hu> <1— ﬁ)

m=p/h
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hu t/h-1 u #
—W(I)— — y(m h)<—> > 0.
—u _zp“/h u+hy
Therefore,
hu t/h-1 u #
V() = w(t) — 14 _Zp;hllf(mh) <m> = 0. ®

When ¢ =p , we have

ViJ(p) = w(p) > 0, and hence, w(p) > 0.
When t=p+h,weget

h# p/h 1_ﬂ p+h;mh
Vi J h h) - —— | ———
W+ =wp+h - _Ep‘,/hmm )(1_#”1”)

_ _ _1-u
=y(p+h % w(p)<1_ﬂ+hﬂ>

h
=W(P+h)—1_—MII/(P)ZO

u+hu
hence, y(p+h) = =55 w(D).
Now, we use 1nduct10n to show that
C+h) > —* L. Vie N
ll/ = 1 _ ﬂ + hﬂ ll/ > p,h-

Lety/(m+h)> h w(m) >0, Vm < tsuchthatm,t € Npj.

L) v,

We should prove that w(t+h) > (1_
Now, in (1), replacing t by t + h gives

hM I/l’l 1 _ M t+h}:mh
y(t+h) — —— w(mh)<—> >0,
1- ,um:zp:/h 1—pu+hu

t+h—p

hu u h 1—u
w(t+h) ——< ( )<ﬁ> + ...+ y() <m)) >0,

t+h—p

hu —H " 1—u
hu 2
T-u ()< M+hﬂ>
_ hy
_<1—u+h#> v

u
=) w. O
By Proposition 2.1 and Theorem 3.1, the following CF h-fractional result is concluded.

IV

Hence, w(t + h) > (1_h

Corollary 3.2. Lety : Ny, — R, and let

t—=p+h

—L(u,h) (1 = p + hy) l—p \ *
CFCH e )(t) > - ——"— ,teN
eIy (1) > T w(p )(1_”””4) € Npi

forO<u<1,and0<h <1,then y(t)is (1—;]:111;4 )—increasing.
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t—p+h

CFC _ (crr _ L, (A — p + hp) 3 1—wu "
(CEeviy ) @0 = (SRviw ) @ v h)<—1-ﬂ+h,4> .

Now,
t—p+h

CFCyu —L(p,h) 1 — pu+hp) _ 1—u "
Gon Vi v = 1—u v h)<1—u+hu> ’

hence,
t—p+h

CFCon LW A—p+hp) 1—pu "
(CVt () + vo-m( 2t

>0

)

which means that
CFRy# .
(Vv ) o 20

. hu K .
hence, by Theorem 3.1, w(t) is <1—;4+h;4) increasing. O

Theorem 3.3. Lety : N, — Rsuch that y(p) > 0, and assume 0 < u < 1. If y is increasing on Ny, then

GoRVi w)(O 20,V € Ny

Proof. Since we have
(CFRV”W)(t) = L(p, Vi (0), t € Npp,

it is enough to show that

t/h —u #
I = Ehhu/(mh)( + h#)
is an increasing function on N, j,. In reference to the proof of Theorem 3.1, when ¢ = p, V,J(p) = w(p) > 0.
Now, we will show that V,J(t) > 0.
Since, from assumption, y(¢) is increasing, then y(t) > w(t —h) > w(p) >0, Vi € Ny .
From (1), we recall that

t—mh

h t/h-1 -y :
ViJ(t) = p(t) — —— %hv/( <m> .

Then we have

hu t/h-1 u #
Vil () = (t)—— > u/(mh)<—>
+hu
m=p/h
hu ghas 1—u 5 hu 1—u
—w(t)—— w(m (—) ——u/(t—h)<—>
—u _Zp/h 1—pu+hu 1—u 1—pu+hu
/h=2 tmh
hu hu : 1—u D
=y(t) - ————y(t—h) — — |l ———
VO~ T 1_Mmzzp‘,/hw(m )<1_M+hﬂ
h— i=mh h— ok
LI () LTI (e
1_”m=p/h u+hu 1—,um:p/h u+hu
/h—2 t=mh
hu hu : 1—u h
=y() - ————y(t—h) — — t—h| ————
VO - T v I_Mmzzp‘,/hw( )<1_M+hﬂ
hu t/h—2 u #
+— (w(t—h) - w(mh))<—>
1—y< _Zp/h +hy
/h—2 Lomh
hu hu " — U "
>y(l) - —————y(t—h)— —— t—h)| ————
2O - T v = 1-MZ w( )< m——y

m=p/h
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hu t/h—1 u %
—ll/(f)—— Z y(t— )<W>

m=p/h
t—mh
hu t/h—1 1- o
=wO -y -h+y-h - 3 (r—h)(—”)
—H= U+ hy
/h—1 Zmh
hu —p "
>yt-h - —— Y yt-h| ———
> y( )1—Mm§‘/h( )( M+hﬂ>

—mh

t/h—1 mh
=y(t—-nh 1-
v )< m§h<1—u+h#> )
_ B 3 hu 1—u 0 1—pu
=vi h)<1 1—M<<1—M+hﬂ> +"'+<1—/4+h/4>>>
_ a : hu 1—u 1—u =
v (o) () T )

=

()

SN PR ()
—p+hy

p

()

=y(t-h|1- <1_Z/:_ hﬂ) <11 h,:i:hu)
—p+hy

=y/(t—h)< 1—<1— <1—1u_—fh/4>_>>

l—_p

—_ h

=w(t—h) _1-n > 0, which completes the proof.
1—pu+hu

Theorem 3.4. Lety : N,_p, — Rsuch that w(p) > 0 is strictly increasing on N, , where 0 < y < 1. Then

Gra Vi w (O >0, t € Ny

Proof. Since we have
ETRVIY)(O) = L, VR (D), £ € Npp,

it is enough to show that

t/h #
=Y hw(mh)(—:hy>

m=p/h
is strictly increasing on N, ;. In reference to the proof of Theorem 3.1, when ¢ = p, we have V,J(p) = y(p) > 0.
Now, we will show that V,J(t) > 0.
Since y (1) is strictly increasing, it follows that y(¢) > w(t —h) > w(p) > 0, Vi€ Npy .

)

h
) ; hence,

In reference to the proof of Theorem 3.3, we have V,J(t) > w(t — h) <1 m—»

=p

1— 7
V() 2 w(t—h) <ﬁ)

1- o
> w(p) <—1 . thl)

> 0, which completes the proof.

WILEY——2
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Theorem 3.5. Let v : N, — R such that <§f§vg W )(t) < 0for0 < pu < 1,andt € Npj Then

. hu ) .
w(t) is <1_”+hu) decreasing.

Proof. Let @ : Np_pj — Rsuch that ¢(f) = —y(t); hence,

GEaVy @O = GEiVE (=w))(®) = =TI Vi) 2 0.

Applying Theorem 3.1 to ¢(¢) finishes the proof. O

Theorem 3.6. Lety : N,_p, — Rsuch that w(p) <0 bedecreasingon Npj . Then for 0 < u <1,

CERV w0 <0, V£ € Npp.

Proof. Apply Theorem 3.3 to ¢(t) = —y (1). O

4 | APPLICATION: MVT

In this section, the h-fractional difference version of the MVT will be presented. For this purpose, we need the following
theorem.

Theorem 4.1. For0 < u < 1, then

hu

CF—# CFRyH _ _
(593" 0w ) 0 = w0 = T W), e Ny

Proof. By definition and Lemma 2.2 we have,

[/I’l t—mh
- - 1- h
(IC)‘FVh” gfﬁvzw) (t) = <gFVh” L(/l, h)Vh E hw(mh)(ﬁ) >

m=p/h
1 u FTP l/h 1 U #
=L(u, WSV * Vil — 7 hy(mh)[ ——F—
(, hg"V, h<w<p><1_”+hu> +m:§l+l "’(m)<1—u+hu> )

_ 1—u h 1—wu W
=L(u,W)SEV* Vil h
(u,h)y" vV, h<v/(p)<1_”+hﬂ> <l—u+hu> )

t—mh

t/h
_ 1- 0
+ L(u, h) gFVh” Vi < z hw(mh)(ﬁ) )

m=p/h+1
—p/h t/h
1—u P _ 1—u
=L(u,h) h _— CFV ' Vp| —————
(1. h) "’(p)<1-,4+hﬂ)p ; h<1_”+hﬂ)

t—mh

t/h
_ 1—pu h
+5E V. L Ve Y hw(mh)(—)
p 9’
" m=p/h+1 1- K+ h”

1- A 1- i _
= L(u, h) hw(p)(l_”—:lh) crv," X < s > +SF Vo H CFRG y (1)

Hy, 1—u\1l1—pu+hu
1_M _p/h 1 —u 1_M p/h+1
=L(u,h) h +w(t
(u, h) w(p)(l_#+h#> T 1= g \T=p+ w ()

O U
=y() T w(p)-
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Theorem 4.2. (The h-fractional difference MVT)
Let ¢ and ¢ bedefinedon Ny, N ¢yN, where q =p+nh forsomen € N.Assumethat ¢ isstrictly increasing,
@(p) > 0, and 0 < pu < 1. Then, there exist wi, w, € Ny N ¢, N such that

1-p+hu

GRVAOW) ~ 0@ - —pp) ~ (Vo)W

SRV d)(w1) - L) TRV B)ws) .

hu
1-p+hu

CrAVE@N®) >0V t € NypngpN.

Proof. First, we need to show that ¢(q) —

@(p) > 0. Since g is strictly increasing, then by Theorem 3.4,

Applying the fractional sum operator on both sides of the inequality, we get

b VI CIRVEe)®) >V HO0) Y € Ny 0 g,

Hence, we have

hu
) — ——— oVt .
¢() 1 —u +_h;l¢(p):> € Np,hnq,hF§I

For t =gq ,we get

hu
G Py
The proof by contradiction will be used now. Assume (2) is not true, then either

$@) — e d0)  CRV )0

1-p+hpu

< 9
0@ — T o) GV )0

o(p) > 0.

Vte Np!h n q’hN, 3)

or

$@) — e 90 CRV $)(0)

1-p+hpu

> 9
0@ ~ i o) GOV )0

Vte Np,h n q,hN. 4)

Since ¢ is strictly increasing, then by Theorem 3.4,

GIRVy @) >0V t € Nyy N gnN.

Hence, (3) becomes
¢(@) — 2 (D)

P(q) — —£_ o(p)

1-p+hu

SERVE @)(0) < (SFRVE ¢ )(0), V 1 € Ny 1 g,

Applying the fractional sum operator at t = g, we see that

() — —— ¢(p)

1—u+hpu
hu
1-p+hu

hu hu
o®) <(P(Q) 1 athn o(p) ) < ( P(q) — T—a+hn ¢(P)> ,

Q) -

and hence, ¢(q) < ¢(q), which is a contradiction. Similar way can be used for (4). O

Notice that if we let & = 1 in Theorem 4.2, the results in Abdeljawad and Baleanu® are easily obtained.

5 | CONCLUSIONS

The conclusions of this article are summarized as follows:

1. The h-nabla Riemann-Liouville and CF fractional differences of order 0 < u < 1 with discrete exponential kernels on
hZ is formulated.
2. The correspondent left discrete fractional integral of the h-nabla Riemann-Liuville difference operator is defined.
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The relation between h-nabla Riemann-Liouville and CF fractional differences is detected.

CFRyH : hu .
If (p_h Vhy/)(t) > 0, then y(¢) is r— increasing.

If (¢) is increasing on N, ;, and w(p) > 0, then (Sffv;'y/)(t) > 0.

A monotonicity results for the h-nabla CF fractional difference operator is proved.
The monotonicity factor, which is I_Zi " affected by the discretization step h.

The achievements of this paper are generalization of those obtained in Abdeljawad and Baleanu.*®

As an application, an h-fractional difference MVT with exponential kernel on hZ has been proved.

O X N AW
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