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h–Riemann-Liouville (RL) fractional difference operator. It is shown that the
monotonicity coefficient depends on the step h, and this dependency is explic-
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1 INTRODUCTION

By the late 19th century, a lot of fruitful results have been obtained in the subject of fractional calculus in the continuous
setting. Since then, many problems in science and engineering have been modeled by fractional calculus. For example, we
refer the reader to Podlubny.1 Despite the huge developments in the field of continuous fractional calculus in both theory
and applications, notably less is known about discrete fractional calculus. In 1974, Diaz and Osler published their paper
introducing a discrete fractional difference operator defined as an infinite series.2 In 1988, Gray and Zhang developed
Leibniz' formula, a limited composition rule and a version of a power rule for differentiation.3 Since 1989, discrete frac-
tional calculus has been under focus by many researchers. The forward or delta difference has been employed in previous
studies4-12; other work has been developed for the fractional backward or nabla difference.13-17 The relation between the
forward and the backward fractional operators has been developed in Atici and Eloe,16 and the fractional derivatives on
time scales have been defined.18,19 Up to now, the researchers have paid little attention to function domains or to lower
limits of summation and differentiation, which may lead to wrong claims; however, many applications of discrete frac-
tional calculus in different directions of science are successfully discussed in many papers in the last decade, for example,
in previous studies.20-28

Not long ago, a new fractional derivative based on nonsingular kernels is introduced.29 It appears that Caputo-Fabrizio
(CF) derivative is very profitable in describing real-word problems, which behaves exponentially. Atangana and Baleanu30

solved the fractional heat transfer model using new fractional derivatives with exponential kernels. In Caputo and
Fabrizio,31 many applications about the new notations of fractional derivatives with exponential kernels were presented,
and the coherence with the thermodynamic laws were proved.
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Recently, studying the monotonicity for fractional difference operators with nonsingular discrete kernels is under
consideration.32-45 The monotonicity with discrete exponential kernels were studied in Abdeljawad and Baleanu46 when
the time step h = 1. Suwan et al35 studied the monotonicity results for h-discrete fractional operators, and they formulated
a new version of the mean value theorem (MVT) as an application for 0 < h ≤ 1.

In this work, CF fractional differences and their correspondent fractional sums are studied with exponential kernels,
and their monotonicity results are obtained for small enough time step 0 < h ≤ 1, and then the results are prettified by
formulating a new version of the MVT as an application. As a general conclusion, the time scale hZ provides an accurate
description of the discrete phenomena.

In Section 2 of this article, the needed definitions and preliminaries are presented. In Section 3, we investigate the
monotonicity results in Suwan et al35 for fractional differences with discrete exponential kernel, and hence, we generalize
the results in Abdeljawad and Baleanu.46 In the fourth section, we formulate a new version of the MVT as an application.
Finally, the conclusions are provided in Section 5.

2 DEFINITIONS AND PRELIMINARY RESULTS

For p, q ∈ R with p < q, q−p
h

∈ N, and 0 < h ≤ 1, let Np,h = {p, p + h, p + 2h, …} and q,hN = {q, q − h, q − 2h, …}, the

h-nabla discrete exponential kernel is expressed as hê𝜆(t, 𝜌h(s)) =
(

1
1−h𝜆

) t−𝜌h(s)
h =

(
1−𝜇

1−𝜇+h𝜇

) t−(s−h)
h , where 𝜆 = −𝜇

1−𝜇
.37

In the following, we propose the h-discrete version of the difference operators:

Definition 2.1. (Suwan et al35) The backward difference and the forward difference operators on hZ are defined by

∇h𝜙(t) =
𝜙(t) − 𝜙(t − h)

h
and

Δh𝜙(t) =
𝜙(t + h) − 𝜙(t)

h
respectively.

Definition 2.2. (Suwan et al35) The backward jump and the forward jump operators on the time scale hZ are defined
by 𝜌h(t) = t − h and 𝜎h(t) = t + h, respectively.

Definition 2.3. Let 𝜙 be real-valued function defined on Np,h = {p, p + h, p + 2h, …} in the left case or on q,hN =
{q, q − h, q − 2h, …} in right case. Let L(𝜇, h) = B(𝜇)

(
𝜇

h
+ 1 − 𝜇

)
, where B(𝜇) is a normalizing positive constant

satisfying B(0) = B(1) = 1, then for 𝜇 ∈ (0, 1) and 0 < h ≤ 1, we define
The left h-nabla CF fractional difference by

(CFC
p ∇𝜇

h𝜙)(t) = L(𝜇, h)
t∕h∑

m=p∕h+1
h(∇h𝜙(mh))

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

, t ∈ Np+h,h.

The right h-nabla CF fractional difference by

(CFC
h ∇𝜇

q𝜙)(t) = L(𝜇, h)
q∕h−1∑
m=t∕h

h(−Δh𝜙(mh))
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

, t∈q−h,hN.

The left h-nabla RL fractional difference by

(CFR
p ∇𝜇

h𝜙)(t) = L(𝜇, h)∇h

t∕h∑
m=p∕h+1

h𝜙(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

, t ∈ Np+h,h.

The right h-nabla RL fractional difference by

(CFR
h ∇𝜇

q𝜙)(t) = L(𝜇, h)

(
−Δh

q∕h−1∑
m=t∕h

h𝜙(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

)
, t∈q−h,hN.

Notice that
L(0, h) = B(0)

(0
h
+ 1 − 0

)
= 1, L(1, h) = B(1)

(1
h
+ 1 − 1

)
= 1

h
.
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Remark 2.1. After noting that L(0, h) = 1 and L(1, h) = 1
h

, in the limiting case 𝜇 → 0 and 𝜇 → 1, we remark the
following:

•
(CFC

p ∇𝜇

h𝜙
)
(t) → 𝜙(t) − 𝜙(p) as 𝜇 → 0,

Proof.

lim
𝜇→0

(CFC
p ∇𝜇

h𝜙)(t) = lim
𝜇→0

L(𝜇, h)
t∕h∑

m=p∕h+1
h(∇h𝜙(mh))

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

= L(0, h)
t∕h∑

m=p∕h+1
h(∇h𝜙(mh))

( 1 − 0
1 − 0 + 0

) t−mh
h

=
t∕h∑

m=p∕h+1
h
(
𝜙(mh) − 𝜙(mh − h)

h

)
= 𝜙(t) − 𝜙(t − h) + 𝜙(t − h) − 𝜙(t − 2h) + ... + 𝜙(p + h) − 𝜙(p)
= 𝜙(t) − 𝜙(p).

•
(CFC

p ∇𝜇

h𝜙
)
(t) → ∇h𝜙(t) as 𝜇 → 1,

Proof.

lim
𝜇→1

(CFC
p ∇𝜇

h𝜙)(t) = lim
𝜇→1

L(𝜇, h)
t∕h∑

m=p∕h+1
h(∇h𝜙(mh))

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

= L(1, h) lim
𝜇→1

(
h(∇h𝜙(t))

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−t
h

+
t∕h−1∑

m=p∕h+1
h(∇h𝜙(mh))

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

)

= 1
h
lim
𝜇→1

(h∇h𝜙(t)) +
1
h

t∕h−1∑
m=p∕h+1

h(∇h𝜙(mh))
( 1 − 1

1 − 1 + h

) t−mh
h

= ∇h𝜙(t).

•
(CFC

h ∇𝜇
q𝜙

)
(t) → 𝜙(t) − 𝜙(q) as 𝜇 → 0,

Proof.

lim
𝜇→0

(CFC
h ∇𝜇

q𝜙)(t) = lim
𝜇→0

L(𝜇, h)
q∕h−1∑
m=t∕h

h(−Δh𝜙(mh))
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

= L(0, h)
q∕h−1∑
m=t∕h

h(−Δh𝜙(mh))
( 1 − 0

1 − 0 + 0

)mh−t
h

=
q∕h−1∑
m=t∕h

h
(
𝜙(mh) − 𝜙(mh + h)

h

)
= 𝜙(t) − 𝜙(t + h) + 𝜙(t + h) − 𝜙(t + 2h) + ... + 𝜙(q − h) − 𝜙(q)
= 𝜙(t) − 𝜙(q).

•
(CFC

h ∇𝜇
q𝜙

)
(t) → −Δh𝜙(t) as 𝜇 → 1,

Proof.
lim
𝜇→1

((CFC
h ∇𝜇

q𝜙)(t) = lim
𝜇→1

L(𝜇, h)
q∕h−1∑
m=t∕h

h(−Δh𝜙(mh))
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

= L(1, h) lim
𝜇→1

(
h(−Δh𝜙(t))

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−t
h

+
q∕h−1∑

m=t∕h+1
h(−Δh𝜙(mh))

(
1 − 𝜇

1 − 𝜇 + h𝜇

)mh−t
h

)

= 1
h
lim
𝜇→1

(−hΔh𝜙(t)) +
1
h

q∕h−1∑
m=t∕h+1

h(−Δh𝜙(mh))
( 1 − 1

1 − 1 + h

)mh−t
h

= −Δh𝜙(t).
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Similarly, we can prove the following:
•

(CFR
p ∇𝜇

h𝜙
)
(t) → 𝜙(t) as 𝜇 → 0,

•
(CFR

p ∇𝜇

h𝜙
)
(t) → ∇h𝜙(t) as 𝜇 → 1,

•
(CFR

h ∇𝜇
q𝜙

)
(t) → 𝜙(t) as 𝜇 → 0,

•
(CFC

h ∇𝜇
q𝜙

)
(t) → −Δ𝜙(t) as 𝜇 → 1.

Definition 2.4. Let u(t) be a function such that u(t) =
(CFR

p ∇𝜇

h𝜙
)
(t), 0 < 𝜇 < 1 and 0 < h ≤ 1. The correspondent

left discrete fractional integral of
(CFR

p ∇𝜇

h𝜙
)
(t) is defined by(CF

p ∇−𝜇
h u

)
(t) = 1 − 𝜇

L(𝜇, h)(1 − 𝜇 + h𝜇)
u(t) + 𝜇

L(𝜇, h)(1 − 𝜇 + h𝜇)

t∕h∑
m=p∕h+1

hu(mh), t ∈ Np+h,h.

Also, we define the right fractional integral by(CF
h ∇−𝜇

q u
)
(t) = 1 − 𝜇

L(𝜇, h)(1 − 𝜇 + h𝜇)
u(t) + 𝜇

L(𝜇, h)(1 − 𝜇 + h𝜇)

q∕h−1∑
m=t∕h

hu(mh), t∈q−h,hN.

Note that from the definition we have, ( CF
p ∇−𝜇

h
CFR
p ∇𝜇

h𝜙
)
(t) = 𝜙(t),

and ( CF
h ∇−𝜇

q
CFR
h ∇𝜇

q𝜙
)
(t) = 𝜙(t).

Proposition 2.1. (The relation between Riemann and Caputo type h-fractional differences with exponential kernels)
For 0 < 𝜇 < 1 and 0 < h ≤ 1 we have,

1.
( CFC

p ∇𝜇

h𝜙
)
(t) =

( CFR
p ∇𝜇

h𝜙
)
(t) − L(𝜇, h)(1 − 𝜇 + h𝜇)

1 − 𝜇
𝜙(p)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−p
h

.

2.
( CFC

h ∇𝜇
q𝜙

)
(t) =

( CFR
h ∇𝜇

q𝜙
)
(t) − L(𝜇, h)(1 − 𝜇 + h𝜇)

1 − 𝜇
𝜙(q)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) q−t
h

.

In the following, we provide an alternative proof to the one appeared in Abdeljawad,37 where the authors used the
discrete Laplace transformations.

Proof. In this proof, we start with the definition of the left and right Caputo h-fractional differences with exponential
kernels, and we conclude its relation with the left and right RL h-fractional differences with exponential kernels,
respectively.

1. (CFC
p ∇𝜇

h𝜙)(t) = L(𝜇, h)
t∕h∑

m=p∕h+1
h(∇h𝜙(mh))

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

= L(𝜇, h)
t∕h∑

m=p∕h+1
h
(
𝜙(mh) − 𝜙(mh − h)

h

)(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

= L(𝜇, h)
t∕h∑

m=p∕h+1
𝜙(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

− L(𝜇, h)
t∕h∑

m=p∕h+1
𝜙(mh − h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

= L(𝜇, h)
t∕h∑

m=p∕h+1
𝜙(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

− L(𝜇, h)
t∕h−1∑

m=p∕h
𝜙(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh−h
h

= L(𝜇, h)
t∕h∑

m=p∕h+1
𝜙(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

− L(𝜇, h)
t∕h−1∑

m=p∕h+1
𝜙(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−h−mh
h

− L(𝜇, h)𝜙(p)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−p−h
h

= L(𝜇, h)∇h

t∕h∑
m=p∕h+1

h𝜙(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

− L(𝜇, h)𝜙(p)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−p−h
h

=
( CFR

p ∇𝜇

h𝜙
)
(t) − L(𝜇, h)(1 − 𝜇 + h𝜇)

1 − 𝜇
𝜙(p)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−p
h

.
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□
2. (CFC

h ∇𝜇
q𝜙)(t) = L(𝜇, h)

q∕h−1∑
m=t∕h

h(−Δh𝜙(mh))
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

= L(𝜇, h)
q∕h−1∑
m=t∕h

𝜙(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

− L(𝜇, h)
q∕h−1∑
m=t∕h

𝜙(mh + h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

= L(𝜇, h)
q∕h−1∑
m=t∕h

𝜙(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

− L(𝜇, h)
q∕h∑

m=t∕h+1
𝜙(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)mh−h−t
h

= L(𝜇, h)
q∕h−1∑
m=t∕h

𝜙(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

− L(𝜇, h)
q∕h−1∑

m=t∕h+1
𝜙(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)mh−(t+h)
h

− L(𝜇, h)𝜙(q)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) q−t−h
h

= L(𝜇, h)(−Δh)
q∕h−1∑
m=t∕h

h𝜙(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh−t
h

− L(𝜇, h)𝜙(q)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) q−t−h
h

=
(CFR

h ∇𝜇
q𝜙

)
(t) − L(𝜇, h)(1 − 𝜇 + h𝜇)

1 − 𝜇
𝜙(q)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) q−t
h

.

Numerical calculations have been done in order to verify the first equation in Proposition 2.1. The data used are p = 2.5,
h = 0.5, 𝜇 = 0.3, L(𝜇, h) = 𝜇

h
+ 1 − 𝜇, and 𝜙(t) = t2. The results are illustrated in Figure 1 and Table 1.

In addition, the data are presented in Table 1.

Lemma 2.2.

1. CF
p ∇−𝜇

h

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

= 1
L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)p∕h+1

.

2. ∇h,s

(
1 − 𝜇

1 − 𝜇 + h𝜇

)(t−s)∕h

= 𝜇

1 − 𝜇 + h𝜇

(
1 − 𝜇

1 − 𝜇 + h𝜇

)(t−s)∕h

.

3.
(CF

p ∇−𝜇
h ∇h𝜙

)
(t) =

(
∇h

CF
p ∇−𝜇

h 𝜙
)
(t) − 𝜇

L(𝜇, h)(1 − 𝜇 + h𝜇)
𝜙(p).

FIGURE 1 The relation between RL and CF h-fractional
differences with exponential kernels [Colour figure can be viewed at
wileyonlinelibrary.com]

http://wileyonlinelibrary.com
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TABLE 1 The relation between RL and CF h-fractional differences with
exponential kernels

t Caputo Riemann Difference
3.0 11.700000 3.575000 8.125000
3.5 13.860294 7.169118 6.691176
4.0 16.289360 10.778979 5.510381
4.5 18.939767 14.401806 4.537961
5.0 21.772455 18.035311 3.737144
5.5 24.755257 21.677609 3.077648
6.0 27.861682 25.327149 2.534534
6.5 31.069915 28.982652 2.087263
7.0 34.361989 32.643066 1.718922
7.5 37.723108 36.307525 1.415583
8.0 41.141089 39.975315 1.165774
8.5 44.605897 43.645848 0.960050
9.0 48.109268 47.318639 0.790629
9.5 51.644397 50.993291 0.651106

10.0 55.205680 54.669475 0.536205

4. ∇h

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

= −𝜇
1 − 𝜇

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

.

5.
CFR
p ∇𝜇

h

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

= L(𝜇, h)
(

1 − 𝜇

1 − 𝜇 + h𝜇
(t − p)

)(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h−1

.

6.

(CFR
p ∇𝜇

h1
)
(t) = L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)(t−p)∕h−1

.

Proof.

1. CF
p ∇−𝜇

h

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

= 1 − 𝜇
L(𝜇, h)(1 − 𝜇 + h𝜇)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

+ 𝜇

L(𝜇, h)(1 − 𝜇 + h𝜇)

t∕h∑
m=p∕h+1

h
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh∕h

= 1
L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h+1

+ h𝜇
L(𝜇, h)(1 − 𝜇 + h𝜇)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)p∕h+1 ⎛⎜⎜⎜⎝
1 −

(
1−𝜇

1−𝜇+h𝜇

)(t−p)∕h

1 −
(

1−𝜇
1−𝜇+h𝜇

) ⎞⎟⎟⎟⎠
= 1

L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h+1

+ h𝜇
L(𝜇, h)(1 − 𝜇 + h𝜇)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)p∕h+1 ⎛⎜⎜⎜⎝
1 −

(
1−𝜇

1−𝜇+h𝜇

)(t−p)∕h

h𝜇
1−𝜇+h𝜇

⎞⎟⎟⎟⎠
= 1

L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h+1

+ 1
L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)p∕h+1
(

1 −
(

1 − 𝜇
1 − 𝜇 + h𝜇

)(t−p)∕h
)

= 1
L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h+1

+ 1
L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)p∕h+1

− 1
L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h+1

= 1
L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

)p∕h+1

.

□
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2. ∇h,s

(
1 − 𝜇

1 − 𝜇 + h𝜇

)(t−s)∕h

=

(
1−𝜇

1−𝜇+h𝜇

)(t−s)∕h
−
(

1−𝜇
1−𝜇+h𝜇

)(t−(s−h))∕h

h

=
(

1 − 𝜇
1 − 𝜇 + h𝜇

)(t−s)∕h 1
h

(
h𝜇

1 − 𝜇 + h𝜇

)
= 𝜇

1 − 𝜇 + h𝜇

(
1 − 𝜇

1 − 𝜇 + h𝜇

)(t−s)∕h

.

□

3.
(CF

p ∇−𝜇
h ∇h𝜙

)
(t) = 1 − 𝜇

L(𝜇, h) (1 − 𝜇 + h𝜇)
∇h𝜙(t) +

𝜇

L(𝜇, h) (1 − 𝜇 + h𝜇)

t∕h∑
m=p∕h+1

h∇h𝜙(mh)

= 1 − 𝜇
L(𝜇, h) (1 − 𝜇 + h𝜇)

∇h𝜙(t) +
𝜇

L(𝜇, h) (1 − 𝜇 + h𝜇)

( t∕h∑
m=p∕h+1

𝜙(mh) −
t∕h∑

p∕h+1
𝜙(mh − h)

)

= 1 − 𝜇
L(𝜇, h) (1 − 𝜇 + h𝜇)

∇h𝜙(t) +
𝜇

L(𝜇, h) (1 − 𝜇 + h𝜇)

( t∕h∑
m=p∕h+1

𝜙(mh) −
t∕h−1∑

m=p∕h
𝜙(mh)

)

= 1 − 𝜇
L(𝜇, h) (1 − 𝜇 + h𝜇)

∇h𝜙(t) +
h𝜇

L(𝜇, h) (1 − 𝜇 + h𝜇)
∇h

t∕h∑
m=p∕h+1

𝜙(mh)

− 𝜇

L(𝜇, h) (1 − 𝜇 + h𝜇)
𝜙(p)

= ∇h

(
1 − 𝜇

L(𝜇, h) (1 − 𝜇 + h𝜇)
𝜙(t) + 𝜇

L(𝜇, h) (1 − 𝜇 + h𝜇)

t∕h∑
m=p∕h+1

h𝜙(mh)

)
− 𝜇

L(𝜇, h) (1 − 𝜇 + h𝜇)
𝜙(p)

=
(
∇h

CF
p ∇−𝜇

h 𝜙
)
(t) − 𝜇

L(𝜇, h)(1 − 𝜇 + h𝜇)
𝜙(p). □

4.
∇h

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

=

(
1−𝜇

1−𝜇+h𝜇

)t∕h
−
(

1−𝜇
1−𝜇+h𝜇

)t∕h−1

h

= −𝜇
1 − 𝜇

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

. □

5. CFR
p ∇𝜇

h

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

= L(𝜇, h)∇h

t∕h∑
m=p∕h+1

h
(

1 − 𝜇
1 − 𝜇 + h𝜇

)mh∕h( 1 − 𝜇
1 − 𝜇 + h𝜇

)(t−mh)∕h

= L(𝜇, h)∇h

t∕h∑
m=p∕h+1

h
(

1 − 𝜇
1 − 𝜇 + h𝜇

)t∕h

= L(𝜇, h)h∇h

((
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h ( t − p
h

))

= L(𝜇, h)

((
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h ( t − p
h

)
−
(

1 − 𝜇
1 − 𝜇 + h𝜇

)t∕h−1 ( t − p
h

− 1
))

= L(𝜇, h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)t∕h−1 (
1 +

t − p
h

(
1 − 𝜇

1 − 𝜇 + h𝜇
− 1

))
= L(𝜇, h)

(
1 − 𝜇

1 − 𝜇 + h𝜇
(t − p)

)(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h−1

.
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6.
(CFR

p ∇𝜇

h1
)
(t)

= L(𝜇, h)∇h

t∕h∑
m=p∕h+1

h
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

= L(𝜇, h)1
h

( t∕h∑
m=p∕h+1

h
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

−
t∕h−1∑

m=p∕h+1
h
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−h−mh
h

)

= L(𝜇, h)

( t∕h∑
m=p∕h+1

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

−
t∕h∑

m=p∕h+2

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

)

= L(𝜇, h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)(t−p)∕h−1

.

3 THE MONOTONICITY RESULTS

In the following, we define the hZ versions of the monotonic functions that appear in At𝚤c𝚤 and Uyanik.36

Definition 3.1. Let 𝜓 ∶ Np,h → R such that 𝜓(p) ≥ 0. Then 𝜓(t) is called 𝜇-increasing function on Np,h if 𝜓(t+h) ≥
𝜇 𝜓(t) ∀t ∈ Np,h.

If𝜓(t) is increasing on Np,h (𝜓(t+h) ≥ 𝜓(t) ∀ t ∈ Np,h), then𝜓(t) is 𝜇-increasing on Np,h. For 𝜇 = 1, then the increasing
and the 𝜇-increasing are the same.

Definition 3.2. Let 𝜓 ∶ Np,h → R such that 𝜓(p) ≤ 0. Then 𝜓(t) is called 𝜇-decreasing on Np,h if 𝜓(t + h) ≤

𝜇𝜓(t) ∀t ∈ Np,h.

If 𝜓(t) is decreasing on Np,h (𝜓(t + h) ≤ 𝜓(t)∀t ∈ Np,h ), then 𝜓(t) is 𝜇-decreasing on Np,h. For 𝜇 = 1, the decreasing
and the 𝜇-decreasing are the same.

Theorem 3.1. Let 𝜓 ∶ Np−h,h → R such that
(

CFR
p−h∇

𝜇

h 𝜓
)
(t) ≥ 0 for 0 < 𝜇 < 1, and t ∈ Np,h. Then

𝜓(t) is
(

h𝜇
1−𝜇+h𝜇

)
-increasing.

Proof. In our proof, we will show that when CFR is nonnegative, then 𝜇 in Definition 3.1 will be replaced by h𝜇
1−𝜇+h𝜇

.
First, we recall that

(CFR
p−h∇

𝜇

h 𝜓 )(t) = L(𝜇, h)∇h

t∕h∑
m=p∕h

h𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

.

Let

J(t) =
t∕h∑

m=p∕h
h𝜓(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

.

Then ∇hJ(t) ≥ 0. To show that

∇hJ(t) = J(t) − J(t − h)
h

=
t∕h∑

m=p∕h
𝜓(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

−
t∕h−1∑

m=p∕h
𝜓(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−h−mh
h

= 𝜓(t) +
t∕h−1∑

m=p∕h
𝜓(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

−
t∕h−1∑

m=p∕h
𝜓(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−h−mh
h

= 𝜓(t) +
t∕h−1∑

m=p∕h
𝜓(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

(
1 − 1 − 𝜇 + h𝜇

1 − 𝜇

)
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= 𝜓(t) − h𝜇
1 − 𝜇

t∕h−1∑
m=p∕h

𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

≥ 0.

Therefore,

∇hJ(t) = 𝜓(t) − h𝜇
1 − 𝜇

t∕h−1∑
m=p∕h

𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

≥ 0. (1)

When t = p , we have
∇hJ(p) = 𝜓(p) ≥ 0, and hence, 𝜓(p) ≥ 0.

When t = p + h , we get

∇hJ(p + h) = 𝜓(p + h) − h𝜇
1 − 𝜇

p∕h∑
m=p∕h

𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) p+h−mh
h

= 𝜓(p + h) − h𝜇
1 − 𝜇

𝜓(p)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)
= 𝜓(p + h) − h𝜇

1 − 𝜇 + h𝜇
𝜓(p) ≥ 0;

hence, 𝜓(p + h) ≥
h𝜇

1−𝜇+h𝜇
𝜓(p).

Now, we use induction to show that

𝜓(t + h) ≥
h𝜇

1 − 𝜇 + h𝜇
𝜓(t), ∀ t ∈ Np,h.

Let 𝜓(m + h) ≥ h𝜇
1−𝜇+h𝜇

𝜓(m) ≥ 0, ∀ m < t such that m, t ∈ Np,h.

We should prove that 𝜓(t + h) ≥
(

h𝜇
1−𝜇+h𝜇

)
𝜓(t).

Now, in (1), replacing t by t + h gives

𝜓(t + h) − h𝜇
1 − 𝜇

t∕h∑
m=p∕h

𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t+h−mh
h

≥ 0,

𝜓(t + h) − h𝜇
1 − 𝜇

(
𝜓(p)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t+h−p
h

+ … + 𝜓(t)
(

1 − 𝜇
1 − 𝜇 + h𝜇

))
≥ 0,

𝜓(t + h) ≥
h𝜇

1 − 𝜇

(
𝜓(p)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t+h−p
h

+ … + 𝜓(t)
(

1 − 𝜇
1 − 𝜇 + h𝜇

))
≥

h𝜇
1 − 𝜇

𝜓(t)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)
,

=
(

h𝜇
1 − 𝜇 + h𝜇

)
𝜓(t).

Hence, 𝜓(t + h) ≥
(

h𝜇
1−𝜇+h𝜇

)
𝜓(t).

By Proposition 2.1 and Theorem 3.1, the following CF h-fractional result is concluded.

Corollary 3.2. Let 𝜓 ∶ Np−h,h → R, and let

(CFC
p−h∇

𝜇

h 𝜓 )(t) ≥
−L(𝜇, h) (1 − 𝜇 + h𝜇)

1 − 𝜇
𝜓(p − h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−p+h
h

, t ∈ Np,h

for 0 < 𝜇 < 1, and 0 < h ≤ 1, then 𝜓(t) is
(

h𝜇
1−𝜇+h𝜇

)
-increasing.



10 SUWAN ET AL.

Proof. (
CFC
p−h∇

𝜇

h𝜓
)
(t) =

(
CFR
p−h∇

𝜇

h𝜓
)
(t) − L(𝜇, h)(1 − 𝜇 + h𝜇)

1 − 𝜇
𝜓(p − h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−p+h
h

.

Now,

(CFC
p−h∇

𝜇

h 𝜓 )(t) ≥
−L(𝜇, h) (1 − 𝜇 + h𝜇)

1 − 𝜇
𝜓(p − h)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−p+h
h

;

hence,

(CFC
p−h∇

𝜇

h 𝜓 )(t) + L(𝜇, h) (1 − 𝜇 + h𝜇)
1 − 𝜇

𝜓(p − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−p+h
h

≥ 0,

which means that (
CFR
p−h∇

𝜇

h 𝜓
)
(t) ≥ 0;

hence, by Theorem 3.1, 𝜓(t) is
(

h𝜇
1−𝜇+h𝜇

)
-increasing.

Theorem 3.3. Let 𝜓 ∶ Np−h,h → R such that 𝜓(p) ≥ 0, and assume 0 < 𝜇 < 1. If 𝜓 is increasing on Np,h, then

(CFR
p−h∇

𝜇

h 𝜓 )(t) ≥ 0 ,∀t ∈ Np,h.

Proof. Since we have
(CFR

p−h∇
𝜇

h𝜓)(t) = L(𝜇, h)∇hJ(t), t ∈ Np,h,

it is enough to show that

J(t) =
t∕h∑

m=p∕h
h𝜓(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

is an increasing function on Np,h. In reference to the proof of Theorem 3.1, when t = p, ∇hJ(p) = 𝜓(p) ≥ 0.
Now, we will show that ∇hJ(t) ≥ 0.
Since, from assumption, 𝜓(t) is increasing, then 𝜓(t) ≥ 𝜓(t − h) ≥ 𝜓(p) ≥ 0, ∀ t ∈ Np,h .
From (1), we recall that

∇hJ(t) = 𝜓(t) − h𝜇
1 − 𝜇

t∕h−1∑
m=p∕h

𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

.

Then we have

∇hJ(t) = 𝜓(t) − h𝜇
1 − 𝜇

t∕h−1∑
m=p∕h

𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

= 𝜓(t) − h𝜇
1 − 𝜇

t∕h−2∑
m=p∕h

𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

− h𝜇
1 − 𝜇

𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)

= 𝜓(t) − h𝜇
1 − 𝜇 + h𝜇

𝜓(t − h) − h𝜇
1 − 𝜇

t∕h−2∑
m=p∕h

𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

+ h𝜇
1 − 𝜇

t∕h−2∑
m=p∕h

𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

− h𝜇
1 − 𝜇

t∕h−2∑
m=p∕h

𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

= 𝜓(t) − h𝜇
1 − 𝜇 + h𝜇

𝜓(t − h) − h𝜇
1 − 𝜇

t∕h−2∑
m=p∕h

𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

+ h𝜇
1 − 𝜇

( t∕h−2∑
m=p∕h

(𝜓(t − h) − 𝜓(mh))
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

)

≥ 𝜓(t) − h𝜇
1 − 𝜇 + h𝜇

𝜓(t − h) − h𝜇
1 − 𝜇

t∕h−2∑
m=p∕h

𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h
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= 𝜓(t) − h𝜇
1 − 𝜇

t∕h−1∑
m=p∕h

𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

= 𝜓(t) − 𝜓(t − h) + 𝜓(t − h) − h𝜇
1 − 𝜇

t∕h−1∑
m=p∕h

𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

≥ 𝜓(t − h) − h𝜇
1 − 𝜇

t∕h−1∑
m=p∕h

𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

= 𝜓(t − h)

(
1 − h𝜇

1 − 𝜇

t∕h−1∑
m=p∕h

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

)

= 𝜓(t − h)

(
1 − h𝜇

1 − 𝜇

((
1 − 𝜇

1 − 𝜇 + h𝜇

) t−p
h

+ … +
(

1 − 𝜇
1 − 𝜇 + h𝜇

)))

= 𝜓(t − h)

(
1 − h𝜇

1 − 𝜇

(
1 − 𝜇

1 − 𝜇 + h𝜇

)((
1 − 𝜇

1 − 𝜇 + h𝜇

) t−p−h
h

+ … + 1

))

= 𝜓(t − h)
⎛⎜⎜⎜⎝ 1 −

(
h𝜇

1 − 𝜇 + h𝜇

)⎛⎜⎜⎜⎝
1 −

(
1−𝜇

1−𝜇+h𝜇

) t−p
h

1 −
(

1−𝜇
1−𝜇+h𝜇

) ⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

= 𝜓(t − h)
⎛⎜⎜⎜⎝ 1 −

(
h𝜇

1 − 𝜇 + h𝜇

)⎛⎜⎜⎜⎝
1 −

(
1−𝜇

1−𝜇+h𝜇

) t−p
h(

h𝜇
1−𝜇+h𝜇

) ⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

= 𝜓(t − h)

(
1 −

(
1 −

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−p
h

))

= 𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−p
h

≥ 0,which completes the proo𝑓.

Theorem 3.4. Let 𝜓 ∶ Np−h,h → R such that 𝜓(p) > 0 is strictly increasing on Np,h , where 0 < 𝜇 < 1. Then

(CFR
p−h∇

𝜇

h 𝜓 )(t) > 0, t ∈ Np,h.

Proof. Since we have
(CFR

p−h∇
𝜇

h𝜓)(t) = L(𝜇, h)∇hJ(t), t ∈ Np,h,

it is enough to show that

J(t) =
t∕h∑

m=p∕h
h𝜓(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

is strictly increasing on Np,h. In reference to the proof of Theorem 3.1, when t = p, we have ∇hJ(p) = 𝜓(p) > 0.
Now, we will show that ∇hJ(t) > 0.
Since 𝜓(t) is strictly increasing, it follows that 𝜓(t) > 𝜓(t − h) > 𝜓(p) > 0, ∀ t ∈ Np,h .

In reference to the proof of Theorem 3.3, we have ∇hJ(t) ≥ 𝜓(t − h)
(

1−𝜇
1−𝜇+h𝜇

) t−p
h ; hence,

∇hJ(t) ≥ 𝜓(t − h)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−p
h

> 𝜓(p)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−p
h

> 0,which completes the proo𝑓.
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Theorem 3.5. Let 𝜓 ∶ Np−h,h → R such that
(

CFR
p−h∇

𝜇

h 𝜓
)
(t) ≤ 0 for 0 < 𝜇 < 1, and t ∈ Np,h. Then

𝜓(t) is
(

h𝜇
1−𝜇+h𝜇

)
-decreasing.

Proof. Let 𝜑 ∶ Np−h,h → R such that 𝜑(t) = −𝜓(t); hence,

(CFR
p−h∇

𝜇

h 𝜑)(t) = (CFR
p−h∇

𝜇

h (−𝜓))(t) = −(CFR
p−h∇

𝜇

h𝜓)(t) ≥ 0.

Applying Theorem 3.1 to 𝜑(t) finishes the proof.

Theorem 3.6. Let 𝜓 ∶ Np−h,h → R such that 𝜓(p) ≤ 0 be decreasing on Np,h . Then for 0 < 𝜇 < 1,

(CFR
p−h∇

𝜇

h 𝜓 )(t) ≤ 0, ∀ t ∈ Np,h.

Proof. Apply Theorem 3.3 to 𝜑(t) = −𝜓(t).

4 APPLICATION: MVT

In this section, the h-fractional difference version of the MVT will be presented. For this purpose, we need the following
theorem.

Theorem 4.1. For 0 < 𝜇 < 1, then(
CF
p ∇−𝜇

h
CFR
p−h∇

𝜇

h𝜓
)
(t) = 𝜓(t) − h𝜇

1 − 𝜇 + h𝜇
𝜓(p), t ∈ Np,h.

Proof. By definition and Lemma 2.2 we have,

(
CF
p ∇−𝜇

h
CFR
p−h∇

𝜇

h𝜓
)
(t) =

(
CF
p ∇−𝜇

h L(𝜇, h)∇h

t∕h∑
m=p∕h

h𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

)

= L(𝜇, h)CF
p ∇−𝜇

h ∇h

(
h𝜓(p)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−p
h

+
t∕h∑

m=p∕h+1
h𝜓(mh)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t−mh
h

)

= L(𝜇, h)CF
p ∇−𝜇

h ∇h

(
h𝜓(p)

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t
h
(

1 − 𝜇
1 − 𝜇 + h𝜇

) −p
h

)

+ L(𝜇, h) CF
p ∇−𝜇

h ∇h

( t∕h∑
m=p∕h+1

h𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

)

= L(𝜇, h) h𝜓(p)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)−p∕h

p
CF∇−𝜇

h ∇h

(
1 − 𝜇

1 − 𝜇 + h𝜇

)t∕h

+CF
p ∇−𝜇

h L(𝜇, h)∇h

t∕h∑
m=p∕h+1

h𝜓(mh)
(

1 − 𝜇
1 − 𝜇 + h𝜇

) t−mh
h

= L(𝜇, h) h𝜓(p)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)−p∕h

p
CF∇−𝜇

h
−𝜇

1 − 𝜇

(
1 − 𝜇

1 − 𝜇 + h𝜇

) t
h

+CF
p ∇−𝜇

h
CFR
p ∇𝜇

h 𝜓(t)

= L(𝜇, h) h𝜓(p)
(

1 − 𝜇
1 − 𝜇 + h𝜇

)−p∕h 1
L(𝜇, h)

−𝜇
1 − 𝜇

(
1 − 𝜇

1 − 𝜇 + h𝜇

)p∕h+1

+ 𝜓(t)

= 𝜓(t) − h𝜇
1 − 𝜇 + h𝜇

𝜓(p).
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Theorem 4.2. (The h-fractional difference MVT)
Let 𝜙 and 𝜑 be defined on Np,h ∩ q,hN , where q = p+nh for some n ∈ N. Assume that 𝜑 is strictly increasing,

𝜑(p) > 0, and 0 < 𝜇 < 1. Then, there exist w1, w2 ∈ Np,h ∩ q,hN such that

(CFR
p−h∇

𝜇

h𝜙)(w1)

(CFR
p−h∇

𝜇

h𝜑)(w1)
≤

𝜙(q) − h𝜇
1−𝜇+h𝜇

𝜙(p)

𝜑(q) − h𝜇
1−𝜇+h𝜇

𝜑(p)
≤

(CFR
p−h∇

𝜇

h𝜙)(w2)

(CFR
p−h∇

𝜇

h𝜑)(w2)
. (2)

Proof. First, we need to show that 𝜑(q) − h𝜇
1−𝜇+h𝜇

𝜑(p) > 0. Since 𝜑 is strictly increasing, then by Theorem 3.4,

(CFR
p−h∇

𝜇

h𝜑)(t) > 0 ∀ t ∈ Np,h ∩ q,hN.

Applying the fractional sum operator on both sides of the inequality, we get
CF
p ∇−𝜇

h (CFR
p−h∇

𝜇

h𝜑)(t) >
CF
p ∇−𝜇

h (0) ∀ t ∈ Np,h ∩ q,hN.

Hence, we have
𝜑(t) − h𝜇

1 − 𝜇 + h𝜇
𝜑(p) > 0 ∀ t ∈ Np,h ∩ q,hN.

For t = q , we get

𝜑(q) − h𝜇
1 − 𝜇 + h𝜇

𝜑(p) > 0.

The proof by contradiction will be used now. Assume (2) is not true, then either

𝜙(q) − h𝜇
1−𝜇+h𝜇

𝜙(p)

𝜑(q) − h𝜇
1−𝜇+h𝜇

𝜑(p)
<

(CFR
p−h∇

𝜇

h 𝜙 )(t)

(CFR
p−h∇

𝜇

h 𝜑 )(t)
, ∀ t ∈ Np,h ∩ q,hN, (3)

or
𝜙(q) − h𝜇

1−𝜇+h𝜇
𝜙(p)

𝜑(q) − h𝜇
1−𝜇+h𝜇

𝜑(p)
>

(CFR
p−h∇

𝜇

h 𝜙 )(t)

(CFR
p−h∇

𝜇

h 𝜑 )(t)
, ∀ t ∈ Np,h ∩ q,hN. (4)

Since 𝜑 is strictly increasing, then by Theorem 3.4,

(CFR
p−h∇

𝜇

h 𝜑 )(t) > 0 ∀ t ∈ Np,h ∩ q,hN.

Hence, (3) becomes

𝜙(q) − h𝜇
1−𝜇+h𝜇

𝜙(p)

𝜑(q) − h𝜇
1−𝜇+h𝜇

𝜑(p)
(CFR

p−h∇
𝜇

h 𝜑 )(t) < ( CFR
p−h∇

𝜇

h 𝜙 )(t), ∀ t ∈ Np,h ∩ q,hN.

Applying the fractional sum operator at t = q, we see that

𝜙(q) − h𝜇
1−𝜇+h𝜇

𝜙(p)

𝜑(q) − h𝜇
1−𝜇+h𝜇

𝜑(p)

(
𝜑(q) − h𝜇

1 − 𝜇 + h𝜇
𝜑(p)

)
<

(
𝜙(q) − h𝜇

1 − 𝜇 + h𝜇
𝜙(p)

)
,

and hence, 𝜙(q) < 𝜙(q), which is a contradiction. Similar way can be used for (4).

Notice that if we let h = 1 in Theorem 4.2, the results in Abdeljawad and Baleanu46 are easily obtained.

5 CONCLUSIONS

The conclusions of this article are summarized as follows:

1. The h-nabla Riemann-Liouville and CF fractional differences of order 0 < 𝜇 < 1 with discrete exponential kernels on
hZ is formulated.

2. The correspondent left discrete fractional integral of the h-nabla Riemann-Liuville difference operator is defined.
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3. The relation between h-nabla Riemann-Liouville and CF fractional differences is detected.
4. If (CFR

p−h∇
𝜇

h𝜓)(t) > 0, then 𝜓(t) is h𝜇
1−𝜇+h𝜇

-increasing.
5. If 𝜓(t) is increasing on Np,h and 𝜓(p) > 0, then (CFR

p−h∇
𝜇

h𝜓)(t) > 0.
6. A monotonicity results for the h-nabla CF fractional difference operator is proved.
7. The monotonicity factor, which is h𝜇

1−𝜇+h𝜇
, affected by the discretization step h.

8. The achievements of this paper are generalization of those obtained in Abdeljawad and Baleanu.46

9. As an application, an h-fractional difference MVT with exponential kernel on hZ has been proved.

ACKNOWLEDGEMENTS

The third author thanks Prince Sultan University for funding this research through the group: Nonlinear Analysis Meth-
ods in Applied Mathematics (NAMAM), group number RG-DES-2017-01-17. This work does not have any conflicts of
interest.

ORCID

Iyad Suwan https://orcid.org/0000-0002-8657-1327
Thabet Abdeljawad https://orcid.org/0000-0002-8889-3768

REFERENCES
1. Podlubny I. Fractional Differential Equations. San Diego CA: Academic Press; 1999.
2. Diaz JB, Osler TJ. Differences of fractional order. Math Comp. 1974;28:185–201.
3. Gray H, Zhang N. On a new definition of the fractional difference. Math Comp. 1988;50:513–529.
4. Atici FM, Eloe PW. A transform method in discrete fractional calculus. Int J Differ Equ. 2007;2(2):165–176.
5. Atici FM, Eloe PW. Initial value problems in discrete fractional calculus. Proc Amer Math Soc. 2009;137:981–989.
6. Miller KS, Ross B. Fractional difference calculus. In: Proceedings of the International Symposium on Univalent Functions, Fractional

Calculus and their Applications, Nihon University, Koriyama. Ellis Horwood Ser, Math. Appl.; 1989; Horwood, Chichester:139–152.
7. Atici FM, Sengul S. Modeling with fractional difference equations. J Math Anal Appl. 2010;369:1–9.
8. Bastos NRO, Ferreira RAC, Torres DFM. Discrete-time fractional variational problems. Signal Process. 2011;3(91):513–524.
9. Bastos NRO, Ferreira RAC, Torres DFM. Necessary optimality conditions, for fractional difference problems of the calculus of variations.

Discrete Contin Dyn Syst. 2011;2(29):417–437.
10. Goodrich C. Existence of a positive solution to a class of fractional differential equations. Appl Math Lett. 2010;23:1050–1055.
11. Goodrich C. Solutions to a discrete right-focal fractional boundary value problem. Int J Differ Equ. 2010;5:195–216.
12. Holm M. Solution to a discrete nonlinear (N−1,1) fractional boundary value problem. Int J Differ Equ. 2011;3:267–287.
13. Abdeljawad T, Baleano D. Fractional differences and integration by parts. J Comput Anal Appli. 2011;13(3):574–582.
14. Anastassiou G. Nabla discrete fractional calculus and nabla inequalities. Math Comput Modeling. 2010;51:562–571.
15. Anastassiou G. Nabla time scales inequalities. Int J Dyn Syst Differ Equ. 2011;3:59–83.
16. Atici FM, Eloe PW. Discrete fractional calculus with the Nabla operator, electron. J Qual Theory Differ Equ. 2009;3:1–12.
17. Atici FM, Eloe PW. Linear systems of fractional nabla difference equations. Rocky Mountain J Math. 2011;41(2):353–370.
18. Bastos NRO, Mozyrska D, Torres DFM. Fractional derivatives and integrals on time scales via the inverse generalized Laplace transform.

Int J Math Comput. 2011;11(j11):1–9.
19. Ferreira RAC, Torres DFM. Fractional h-difference equations arising from the calculus of variations. Appl Anal Discrete Math.

2011;1(5):110–121.
20. Ostalczyk1 P. Discrete Fractional Calculus, Applications in control and Image Processing, series in computer vision -vol 4. Dartmouth, USA:

University of Massachusetts; 2016.
21. Holm M. The theory of discrete fractional calculus: development and application, digitalcommons@university of Nebraska-Lincoln

University of Nebraska-Lincoln; 2011.
22. Ganji M, Gharari F. An application of discrete fractional calculus in statistics. Revista Investig Oper. 2017;38(3):272–280.
23. Sun H, Zhang Y, Baleanu D, Chen W, Chen Y. A new collection of real world applications of fractional calculus in science and engineering,

Elsevier. Commun Nonlinear Sci Numer Simulat. 2018;64:213–231.
24. Alkahtani B, Atangana A. Generalized groundwater plume with degradation and rate-limited sorption model with Mittag-Leffler law.

Results Phys Elsevier. 2017;7:4398–4404.
25. Baleanu D, Jajarmi A, Bonyah E, Hajipour M. New aspects of poor nutrition in the life cycle within the fractional calculus. Adv Differ

Equ. 2018;2018:230.
26. Djida J, Atangana A. More generalized groundwater model with space-time Caputo Fabrizio fractional differentiation. Numer Methods

Partial Differ Equ. 2017;33(5):1616–1627.

https://orcid.org/0000-0002-8657-1327
https://orcid.org/0000-0002-8657-1327
https://orcid.org/0000-0002-8889-3768
https://orcid.org/0000-0002-8889-3768


SUWAN ET AL. 15

27. Atangana A, Baleanu D. Caputo-Fabrizio derivative applied to groundwater flow within confined aquifer. J Eng Mech Amer Soc Civil Eng.
2017;143(5):D4016005.

28. Abdeljawad T. On Riemann and Caputo fractional differences. Comput Math Appl. 2011;62(3):1602–1611.
29. Caputo M, Fabrizio M. A new definition of fractional derivative without singular kernel. Progr fract Differ Appl. 2015;1(2):73–85.
30. Atangana A, Baleanu A. New fractional derivatives with nonlocal and non-singular kernel: theory and application to heat transfer model.

J Thermal Sci. 2016;20(2):1–7.
31. Caputo M, Fabrizio M. Applications of new time and spatial fractional derivatives with exponential kernels. Progr Fract Differ Appl.

2016;2(1):1–11.
32. Abdeljawad T, Baleanu D. Integration by parts and its applications of a new nonlocal fractional derivative with Mittag-Leffler nonsingular

kernel. J Nonlinear Sci Appl. 2017;10(3):1098–1107.
33. Saad K, Atangana A, Baleanu D. New fractional derivatives with non-singular kernel applied to the Burgers equation. Chaos. 2018;28(6).

https://doi.org/10.1063/1.5026284
34. Abdeljawad T, Baleanu D. Discrete fractional differences with non-singular discrete Mittag-Leffler kernels. Adv Differ Equ. 2016;2016:232.
35. Suwan I, Owies S, Abdeljawad T. Monotonicity results for h−discrete fractional operators and application. Adv Differ Equ. 2018;2018:207.
36. At𝚤c𝚤 F, Uyanik M. Analysis of discrete fractional operators. Appl Anal Discrete Math. 2015;9(1):139–149.
37. Abdeljawad T. Different type kernel h−fractional differences and their fractional H−sums. Chaos Solitons Fractals.

2018;2018(116):146–156.
38. Suwan I, Abdeljawad T, Jarad F. Monotonicity analysis for nabla h-discrete fractional Atangana-Baleanu differences. Chaos Solitons

Fractals. 2018;2018(117):50–59.
39. Al-Mdallal Q, Hajji M. A convergent algorithm for solving higher-order nonlinear fractional boundary value problems. Fract Calcul Appl

Anal. 2015;18(6):1423–1440.
40. Agarwal P, Al-Mdallal Q, Je Cho Y, Jain S. Fractional differential equations for the generalized Mittag-Leffler function. Adv Differ Equ.

2018;2018:58.
41. Al-Mdallal Q, Abro K, Khan I. Analytical solutions of fractional Walter's B fluid with applications. Hindawi Complexity.

2018;2018:8131329,10. https://doi.org/10.1155/2018/8131329
42. Khan H, Gmez-Aguilar J, Khan A, Khan T. Stability analysis for fractional order advection-reaction diffusion system. Phys A Stat Mech

Appl. 2019;521:737–751.
43. Khan H, Tun C, Baleanu D, Khan A, Alkhazzan A. Inequalities for n-class of functions using the Saigo fractional integral operator. Revista

de la Real Academia de Ciencias Exactas, Fsicas y Naturales. Serie A Matematicas. Madrid: The Royal Academy of Sciences; 2019:1–14.
44. Alkhazzan A, Jiang P, Baleanu D, Khan H, Khan A. Stability and existence results for a class of nonlinear fractional differential equations

with singularity. Math Methods Appl Sci. 2018;41(18):9321–9334.
45. Khan H, Chen W, Sun H. Analysis of positive solution and HyersUlam stability for a class of singular fractional differential equations

with pLaplacian in Banach space. Math Methods Appl Sci. 2018;41(9):3430–3440.
46. Abdeljawad T, Baleanu D. Monotonicity results for fractional difference operators with discrete exponential kernels. Adv Differ Equ.

2017;2017:78.

How to cite this article: Suwan I, Owies S, Abdeljawad T. Fractional h−differences with exponential kernels
and their monotonicity properties. Math Meth Appl Sci. 2020;1–15. https://doi.org/10.1002/mma.6213

https://doi.org/10.1063/1.5026284
https://doi.org/10.1155/2018/8131329
https://doi.org/10.1002/mma.6213

	Fractional h-differences with exponential kernels and their monotonicity properties
	Abstract
	INTRODUCTION
	DEFINITIONS AND PRELIMINARY RESULTS
	THE MONOTONICITY RESULTS
	APPLICATION: MVT
	CONCLUSIONS
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


