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Abstract 

In this study, we examine quantum dot lasers (QDLs) that utilize quantum dots as the active 

medium. QDLs work on the principle of tight confinement of charge carriers in quantum 

dots, and find a wide range of applications in medical imaging, sensing, quantum information 

processing and optical communications. Due to their vital role in optical communication and 

optical tomography in addition to the ability of high rates of data processing, new approaches 

are employed to enhance their performance. Our work focuses on the theoretical treatment 

of the optical feedback effects on the dynamics of QDLs using a rate equation approach. 

Analytical expressions for both relaxation oscillation (RO) frequency and damping rate are 

derived. In addition, the simulation method is used to compare our results with that for 

solitary lasers. It is found that optical feedback strengthens RO frequency and reduces the 

damping rate and factor as the injection rate increases, which indicates the decrease in system 

stabilities. Furthermore, a region of instabilities implies by positive damping rate is observed. 

Moreover, for negative detuning frequency, there is a region of bistability which makes the 

laser capable to use as optical switch and in optical data storing.  
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Chapter One 

Introduction 

1.1 The LASER: 

The word laser is an acronym for Light Amplification by Stimulated Emission of Radiation. 

The output power of laser light varies from a few thousandths of a watt such as in laser 

pointers to several thousand watts as in industrial laser cutters. Laser light has several 

properties that make it possible to be used in several fields of technology such as in medical 

applications like laser surgery [1], laser industry as laser drilling [2] and other applications 

such as barcode readers and laser pointers [3]. Laser light is characterized by being 

monochromatic, which means it emits light with a narrow range of wavelengths due to 

stimulated emission. Additionally, laser light is directional, traveling in a specific path with 

minimal dispersion. Furthermore, it is coherent, signifying a sustained phase relationship 

among its waves as they travel through both space and time. Coherence manifests in two 

forms: temporal coherence, emphasizing consistency over time, and spatial coherence, 

highlighting a stable phase relationship in terms of space [4]. These properties of laser light 

enable it to deposit a lot of energy in small areas, making it more hazardous than ordinary 

light [5].   

Light amplification and laser operation mainly depend on stimulated emission. In order to 

understand how lasing occurs, we need to understand the mechanisms of light interaction 

with atoms or molecules. The energy levels of atoms and molecules are quantized. The 

particle of a higher quantum energy state (𝐸2), and a lower energy state (𝐸1) can interact 
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with light of energy ℎ𝜐 = 𝐸2 − 𝐸1. Einstein identified three processes in which particles 

exchange energy [6], as shown in figure 1 [7]. These processes are: 

1. Absorption:  

An incident photon is absorbed by the particle, causing an electron to jump from a lower 

energy level 𝐸1to a higher one 𝐸2.  

2. Spontaneous emission:  

A particle in an upper level 𝐸2 can decay spontaneously to a lower level 𝐸1 and emits a 

photon. 

3. Stimulated emission: 

 This process involves the interaction of an incoming photon with an excited electron in 

the particle, which prompts the electron to transition to a lower energy state, resulting in 

the emission of a photon. It is important to note that the characteristics of the emitted 

photon are indistinguishable from those of the incident photon. 

 Figure 1.1: Schematic illustration of radiation process: absorption, stimulated emission and                                                      

spontaneous emission [7]. 
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All conventional lasers have three essential elements, as shown in figure 1.2 [8]:  

• Gain or active (amplifying) medium:  

It depends on the type of laser, it may be gas, liquid or solid. When the gain is appropriately 

energized, it allows the creation of population inversion, which involves maintaining a higher 

number of particles, in the excited state than in the ground state. This condition is essential 

for the amplification of the light. 

 • The pump source:  

Also known as the energy source, plays a vital role in supplying energy to the gain medium, 

leading to the excitation of its atoms or molecules. Its essential function is to initiate and 

sustain the process required to achieve population inversion. 

• Cavity (optical resonator): 

 In most cases, cavity consists of two parallel mirrors, causing photons reflect back and forth 

several hundred times before exiting the resonator. One of the mirrors is partially transparent, 

facilitating the emission of the laser beam output.  

 

 

 

 

 

         Figure 1.2: Scheme of the essential elements of conventional laser [8]. 
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Lasing occurs when the number of photons produced by the stimulated emission of light 

exceeds the number of photons absorbed. Lasing requires a higher population inversion at 

the upper energy level (𝑁2) than the population inversion at the lower energy level (𝑁1). 

However, at thermal equilibrium, the number of atoms at the lower energy level (𝐸1)is larger 

than that at the upper energy level (𝐸2), according to [9]:  

 𝑁2 = 𝑁1 𝑒
−(𝐸2−𝐸1)/𝑘𝐵𝑇   1.1 

Where 𝑘𝐵 is the Boltzmann constant and 𝑇 is the temperature in Kelvin.  

Population inversion can be achieved by adding energy using different pumping systems. It 

may be electrical, optical [10], x-ray pumping [11], e-beam pumping [12] and chemical 

pumping [13]. The two most commonly used pumping system are optical and electrical 

pumping. In both systems, the pumping energy must match the difference in energy between 

the excited state and the ground state. In optical pumping, a two-level system is theoretically 

possible under certain conditions, but achieving population inversion is not very practical. In 

this system, the occurrence of stimulated emission results in the emission of a photon, causing 

the particle to return to the ground state. This process depletes the population of particles in 

the excited state, making it challenging to achieve and sustain population inversion. In three 

and more level system, there is an additional intermediate state between the excited and 

ground state as shown in figure 1.3 [14]. These intermediate states provide enhanced 

flexibility in both excitation and relaxation processes. The absorption of photons during 

optical pumping can temporarily fill these intermediate states, establishing a reservoir of 

particles that actively participate in the population inversion process. Optical pumping is 
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suitable for solid state lasers like Ruby [5], while electrical pumping is suitable for gas lasers 

[15].  

          

 

  

 

 

 

               Figure 1.3: Three-level laser energy diagram [14]. 

 

1.2 Laser Types 

Categorizing lasers based on their amplifying medium yields three main types: 

1. Gas lasers which use a low-pressure gas mixture as an active medium with the electrical 

pump source commonly used. Helium Neon (He-Ne) laser stands out as one of the most 

frequently utilized examples in this category. 

2. Liquid lasers employ a liquid as their active medium, with an optical pump source being 

utilized. A representative example of a liquid laser is the dye laser, which incorporates 

organic material as its active medium. 

3. Solid- state laser: in these laser glass or crystalline material acts as the host and doped with 

rare earth element impurity (𝑁𝑑+3, 𝑌𝑏+3, 𝐸𝑟+3, 𝑇𝑖+3) [16], Optical pumping serves as the 
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pump source for these lasers. Among them, the Neodymium-doped Yttrium Aluminum 

Garnet (Nd:YAG) laser stands out as the most frequently utilized [17]. Additionally, solid-

state lasers encompass semiconductor lasers, where the p-n junction acts as the active 

medium. Common examples of semiconductor lasers are GaN, GaAlInP and AlGaAs.  

 

1.3 Laser Dynamics 

There are three dynamical variables used to describe the dynamics of most lasers: the electric 

field, the material polarization and the population inversion. The more rapid decaying 

variables are adiabatically eliminated. According to the number of required variables to 

describe laser operation, the following classification have been introduced [18]: 

• Class A: one single nonlinear electric field describes the laser; both polarization and 

population inversion are adiabatically eliminated because they have a much shorter 

decay time. example: gas laser [He-Ne laser] [19] and dye laser.  

• Class B: the dynamics of lasers ruled by electric field and population inversion. 

Material polarization is adiabatically eliminated since it follows the field without 

decay. example: Ruby Laser [20]. 

• Class C: involve the simultaneous use of all three variables to describe their operation. 

No adiabatic elimination is employed in Class C lasers because the decay times of 

these three variables are comparable. An illustration of a Class C laser is the Far 

Infrared (FIR) laser [21]. 
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1.4 Semiconductor Lasers  

1.4.1 Semiconductor Band Structure: 

The lower energy level in semiconductors is called the valence band VB and the higher 

energy level is called the conduction band CB. The difference between the top of VB and the 

bottom of CB is called the band gap 𝐸𝑔 . Semiconductors band gap ranges between  0 and 

3 𝑒𝑉 [22]. When the temperature is higher than 0𝐾°, thermal excitation causes electrons to 

rise from VB to CB leaving holes in the VB. Both electrons and holes contribute to electrical 

conductivity. 

There are two types of band gaps in semiconductors: 

1. Direct band gap: 

The top of the VB and the bottom of the CB have the same crystal momentum, and 

an electron directly can emit the photon since it occurs at the same momentum. 

2. Indirect band gap: 

The top of the VB and the bottom of the CB don’t occur at the same momentum, 

which means that the electron must interact with both phonons and photons to verify 

the conservation of both energy and momentum. A direct band gap is preferable in a 

laser field since the rate of stimulated emission is larger than that in an indirect band 

gap. 
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1.4.2 Semiconductor Lasers (Diode Laser) SCLs  

Semiconductor lasers have an important technological role since their invention in the early 

1960s [23]. They are used in different applications such as medical, welding [24], computer 

interconnects and bar-code readers [25]. Also, they are widely used in optical 

communication because they are compact, low cost and efficient [26]. In addition, they are 

used in telecommunication application, CD-ROMS, DVD and printer [27]. The reasons 

behind the wide range usage of SCLs are their small size, low cost, large modulation band 

width [28], low electrical power consumption [29] and their continued performance 

improvements especially in low-threshold current.  

SCLs usually consist of a p-n junction, where electrons diffuse from the n-side to the p-side 

and holes diffuse from the p-side to the n-side. This diffusion results in the formation of a 

potential difference between the two regions, subsequently preventing further movement of 

electrons from the n-side to the p-side. By applying a forward bias voltage which is positive 

on the p-side and negative on the n-side across this pn-junction, carriers are diffuse across 

the junction. Consequently, electrons and holes recombine, releasing photons.If another 

photon with the same energy interacts with the excited electron, it can stimulate the release 

of second photon with identical property. 

 

 

 

 Figure 1.4: Scheme of p-n junction SCLs [30]. 

https://www.sciencedirect.com/topics/materials-science/laser
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The optical resonator is formed by cleaving the substrate along the crystal as shown in figure 

1.4 [30]. These bulk SCLs could only operate at low temperatures, and their lifetimes were 

too short for application. 

To achieve efficient recombination of electron and hole, heterostructures are formed at both 

interfaces by sandwiching undoped semiconductor material with a small energy band gap 

and high refractive index between n-doped and p-doped semiconductor material forming a 

p-i-n junction. Under a forward bias, the holes are injected from the p region to the 

sandwiched region, and the electrons are injected from the n-region to the sandwiched region. 

The refractive index of the sandwiched region is usually greater than that of the p and n 

regions. As a result, potential well will be formed and a large number of carriers will be 

efficiently confined to the active sandwiched region, resulting in a high light amplification 

rate. It is important to notice that the first continuous wave (CW) laser oscillation at room 

temperature was achieved by the double heterostructure [31, 32]. SCLs are mass produced 

using depositing various layers by lithographic techniques. They are small, very efficient 

lasers with dimensions of less than a millimeter. Semiconductor lasers range in wavelength 

from 0.4–1.8 μm [33, 34] with typical continuous output powers up to 100 mW. Usually, the 

thickness of the sandwiched layer is of order 100 nm. New fabrication technique allows the 

reduction of the sandwiched layer thickness to the scale of, or even less than, the DeBroglie 

wavelength. Consequently, the energy state splitting into sub-bands, resulting in a quantum 

well (QW) laser heterostructure. In this configuration, carriers are confined to a square 

potential well in the transverse dimension while remaining free in the other dimension. In the 

QW laser, injected carriers accumulate near the bottom of CB and the top of VB, 

https://www.sciencedirect.com/topics/physics-and-astronomy/semiconductor-laser
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concentrating into sub bands. This leads to a significant number of carriers contributing to 

lasing action. QWLs operate at room temperature [35], require a lower threshold current and 

offer narrower spectral linewidth, greater temperature stability and increase optical gain. The 

most common QWLs are fabricated from GaAs/AlGaAs and InGaAsP/InP structures. QWLs 

find their applications in optoelectronics, medical therapy, material processing and laser 

printing [36, 37]. Confinement of the carrier in two spatial directions is also possible, which 

results in quantum wire (QWire). Despite their potential advantages, such as unique 

electronic and optical properties, QWires have not gained widespread use in semiconductor 

photonics. This is mainly attributed to the lack of efficient growth techniques that would 

enable their fabrication with sufficiently high densities. When carriers are confined in all 

three spatial directions on a scale smaller than the de Broglie wavelength, quantum dot lasers 

(QDLs) emerge, featuring truly discrete energy levels [38]. It offers further threshold 

reduction and higher temperature stability [39, 40]. Figure1.5 [41] shows the density of state 

for bulk semiconductors, quantum wells, quantum wires and quantum dots.  

 

 

 

 

 

 

Figure 1.5: density of state for bulk, quantum well, quantum wire and quantum dot structure [41]. 

https://www.sciencedirect.com/topics/physics-and-astronomy/linewidth
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There are two configurations for laser emission in semiconductors: 

1. Edge emitting laser (EEL): light propagates in a direction parallel to the surface of a 

semiconductor. To create this laser, the wafer is cleaved at both ends and coated with a 

mirror. It can host multiple modes of simultaneous action. 

2. Vertical cavity surface emitting laser (VCSEL): light propagates in a direction 

perpendicular to the surface of the semiconductor. The resonator uses two semiconductor 

Bragg mirrors. It offers a lot of advantages in terms of testing, stability, and cost 

effectiveness. 

 

1.4.3 SCLs Dynamics 

SCLs are characterized by a time scale separation between the fast photon and the slower 

carrier. Operating as a class B laser, SCLs are governed by two dynamic variables: the 

complex electric field and the population inversion. Adiabatic elimination is applied to 

eliminate material polarization due to its rapid decay [42]. The complex electric field consists 

of both a real part, representing amplitude, and an imaginary part, signifying phase. Thus, 

understanding laser operation requires examining the amplitude and phase of the field, along 

with the population inversion. For a free running single mode laser, the dynamics of intensity 

and population inversion are decoupled since the phase varies very quickly [43].  The 

dynamics of SCLs are very sensitive to the external effects such as optical feedback effect, it 
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resulting in instabilities in laser output. These dynamical instabilities hold significance in 

applications like secure communication and radar systems [44].  

1.5 Carrier and photon lifetimes 

Carrier life time is defined as the average time required for minority carrier to recombine. It 

associated with radiative recombination lifetime (𝜏𝑟) and non-radiative recombination 

lifetime (𝜏𝑛𝑟) by [45]: 

 1

𝜏 
=
1

𝜏𝑟
+

1

𝜏𝑛𝑟
 

1.2 

Photon lifetime (𝜏𝑝) expresses the rate at which photons are lost from the cavity, it is given 

by [45]: 

 1

𝜏𝑝
=

𝑐

𝑛𝑟
[𝛼𝑖 +

1

2𝐿
ln (

1

𝑅1𝑅2
)] 

1.3 

Where: 𝑛𝑟: effective refractive index, 𝛼𝑖: internal loss per unit length, 𝐿: cavity length, 

𝑅1  ,𝑅2: mirrors reflectivities. 

The first term stands for losses due to propagation in the cavity material, while the second 

term is concerned with mirror losses. Both times, 𝜏𝑝 𝑎𝑛𝑑 𝜏 in SCLs have an important role 

in the dynamical behavior of the laser and they are related to the relaxation oscillation RO. 

The carrier lifetimes affect the rate at which the population inversion occur. A short carrier 

lifetime results in faster recombination, subsequently impacting laser response. A long 

photon lifetime leads to a more accumulation of photons in the cavity, results in a more 

sustain and stable laser.  
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1.6 Gain and Threshold Current  

The gain refers to the amplification of light in laser results from stimulated emission. To 

attain gain, population inversion must be achieved and sustain. However, the laser cavity is 

not perfect environment and losses occur as mentioned previously. These losses may be due 

to propagation in the cavity such as absorption of photons by the cavity material, imperfection 

in the material or scattering of photon, Also the losses may be due to imperfect mirrors, which 

can lead to absorption or scattering losses. For lasing to occur sufficiently, the gain must 

exceed the losses. The minimum current required to initiate the laser is called threshold 

current, before threshold current the laser output is not sustain. Once the threshold current is 

exceeded, a continuous and coherent laser output is achieved.  

 

1.7 Relaxation Oscillation 

Relaxation oscillation (RO) in output power and the corresponding damping rate are 

important characteristics of different types of lasers. RO occurs when the laser is in operation 

within a low threshold current region. Upon activation, lasing is not achieved immediately 

since it requires some time for carrier concentration to build up and accumulate, 

consequently, photons also need some time to reach a steady state, resulting in an output 

oscillation called RO. RO occurs in all B class lasers since the upper state life time is often 

larger than the laser resonator damping time. Conversely, lasers in the class A region, where 

an upper state life time is shorter than the laser cavity damping time, do not exhibit RO. 

Instead, they exhibit only exponential relaxation to the steady state [42]. 
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Understanding of the RO of a laser has an important role in determining the number of 

fundamental variables and enabling predictions of laser behavior under certain operation 

modes. Single mode SCLs which emits light in only one spatial or temporal mode exhibits 

strong relaxation oscillations in the gigahertz region and they are slowly damped. When 

SCLs are subjected to external forcing such as optical injection and optical feedback, they 

are sustained.  

The RO frequency (𝜔𝑅𝑂) increases by increasing the injected current above the threshold 

region according to the formula [46]: 

 𝜔𝑅𝑂
2 =

𝑎𝑣𝑔 𝜂𝑖

𝑞𝑉𝑃
(𝑖 − 𝑖𝑡ℎ) 

1.4 

Where  𝑎:
∂𝑔

∂N
  the differential gain, 𝑔: the gain factor per unit length, 𝑁: Carrier density,  𝑣𝑔: 

group velocity of light in laser cavity, 𝑞: electron charge, 𝑉𝑃 volume occupied by photons in 

the cavity, 𝑖, 𝑖𝑡ℎ: injected and threshold current. 

The RO damping rate (ΓRO) is a measure of how quickly oscillations in a system decay or 

decrease after being perturbed. A higher damping rate means that the system returns to its 

equilibrium or steady state more rapidly. On the other hand, a lower damping rate resulting 

in a more sustained oscillations or a longer time for the system to reach a stable state. 

Damping rate ( ΓRO) is Directly proportional to RO frequency (𝜔𝑅𝑂
2 ) according to the 

following formula [45]: 

ΓRO  ∝ 𝐾 𝜔𝑅𝑂
2  

 

1.5 
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Where 𝐾 related to maximum modulation band width. The maximum modulation band width 

refers to the range of frequency over which the laser can effectively response to the input 

signal. The modulation of the band width represents the ability of the laser to track and 

transmit rapidly changing signals. Modulation band width has important roles in optical 

communication systems directly influencing the speed and capacity of data transmission. 

 

1.8 Optical Feedback 

Optical feedback is achieved by returning part of the coherent laser radiation that was created 

inside the active medium, back. Usually, it is done by using mirrors at both ends of the active 

medium. The effects of optical feedback in semiconductor lasers have been studied since the 

beginning of their development by Risch and Voumard in 1977 [47]. In 1982 Lang and 

Kobayashi published a paper on effects of the optical feedback in the dynamical properties 

of SCLs using a distant mirror [48]. Since then, researchers have directed their efforts to 

study and understand the induced dynamics due to optical feedback. Self-optical feedback 

has been used in SCLs in order to control RO frequency, frequency stability, and mode 

selection. It is found that at a certain condition, optical feedback causes a reduction in 

linewidth of output power, turnability and improvement of coherence. On the other hand, 

instabilities in the laser output have been appeared under the optical feedback of SCLs. 

The dynamics of SCLs under optical feedback are very important in practical applications 

especially in optical systems such as optical communication, optical data storage and optical 

measurements. 
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The static behavior of SCLs under optical feedback can be theoretically investigated 

depending on the level of feedback, gain media, injection current and other laser parameters. 

Tkach and Chraplyvy investigated the instabilities of SCLs with optical feedback and 

categorized them into five regimes depending on the feedback fraction [49]. The dynamic 

characteristics of SCLs under optical feedback are described by the time-dependent rate 

equation. A lot number of papers have been published about the dynamical response of SCLs 

to optical feedback, ranging from chirp reduction, over a reduction of relative intensity noise 

(RIN) to larger bandwidth under direct optical modulation. It was also studied under delayed 

optical feedback to study the stabilization of steady state and periodic orbits [50, 51].   

 

1.9 Quantum Dot Lasers QDLs 

One major advantage of quantum dot structures results from their unique and delta-like 

discrete density of energy state due to three-dimensional spatial carrier confinement at the 

nanoscale. Ideal QDLs are expected to have many interesting and useful properties such as 

very low threshold current density, high temperature stability, high differential gain, wide 

modulation bandwidth and low power consumption. QDLs have a significant role in 

telecommunications, biomedical applications [52], photonic technologies [53] and 

optoelectronic applications such as solar cells, optical amplifiers [54], optical data storages 

[55] and random number generators [56]. 

In 1963 Kromer et al. [57] and Alferov et al. [58] proposed the idea of carrier confinement 

using double heterostructures (DH).  In the 1970s Dingle and Henry recognized that 

wavelength tuneability and threshold reduction can be realized in quantum structured SCLs 
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[59]. Theoretically this was proven by Asada et al and Arakawa et al in the 1980s [60]. It was 

not until the early 1990s that self-assembled QDs could be fabricated by epitaxial growth 

techniques [61-63]. The first QDLs self-assembled QDs were successfully fabricated and 

operated at low temperatures up to 77𝐾° in 1994 [64]. Subsequent years, researchers and 

engineers explored new fabrication methods and various semiconductor material to improve 

the performance and efficiency of QDLs material. 

QDs can be fabricated using different methods. Three mainly used methods are: 

1. Epitaxial growth: 

QDs are epitaxial grown by the Stranski–Krastanov growth method using standard molecular 

beam epitaxy (MBE) or metal-organic chemical vapor deposition (MOCVD) techniques [66]. 

It allows for the spontaneous synthesis of three-dimensional nanostructures during strained 

layer hetero-epitaxial growth, which results from mismatch between the substrate and the 

epilayer. In this process, a thin film of certain material such as III–V and II–VI materials are 

grown layer by layer on a semiconductor substrate such as GaAs and InP, which is called the 

wetting layer (WL) until a certain critical thickness is reached. After that, the planar growth 

of the film stops and three-dimensional islands of variable size across the plane begin to form 

spontaneously due to strain relaxation and thus self-assembled which become a self 

organized QD. It can have very small dimension (< 10 𝑛𝑚). Also, there is another structure 

known as the dots-in-the-well Dwell, where each layer of QDs resides inside a thicker QW, 

with the thickness of a well exceeding the height of the dots [67] 

2. Micro crystallites in glass or polymer: 
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By poring nanoparticle into molten glass or polymer and cooling them down 

3. Artificially patterned dots by electron-beam lithography.  

In QD devices, the carriers are injected into a surrounding carrier reservoir witting layer (WL 

or QW) before they scatter into QD. The scattering rate depends on the energy spacing 

between the band edge of QW and the energy level of QD. This energy difference determines 

the life times of the carrier in QD. If the energy spacing is small, the carrier life times are 

shorter than the photon lifetime and acts as a class A laser. For large spacing energy, the time 

scale of femtosecond between photon life time and carrier life time results and act as a class 

B laser. Between these two limiting cases, QD exhibits dynamical feature of both classes A 

and B. 

 

1.10 QDLs Subjected to Optical Feedback 

QDLs have shown lower sensitivity to optical feedback compared to other SCLs [68], 

enabling them to operate in the absence of a highly expensive isolator. Isolators are typically 

needed to avoid unwanted reflection that can lead to temporal instabilities of the lasers. If 

chaos is induced by the feedback, it can be utilized for secure chaos communication and 

chaos key distribution [69]. Several studies have concentrated on the nonlinear dynamics of 

QDLs under external perturbations [70, 71]. Under optical injection, bistability has been 

observed in QDLs. At moderate level of optical feedback and pumping current near threshold 

current, low-frequency fluctuation LFF has been observed experimentally and theoretically 
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[72, 73]. Unlike bulk or QW semiconductor lasers, QDLs have symmetric gain curves and 

experiments have demonstrated very small phase-amplitude coupling (α-parameter) [74].  
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Chapter Two 

Rate equations 

2.1: Introduction 

Modeling lasers requires a full quantum treatment, but many dynamical properties may be 

realized by semi classical or purely classical approaches. The basic framework to extract 

analytically as much information as possible is provided by rate equations, which have long 

been used to model the output power and the oscillation of lasers. The rate equations give the 

rate at which populations of different energy levels change due to the pump and in the 

presence of laser radiation. In addition, they provide the time dependence of the atomic 

populations of various levels in the presence of radiation at frequencies corresponding to the 

different transitions of the atom and the steady-state population inversion between the actual 

levels involved in the laser transition and whether an inversion of population is achieved in 

a transition or not. And if so, what would be the minimum pumping rate required to maintain 

a steady population inversion between the two levels. 

The most basic processes involved in laser operation are two-level system ground and excited 

level 𝐸1 and 𝐸2  with number of atoms 𝑁1 and 𝑁2 respectively. The process of light-matter 

interaction is restricted to stimulated emission and absorption. The rate equation for photon 

number 𝑛 and populations 𝑁1 and 𝑁2 are [75]: 

 𝑑𝑛

𝑑𝑇
= 𝐺𝑁𝑛 −

𝑁

𝑇𝐶
 

2.1 

 𝑑𝑁

𝑑𝑇
= −

1

𝑇1
(𝑁 − 𝑁0) − 2𝐺𝑁𝑛 

2.2 
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Where 𝑇: time included radiative and nonradiative, 𝐺: the gain coefficient for stimulated 

emission, 𝑁 = 𝑁2 − 𝑁1 : the population inversion, 𝑇𝐶
−1 : the decay rate due to the loss of 

photons by mirror transmission and scattering, 𝑇1
−1 : the decay rate of the population and 

𝑁0 = 𝑅𝑝𝑇1 is the population difference in the absence of laser light and 𝑅𝑝 is the pumping 

rate.  

For single mode SCLs the appropriate rate equation requires more description of active 

medium. Taking into account the complex amplitude of optical electric field 𝐸𝑂𝑃𝑃(𝜏) =

𝐸(𝜏)exp𝑖𝜔𝜏 [75], the rate equation becomes: 

 𝑑𝐸

𝑑𝜏
=
1

2
(Υ𝐺(𝑁) − 𝜏𝑃

−1)𝐸 + 𝑖(𝜔(𝑁) − 𝜔0)𝐸 
2.3 

 𝑑𝑁

𝑑𝜏
=
𝐽

𝑒
−
𝑁

𝜏𝑆
− 𝐺(𝑁)𝐸2 

2.4 

Where 𝜏 denotes the real physical time, Υ𝐺(𝑁) defined as the power gain, the parameter 

Υ called the confinement factor,  𝜏𝑝: the photon life time, 𝜔(𝑁) − 𝜔0 is the detuning between 

the cavity resonance frequency and the optical frequency, 𝐽 is the pump current, 𝜏𝑆 is the 

carrier lifetime. 

A better description of the electric field 𝐸(𝜏) = 𝑅𝑒(𝐸0(𝜏)exp
𝑖(𝜔𝜏+Φ)) where the phase Φ 

must be considered in some experiment. Especially, when there exists an optical time 

frequency reference such as when the laser is injected with the field of another laser the phase 

between two sources must be considered.  

In practice, lasers are realized in three- and four-energy level system, where the light matter 

interaction is described by population equations for all levels contributed to the laser 
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operation and the rate equation is more complicated. Using a two-level system, three or four 

level system depend on the nature of the active medium. The solution of three or four level 

rate equations differs slightly from the solution of standard rate equation SRE (two-level 

system) as mentioned in equations (2.3) and (2.4) and the dynamical response of many laser 

depends on dynamical features that can be captured by SRE. 

 

2.2 Rate equation models used for QDLs 

The dynamical behavior of QDLs was investigated using a wide range of approaches and 

models. The simple models are based on rate equations. In QDLs, carriers are injected into 

the wetting layer before being captured by the dot, so we need to introduce the occupation 

probability of the dot in addition to the electric field in the cavity and the carrier density in 

the wetting layer and we need to consider the carrier capture process and pauli blocking. 

A.V.Uskov et al analyzed QDLs with those three variable rate equations and considered that 

the carriers are delivered to lasing levels through Auger capture only [76].  A lot of efforts 

have been directed toward formulating a more suitable rate equations for QDLs. An 

alternative to the three-variable model, the modified two-variable QW rate equation was used 

for QD in [77], but it is limited to large capture rates and not sufficient if the dot is saturated 

by carriers [78]. In addition, a five-variable rate equation that considers the microscopic 

kinetic equation, which is dominant by coulomb scattering process and spontaneous emission 

was simulated numerically in [79], but it is too complex for an analytical understanding of 

QDLs dynamics. 
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In this work, we will apply appropriate rate equations to analyze the dynamics of QDLs under 

optical feedback, develop an expression for the relaxation oscillation RO and damping rate, 

and compare it to those found by Thomas Eraneux's for solitary QDLs [78]. The following 

two parts discuss both Eraneux's work and the model we will adopt. 

 

2.3 Solitary QDLs model and dynamics  

Thomas Eraneux et al analyzed a solitary QDLs using a three-variable rate equation model. 

They used the rate equations formulated by O’Brien et al [80], which consist of three 

equations for the intensity( 𝐼) of the laser field in the cavity, the occupation probability (𝜌) 

and the number of the carrier (𝑛) in the wetting layer. The equations are: 

 𝐼′ = [−1 + 𝑔(2𝜌 − 1)]𝐼 2.5 

 𝜌′ = 𝜂[𝐹(𝜌, 𝑛) − 𝜌 − (2𝜌 − 1)𝐼]  2.6 

 𝑛′ = 𝜂[𝐽 − 𝑛 − 2(𝐹(𝜌, 𝑛)] 2.7 

 

Where g: gain factor, 𝜂: the ratio of the carrier and photon decay rate, 𝐹(𝜌, 𝑛) : function 

describe the carrier exchange rate between the wetting layer and the dot. 

They derived analytically expressions for both the relaxation oscillation RO frequency (𝜔𝑅𝑂) 

and the damping rate (ΓRO) as follow: 

 
𝜔𝑅𝑂 = (2𝜂 𝐼𝑆)

1
2 

2.8 
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ΓRO =

𝜂
2
(1 + 𝐼𝑆)

1 − 𝑔−1
  

2.9 

Where 𝐼𝑆 is the steady state intensity. 

2.4 Full Rate Equation Model of QDLs in presence of optical feedback 

Rate equations for QD laser subjected to optical feedback are given by D. Goulding [81] 

 
𝐸′ =

1

2
(1 + 𝑖𝛼)[−1 + 𝑔(2𝜌 − 1)]𝐸 + г𝑒𝑖𝛥𝑡 

2.10 

 𝜌′ = 𝜂[𝐵𝑛(1 − 𝜌) − 𝜌 − (2𝜌 − 1)𝐸2]  2.11 

 𝑛′ = 𝜂[𝐽 − 𝑛 − 2𝐵𝑛(1 − 𝜌)] 2.12 

where the prime means differentiation with respect to 𝑡 =
𝑡′

𝜏𝑝ℎ
. 𝑡′: is the dimensionless unit 

time, 𝛼 is the linewidth enhancement factor.  Г : injection rate.  𝛥 : detuning frequency which 

is defined as the frequency of the master laser minus the frequency of slave laser. The last 

term in equation (2.10) represents the contribution of optical feedback. 𝐵 = 𝜏𝜏𝑐𝑎𝑝
−1  

Dimensionless capture rate, where 𝜏 is the carrier recombination time and 𝜏𝑐𝑎𝑝 is the capture 

time. 𝜂 = 𝜏𝑝ℎ𝜏
−1 is the ratio between photon lifetime 𝜏𝑝ℎ and the recombination time 𝜏. The 

factor 1 − 𝜌 is the Pauli blocking factor. The factor 2 in equation (2.10) accounts for the spin 

degeneracy in the QD energy level. 

In the next chapter, the rate equations governing the dynamics of QDLs under optical 

feedback will be analyzed. This involves examining the effect of small perturbation around 

the steady state condition by taking derivatives of the rate equations and setting them equal 

to zero to find the steady state condition. After that, the partial derivative with respect to the 
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state variables will be used to construct the jacobian matrix. The characteristic equation will 

be applied to evaluate the eigenvalues of this matrix at the steady state. These eigenvalues 

will provide valuable insight about relaxation oscillation and damping rate. 
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Chapter3: 

Results and Discussion 

3.1 Analytical analysis 

3.1.1 Reduced Rate Equation Model 

The analytical investigation represented here are based on the model given in section 2.4. We 

introduce: 𝜖 = 𝑔 − 1, 𝜌 = 1 + 𝜖𝑢, 𝑠 = 𝜖𝑡, 𝛾 = 𝜖−1Г , 𝛿 = 𝜖−1Δ 

Then we obtain the following equations 

 𝑑𝐸

𝑑𝑠

𝑑𝑠

𝑑𝑡
=
1

2
(1 + 𝑖𝛼)[−1 + (1 + 𝜖)(2(1 + 𝜖𝑢) − 1)]𝐸 + 𝛾𝜖𝑒𝑖𝜖𝛿𝜖

−1𝑠 
3.1a 

 
𝐸′𝜖 =

1

2
(1 + 𝑖𝛼)[2𝑢𝜖(1 + 𝜖)]𝐸 + 𝛾𝜖𝑒𝑖𝛿𝑠 

3.1b 

 
𝐸′ =

1

2
(1 + 𝑖𝛼)[2𝑢(1 + 𝜖)]𝐸 + 𝛾𝑒𝑖𝜖𝛿𝜖

−1𝑠 
3.1c 

 𝑑𝜌

𝑑𝑢

𝑑𝑢

𝑑𝑠

𝑑𝑠

𝑑𝑡
= 𝜂[𝐵𝑛(1 − (1 + 𝜖𝑢)) − (1 + 𝜖𝑢) − (2(1 + 𝜖𝑢) − 1)𝐸2 

3.2a 

 𝑢′𝜖2 =  𝜂[−𝐵𝑛𝑢𝜖 − 1 − 𝜖𝑢 − (2 − 2𝜖𝑢 + 1)𝐸2] 3.2b 

 𝑢′ =  𝜂𝜖−2[−𝐵𝑛𝑢𝜖 − 1 − 𝜖𝑢 − (2𝜖𝑢 + 1)𝐸2] 3.2c 

 𝑑𝑛

𝑑𝑠

𝑑𝑠

𝑑𝑡
= 𝜂[𝐽 − 𝑛 − 2𝐵𝑛(1 − (1 + 𝜖𝑢)] 

3.3a 

 𝑛′𝜖 = 𝜂[𝐽 − 𝑛 + 2𝐵𝑛𝜖𝑢] 3.3b 

 𝑛′ = 𝜂𝜖−1[𝐽 − 𝑛 + 2𝐵𝑛𝜖𝑢] 3.3c 

In the above equations the prime means differentiation with respect to 𝑠. 
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Since   𝜖−2 ≫𝜖−1 𝑎𝑠 𝜖 → 0 , 𝑢 is faster than 𝑛 and it could be eliminated adiabatically from 

equation (3.2c) then   0 =  𝜂𝜖−2[−𝐵𝑛𝑢𝜖 − 1 − 𝜖𝑢 − (2𝜖𝑢 + 1)𝐸2 

0 = (−𝐵𝑛𝜖 − 2𝜖 𝐸2 − 𝜖)𝑢 − (1 + 𝐸2)  

 
𝑢 = −

1 + 𝐸2

𝐵𝑛𝜖
 

3.4 

As mentioned previously the complex electric field is composed of both the real part, which 

is related to the amplitude, and the imaginary part which is related to the phase, introducing 

the decomposition: 

 𝐸 = 𝑅 𝑒𝑖𝛿𝑠+𝑖𝜑 3.5 

Take the derivative of 𝐸 with respect to  𝑠, we obtain 

 𝐸′ = 𝑅′𝑒
𝑖𝛿𝑠+𝑖𝜑

+ 𝑖(𝛿 + 𝜑′)𝑒𝑖𝛿𝑠+𝑖𝜑 3.6 

Compare equation ( 3.6) with equation (3.1𝑐) we get 

 
𝑅′𝑒

𝑖𝛿𝑠+𝑖𝜑
+ 𝑖(𝛿 + 𝜑′)𝑒𝑖𝛿𝑠+𝑖𝜑 =

1

2
(1 + 𝑖𝛼)[2𝑢(1 + 𝜖)]𝐸 + 𝛾𝑒𝑖𝛿𝑠] 

3.7 

Substitute 3.5 and then Divide both side by 𝑒𝑖𝛿𝑠+𝑖𝜑 

 
𝑅′ + 𝑖𝑅(𝛿 + 𝜑′) =

1

2
(1 + 𝑖𝛼)[1 + 2𝑢(1 + 𝜖)]𝑅 + 𝛾𝑒−𝑖𝜑] 

3.8 

Separate the real parts and the imaginary part we get 

 
𝑅′ =

1

2
[1 + 2𝑢(1 + 𝜖)]𝑅 + 𝛾𝑐𝑜𝑠𝜑] 

3.8a 

 
𝑅(𝛿 + 𝜑′) =

1

2
(𝛼)[1 + 2𝑢(1 + 𝜖)]𝑅 − 𝛾𝑠𝑖𝑛𝜑 

3.8b 

By substituting equation (3.4) 
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𝑅′ =

1

2
[1 +

2(−(1 + 𝐸2))

𝐵𝑛𝜖
(1 + 𝜖)] 𝑅 + 𝛾𝑐𝑜𝑠𝜑 

3.8aa 

 
(𝛿 + 𝜑′)𝑅 =

1

2
(𝛼) [1 +

2(−(1 + 𝐸2))

𝐵𝑛𝜖
(1 + 𝜖)] 𝑅 − 𝛾𝑠𝑖𝑛𝜑 

3.8ba 

Taking the limit 𝜖 → 0 and substituting 𝐸2 = 𝑅2 from equation (3.5) 

 
𝑅′ =

1

2
[1 −

2(1 + 𝑅2)

𝐵𝑛𝜖
]𝑅 + 𝛾𝑐𝑜𝑠𝜑 

3.8ab 

 
𝜑′ = −𝛿 +

1

2
(𝛼) [1 −

2(1 + 𝑅2)

𝐵𝑛𝜖
] −

𝛾𝑠𝑖𝑛𝜑

𝑅
 

3.8bb 

Also substitute equation (3.4) in equation (3.3d) 

 
𝑛′ = 𝜂𝜖−1 [𝐽 − 𝑛 + 2𝐵𝑛𝜖 (−

1 + 𝑅2

𝐵𝑛𝜖
)] 

3.8e 

 𝑛′ = 𝜂𝜖−1[𝐽 − 𝑛 − 2(1 + 𝑅2)] 3.8f 

   

3.1.2 Steady state solution 

At steady state  𝑛′,  𝑅′𝑎𝑛𝑑 𝜑′𝑎 are all zero 

Substitute in (3.8f) for 𝑛′ = 0 

 𝐽 − 𝑛𝑠 − 2(1 + 𝑅2) = 0  

 𝑛𝑠 = 𝐽 − 2(1 + 𝑅2) 3.8g 

 Subscript 𝑠 here means at steady state.  

Also substitute in equation (3.8ab) for  𝑅′ = 0 , we get 
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 1

2
[1 −

2(1 + 𝑅2)

𝐵𝑛𝑆𝜖
]𝑅𝑠 = (𝛾𝑐𝑜𝑠𝜑)𝑠 

3.8ac 

Introducing 

 
𝐹 =

1

2
[1 −

2(1 + 𝑅𝑠
2)

𝐵𝜖(𝐽 − 2(1 + 𝑅𝑠2)
] 

3.9 

Then (3.8ac) become 

 𝐹𝑅𝑠 = (𝛾𝑐𝑜𝑠𝜑)𝑠 3.8ad 

If 𝛾 = 0 , we find the laser threshold at 𝐽 = 𝐽𝑡ℎ, where  

 𝐽𝑡ℎ = 2 + 2/𝐵𝜖 3.8ae 

Finally, for 𝜑′ = 0 

 
(−𝛿 +

1

2
(𝛼) [1 −

2(1 + 𝑅𝑠
2)

𝐵𝑛𝑆𝜖
])𝑅𝑠 = (𝛾𝑠𝑖𝑛𝜑)𝑠 

3.8bc 

 (−𝛿 + 𝛼𝐹)𝑅𝑠 = (𝛾𝑠𝑖𝑛𝜑)𝑠 3.8bd 

By taking the square of both sides of (3.8ad) and (3.8bd) and adding them we find  

 𝐹2𝑅𝑠
2 + (−𝛿 + 𝛼𝐹)2𝑅𝑠

2 = 𝛾2(𝑠𝑖𝑛𝜑2 + 𝑐𝑜𝑠𝜑2) 3.10a 

 (𝐹2 + (−𝛿 + 𝛼𝐹)2)𝑅𝑠
2 = 𝛾2 3.10b 

 

In order to form the jacobian matrix, we need to take the partial derivative of 𝑅′, 𝜑′and 𝑛′for 

each variable state 𝑅, 𝜑 and 𝑛. According to the equations (3.8a), (3.8b) and (3.8f)  

 𝑑𝑅′

𝑑𝑅
=
1

2
[1 −

2(1 + 𝑅𝑠
2)

𝐵𝑛𝜖
] −

2𝑅𝑠
2

𝐵𝑛𝜖
 

3.11a 
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 𝑑𝑅′

𝑑𝜑
= −𝛾𝑠𝑖𝑛𝜑 = (𝛿 − 𝛼𝐹)𝑅𝑠 

3.11b 

 𝑑𝑅′

𝑑𝑛
=
(1 + 𝑅𝑠

2)

𝐵𝜖𝑛2
𝑅𝑠 

3.11c 

 𝑑𝜑′

𝑑𝑅
=
−2(𝛼)𝑅𝑠
𝐵𝑛𝜖

+
𝛾𝑠𝑖𝑛𝜑

𝑅𝑠2
=
−2(𝛼)𝑅𝑠
𝐵𝑛𝜖

+ (
−𝛿 + 𝛼𝐹

𝑅𝑠
) 

3.12a 

 𝑑𝜑′

𝑑𝜑
= −

𝛾𝑐𝑜𝑠𝜑

𝑅𝑠
= −

𝐹𝑅𝑠
𝑅𝑠

= −𝐹 
3.12b 

 𝑑𝜑′

𝑑𝑛
=
(1 + 𝑅𝑠

2)

𝐵𝜖𝑛2
𝛼 

3.12c 

 𝑑𝑛′

𝑑𝑅
= −4𝜂𝜖−1𝑅𝑠 

3.13a 

 𝑑𝑛′

𝑑𝜑
= 0 

3.13b 

 𝑑𝑛′

𝑑𝑛
= −𝜂𝜖−1 

3.13c 

For simplicity we introduce 

 
𝐺 =

1

2
(1 −

2(1 + 3𝑅𝑠
2)

𝐵𝜖(𝐽 − 2(1 + 𝑅𝑠2))
) 

3.14a 

 

 
𝐹 − 𝐺 =

1

2
[1 −

2(1 + 𝑅𝑠
2)

𝐵𝜖(𝐽 − 2(1 + 𝑅𝑠
2)
] −

1

2
(1 −

2(1 + 3𝑅𝑠
2 )

𝐵𝜖(𝐽 − 2(1 + 𝑅𝑠
2))

)

=
2𝑅𝑠

2

𝐵𝜖(𝐽 − 2(1 + 𝑅𝑠2))
 

 

 

3.14b 
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𝐺 + 𝐹 =

1

2
(1 −

2(1 + 3𝑅𝑠
2)

𝐵𝜖(𝐽 − 2(1 + 𝑅𝑠2))
) +

1

2
[1 −

2(1 + 𝑅𝑠
2)

𝐵𝜖(𝐽 − 2(1 + 𝑅𝑠2)
]

= 1 −
(2 + 4𝑅𝑠

2)

𝐵𝜖(𝐽 − 2(1 + 𝑅𝑠2)
 

 

 

3.14c 

 

 
1 − 2𝐹 = 1 − 2

1

2
[1 −

2(1 + 𝑅𝑠  
2)

𝐵𝜖(𝐽 − 2(1 + 𝑅2)
] =

2(1 + 𝑅𝑠
2)

𝐵𝜖(𝐽 − 2(1 + 𝑅𝑠2)
 

3.14d 

By comparing equation (3.11a) with (3.14a) we get: 

 𝑑𝑅′

𝑑𝑅
= 𝐺 

3.11𝑎′ 

Also, by substituting equation (3.14d) in (3.11c) we get: 

 
𝑑𝑅′

𝑑𝑛
=

1
2
(1 − 2𝐹)𝑅𝑠

𝑛
 

3.11𝑐′ 

 
𝑑𝜑′

𝑑𝑛
=

1
2
(1 − 2𝐹)

𝑛
𝛼 

3.12𝑐′ 

The Jacobian matrix become: 

 

[
 
 
 
 
 
 

𝐺 − 𝜎 (𝛿 − 𝛼𝐹)𝑅𝑠

1
2
(1 − 2𝐹)𝑅𝑠

𝑛𝑠

−2(𝛼)𝑅𝑠
𝐵𝑛𝑠𝜖

+ (
−𝛿 + 𝛼𝐹

𝑅𝑠
) −𝐹 − 𝜎

1
2
(1 − 2𝐹)

𝑛𝑠
𝛼

−4𝜂𝜖−1𝑅𝑠 0 −𝜂𝜖−1 − 𝜎 ]
 
 
 
 
 
 

 

 

 

3.13 

 

To find the solution, the determinant of the jacobian matrix equate to zero 
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 0 = (𝐺 − 𝜎)[(−𝐹 − 𝜎)(−𝜂𝜖−1 − 𝜎) − 0 ]

− (𝛿 − 𝛼𝐹)𝑅𝑠 [{−
2𝑅𝑠
𝐵𝜖𝑛𝑠

𝛼 + (
−𝛿 + 𝛼𝐹

𝑅𝑠
)} {−𝜂𝜖−1 − 𝜎}

+

1
2
(1 − 2𝐹)

𝑛
𝛼4𝜂𝜖−1𝑅𝑠]

+

1
2
(1 − 2𝐹)𝑅𝑠

𝑛𝑠
[(−𝐹 − 𝜎)(4𝜂𝜖−1𝑅𝑠)] = 𝑎 + 𝑏 + 𝑐 

 

 

 

 

 

 

3.13a 

Where a, b and c as follow: 

 𝑎 =  (𝐺 − 𝜎)[𝐹𝜂𝜖−1 + 𝐹𝜎 +  𝜎 𝜂𝜖−1 + 𝜎2]  

 𝑎 = 𝐺𝐹𝜂𝜖−1 + 𝐹𝐺𝜎 + 𝐺𝜎 𝜂𝜖−1 + 𝐺𝜎2 − 𝐹𝜂𝜖−1𝜎 − 𝐹𝜎2 − 𝜎2 𝜂𝜖−1 − 𝜎3 

𝑎 = 𝜎3 − (𝐺 − 𝐹 − 𝜂𝜖−1)𝜎2 − (𝐹𝐺 + 𝐺𝜂𝜖−1 − 𝐹𝜂𝜖−1)𝜎 − 𝐺𝐹𝜂𝜖−1 

 

3.14 

 

𝑏 = −(𝛿 − 𝛼𝐹)𝑅𝑠 [
2𝑅𝑠
𝐵𝜖𝑛𝑠

𝛼𝜂𝜖−1 +
2𝑅𝑠
𝐵𝜖𝑛

𝛼𝜎 − (
−𝛿 + 𝛼𝐹

𝑅𝑠
) 𝜂𝜖−1 − (

−𝛿 + 𝛼𝐹

𝑅𝑠
) 𝜎

+

1
2
(1 − 2𝐹)

𝑛𝑠
𝛼4𝜂𝜖−1𝑅𝑠] 

 

𝑏 = −(𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺)𝜂𝜖−1 − (𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺)𝜎 − (𝛿 − 𝛼𝐹)2𝜂𝜖−1

− (𝛿 − 𝛼𝐹)2𝜎 − (𝛿 − 𝛼𝐹)𝑅𝑠
2 (1 − 2𝐹)

𝑛
2𝛼𝜂𝜖−1 
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𝑏 = ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜎

+ ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜂𝜖−1

+ (𝛿 − 𝛼𝐹)(1 − 2𝐹)(𝐹 − 𝐺)𝛼𝐵𝜂 

 

 

3.15 

 

 
            𝑐 = −

2(1 − 2𝐹)𝑅𝑠
2𝛼

(𝐽 − 2(1 + 𝑅𝑠
2))

𝐹𝜂𝜖−1 −
2(1 − 2𝐹)𝑅𝑠

2𝛼

(𝐽 − 2(1 + 𝑅𝑠
2))

𝜎𝜂𝜖−1 

𝑐 =
2(1 − 2𝐹)𝑅𝑠

2

(𝐽 − 2(1 + 𝑅𝑠
2))

𝐹𝜂𝜖−1 +
2(1 − 2𝐹)𝑅𝑠

2

(𝐽 − 2(1 + 𝑅𝑠
2))

𝜎𝜂𝜖−1 

 

 𝑐 = (1 − 2𝐹)𝐹(𝐹 − 𝐺)𝐵𝜂 + (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜎𝜂 3.16 

   

From the determinant of the jacobian matrix, we then formulate the characteristic equation 

for the growth rate, which is given as [78]: 

 𝜎3 + 𝑎1𝜎
2 + 𝑎2𝜎 + 𝑎3 = 0 3.17 

Where: 

 𝑎1 = −(𝐺 − 𝐹 − 𝜂𝜖−1) 3.18 

 𝑎2 = −(𝐹𝐺 + 𝐺𝜂𝜖−1 − 𝐹𝜂𝜖−1) + ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)

+ (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜂 

3.19 

 𝑎3 = −𝐺𝐹𝜂𝜖−1 + ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜂𝜖−1

+ (1 − 2𝐹)(𝐹 − 𝐺)((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝐵𝜂 

3.20 

 

 



34 
 

Let 

 
𝜎 = 𝜂

1
2 𝜆0 + 𝜂𝜆1 +⋯ 

3.21 

 

Where 𝜆0and 𝜆1are eigen values 

 
𝜎 ≈ 𝜂

1
2 𝜆0 + 𝜂𝜆1 

3.22 

 
𝜎2 = 𝜂𝜆0

2 + 𝜂2𝜆1
2 + 2𝜆0𝜆1𝜂

3
2 

3.23 

 
𝜎3 = 𝜆0

3 𝜂
3
2 + 3𝜆0𝜆1

2𝜂
5
2 + 3𝜆0

2𝜆1𝜂
2 + 𝜆1

3𝜂3 
3.24 

 
𝑎1𝜎

2 = −(𝐺 − 𝐹 − 𝜂𝜖−1) ( 𝜂𝜆0
2 + 𝜂2𝜆1

2 + 2𝜆0𝜆1𝜂
3
2 ) 

 

 
𝑎1𝜎

2 = (𝐹 − 𝐺)𝜂𝜆0
2 + (𝐹 − 𝐺)𝜂2𝜆1

2 + (𝐹 − 𝐺)2𝜆0𝜆1𝜂
3
2 + 𝜂2𝜆0

2𝜖−1

+ 𝜂3𝜆1
2𝜖−1   + 2𝜆0𝜆1𝜂

5
2𝜖−1 

3.25 

 𝑎2𝜎 = [−(𝐹𝐺 + (𝐺 − 𝐹)𝜂𝜖−1) + ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)

+ (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜂] (𝜂
1
2 𝜆0 + 𝜂𝜆1) 

 

 
𝑎2𝜎 = −𝐹𝐺𝜂

1
2 𝜆0 − 𝐹𝐺𝜂𝜆1 − (𝐺 − 𝐹)𝜖−1𝜂

3
2 𝜆0 − (𝐺 − 𝐹)𝜖−1𝜂2𝜆1

+ ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜂
1
2 𝜆0

+ ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜂𝜆1

+ (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜂
3
2𝜆0 + (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜂2𝜆1 

 

 

 

 

3.26 

Then the equation (3.13a) becomes 



35 
 

 
𝜆0
3 𝜂

3
2 + 3𝜆0𝜆1

2𝜂
5
2 + 3𝜆0

2𝜆1𝜂
2 + 𝜆1

3𝜂3 + (𝐹 − 𝐺)𝜂𝜆0
2 + (𝐹 − 𝐺)𝜂2𝜆1

2

+ (𝐹 − 𝐺)2𝜆0𝜆1𝜂
3
2 + 𝜂2𝜆0

2𝜖−1 + 𝜂3𝜆1
2𝜖−1 + 2𝜆0𝜆1𝜂

5
2𝜖−1

+−𝐹𝐺𝜂
1
2 𝜆0 − 𝐹𝐺𝜂𝜆1 − (𝐺 − 𝐹)𝜖−1𝜂

3
2 𝜆0

− (𝐺 − 𝐹)𝜖−1𝜂2𝜆1

+ ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜂
1
2 𝜆0

+ ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜂𝜆1

+ (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜂
3
2𝜆0 + (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜂2𝜆1

+−𝐺𝐹𝜂𝜖−1 + ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜂𝜖−1

+ (1 − 2𝐹)(𝐹 − 𝐺)((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝐵𝜂 = 0 

 

 

 

 

 

 

 

 

 

3.27 

 

Gathering the coefficient of each power of   𝜂3, 𝜂
5

2, 𝜂2, 𝜂
3

2, 𝜂 𝑎𝑛𝑑 𝜂
1

2 
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(𝜆1

3 + 𝜆1
2𝜖−1) 𝜂3 + (3𝜆0𝜆1

2 + 2𝜆0𝜆1𝜖
−1)𝜂

5
2

+ (3𝜆0
2𝜆1 + (𝐹 − 𝐺)𝜆1

2 + 𝜆0
2𝜖−1 − (𝐺 − 𝐹)𝜖−1𝜆1

+ (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜆1)𝜂
2

+ ( (𝐹 − 𝐺)2𝜆0𝜆1 + 𝜆0
3 − (𝐺 − 𝐹)𝜖−1 𝜆0

+ (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜆0)𝜂
3
2

+ ((𝐹 − 𝐺)𝜆0
2 − 𝐹𝐺𝜆1

+ ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜆1 − 𝐺𝐹𝜖−1

+ ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜖−1

+ (1 − 2𝐹)(𝐹 − 𝐺)((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝐵)𝜂

+ (−𝐹𝐺 𝜆0 + ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜆0 )𝜂
1
2

= 0 

 

 

 

 

 

 

 

 

 

 

 

3.28 

   

After that, we equate the coefficient of each power to zero, 

For 𝜂3  and  𝜂
5

2 

 

 

 𝜆1
2(𝜆1 + 𝜖−1) = 0 𝑡ℎ𝑒𝑛 𝜆1 = 0 𝑜𝑟 − 𝜖−1 3.28a 

 

 
3𝜆0𝜆1

2 + 2𝜆0𝜆1𝜖
−1 = 0, 𝜆0 = 0 𝑜𝑟 𝜆1 = −

2

3
 

3.28b 

Both of the previous equations give trivial solutions. 

For 𝜂2 
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 3𝜆0
2𝜆1 + (𝐹 − 𝐺)𝜆1

2 + 𝜆0
2𝜖−1 − (𝐺 − 𝐹)𝜖−1𝜆1 + (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜆1

= 0 

 

 𝜆0
2(3𝜆1 + 𝜖−1) + (𝐹 − 𝐺)𝜆1

2 + ((1 − 2𝐹)(𝐹 − 𝐺)𝐵 − (𝐺 − 𝐹)𝜖−1)𝜆1

= 0 

 

 

 
𝜆0
2 = −

(𝐹 − 𝐺)𝜆1
2 + ((1 − 2𝐹)(𝐹 − 𝐺)𝐵 − (𝐺 − 𝐹)𝜖−1)𝜆1       

(3𝜆1 + 𝜖−1)
 

3.28c 

For 𝜂
3

2 

 (𝐹 − 𝐺)2𝜆0𝜆1 + 𝜆0
3 − (𝐺 − 𝐹)𝜖−1 𝜆0 + (1 − 2𝐹)(𝐹 − 𝐺)𝐵𝜆0 = 0 

 

 

 𝜆0(𝜆0
2 + (𝐹 − 𝐺)2𝜆1 − (𝐺 − 𝐹)𝜖−1 + (1 − 2𝐹)(𝐹 − 𝐺)𝐵) = 0  

Then 

 𝜆0 = 0 𝑜𝑟 𝜆0
2 + (𝐹 − 𝐺)(2𝜆1 + 𝜖−1 + (1 − 2𝐹)𝐵) 

 

 

 𝜆0
2 = −(𝐹 − 𝐺)(2𝜆1 + 𝜖−1 + (1 − 2𝐹)𝐵) 3.28d 

Equate two equations (2.28c) and (2.28d) 

 (𝐹 − 𝐺)𝜆1
2 + ((1 − 2𝐹)(𝐹 − 𝐺)𝐵 − (𝐺 − 𝐹)𝜖−1)𝜆1  

= (3𝜆1 + 𝜖−1)(𝐹 − 𝐺)(2𝜆1 + 𝜖−1 + (1 − 2𝐹)𝐵) 

 

 𝜆1
2 + ((1 − 2𝐹)𝐵 + 𝜖−1)𝜆1  

= 6𝜆1
2 + 3(𝜖−1 + (1 − 2𝐹)𝐵) + 2𝜖−1)𝜆1 + 𝜖−1(𝜖−1

+ (1 − 2𝐹)𝐵) 
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 5𝜆1
2 − (2(1 − 2𝐹)𝐵 − 4𝜖−1)𝜆1 − 𝜖−1(𝜖−1 + (1 − 2𝐹)𝐵) = 0  

We find an expression for 𝜆1  

   

 
𝜆1 =

(1 − 2𝐹)𝐵 − 2𝜖−1

5

±
1

5
√((1 − 2𝐹)𝐵 − 2𝜖−1)2 − 5𝜖−1(𝜖−1 + (1 − 2𝐹)𝐵) 

 

   3.28e 

 

Substitute in equation (3.28d) 

 𝜆0

= ±𝑖

√
  
  
  
  
  (𝐹 − 𝐺)

(
2
(1 − 2𝐹)𝐵 − 2𝜖−1

5
±

2

5
√((1 − 2𝐹)𝐵 − 2𝜖−1)2 − 5𝜖−1(𝜖−1 + (1 − 2𝐹)𝐵) + 𝜖−1 + (1 − 2𝐹)𝐵

)  
 

 

3.28f 

 

Equate the factor of 𝜂
1

2 to zero yields that 

 (−𝐹𝐺 𝜆0 + ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2)𝜆0 ) = 0  

 

Then 𝜆0 = 0 which is trivial solution or 

 𝐹𝐺 = ((𝛿 − 𝛼𝐹)𝛼(𝐹 − 𝐺) + (𝛿 − 𝛼𝐹)2) 3.28g 

 

Also, equate the factor of 𝜂 to zero and substitute equation (3.28g) leads to:  
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 ((𝐹 − 𝐺)𝜆0
2 + (1 − 2𝐹)(𝐹 − 𝐺)((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝐵) = 0 3.28h 

 

 𝜆0
2 = −((1 − 2𝐹)((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝐵 3.28i 

 

  𝜆0 = ±𝑖√(1 − 2𝐹)𝐵((𝛿 − 𝛼𝐹)𝛼 + 𝐹) 3.28j 

 

According to equation (3.28d): 

 
𝜆1 = 

(1 − 2𝐹)((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝐵

2(𝐹 − 𝐺)
+
1

2
(𝜖−1 + (1 − 2𝐹)𝐵) 

3.28K 

 

 

 

Then, according to equation (3.22)  

 

𝜎1 ≈ ±𝑖√(𝐹 − 𝐺)(
2
(1 − 2𝐹)𝐵 − 2𝜖−1

5
±

2

5
√((1 − 2𝐹)𝐵 − 2𝜖−1)

2
− 5𝜖−1(𝜖−1 + (1 − 2𝐹)𝐵) + 𝜖−1 + (1 − 2𝐹)𝐵

)𝜂  

+ (
(1 − 2𝐹)𝐵 − 2𝜖−1

5

±
1

5
√((1 − 2𝐹)𝐵 − 2𝜖−1)2 − 5𝜖−1(𝜖−1 + (1 − 2𝐹)𝐵) )𝜂 

 

 

 

3.29 

 

The imaginary part of expression (3.28f) gives the RO frequency 
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 𝜔𝑅𝑂

= ±

√
  
  
  
  
  (𝐹 − 𝐺)

(
2
(1 − 2𝐹)𝐵 − 2𝜖−1

5
±

2

5
√((1 − 2𝐹)𝐵 − 2𝜖−1)2 − 5𝜖−1(𝜖−1 + (1 − 2𝐹)𝐵) + 𝜖−1 + (1 − 2𝐹)𝐵

)  𝜂  
 

3.29a 

  

The real part of expression (3.29) gives the damping rate (ᴦ𝑅𝑂) 

 

 

 Г 𝑅𝑂

= (
(1 − 2𝐹)𝐵 − 2𝜖−1

5

±
1

5
√((1 − 2𝐹)𝐵 − 2𝜖−1)2 − 5𝜖−1(𝜖−1 + (1 − 2𝐹)𝐵) )𝜂 

 

                 2.29b 

Also,   

 

 

 

𝜎2 ≈ ±𝑖√(1 − 2𝐹)𝐵((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝜂

+ (
(1 − 2𝐹)((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝐵

2(𝐹 − 𝐺)
+
1

2
(𝜖−1

+ (1 − 2𝐹)𝐵))𝜂 

 

 

 

            2.30 

Where  

 

 

𝜔𝑅𝑂2 = ±√(1 − 2𝐹)𝐵((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝜂 

 

 

            2.30a 
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Г 𝑅𝑂2 = (
(1 − 2𝐹)((𝛿 − 𝛼𝐹)𝛼 + 𝐹)𝐵

2(𝐹 − 𝐺)
+
1

2
(𝜖−1 + (1 − 2𝐹)𝐵))𝜂 

 

2.30b 
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3.2 Computational Steps 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝜶, 𝑱, 𝜹, 𝑩 𝜼 𝒂𝒏𝒅 𝝐  

Are constant 

𝝀𝟎 = ±𝒊

√
  
  
  
  
  
 (𝑭 − 𝑮)

(

 
𝟐
(𝟏 − 𝟐𝑭)𝑩 − 𝟐𝝐−𝟏

𝟓
±

𝟐

𝟓
√((𝟏 − 𝟐𝑭)𝑩 − 𝟐𝝐−𝟏)𝟐 − 𝟓𝝐−𝟏(𝝐−𝟏 + (𝟏 − 𝟐𝑭)𝑩) + 𝝐−𝟏 + (𝟏 − 𝟐𝑭)𝑩

)

   
 

𝝀𝟏 =
(𝟏 − 𝟐𝑭)𝑩 − 𝟐𝝐−𝟏

𝟓
±
𝟏

𝟓
√((𝟏 − 𝟐𝑭)𝑩 − 𝟐𝝐−𝟏)𝟐 − 𝟓𝝐−𝟏(𝝐−𝟏 + (𝟏 − 𝟐𝑭)𝑩) 

𝑹𝒔 

Insert  

𝑭 =
𝟏

𝟐
[𝟏 −

𝟐(𝟏 + 𝑹𝒔
𝟐)

𝑩𝝐(𝑱 − 𝟐(𝟏 + 𝑹𝒔
𝟐)
] 𝑮 =

𝟏

𝟐
(𝟏 −

𝟐(𝟏 + 𝟑𝑹𝒔
𝟐)

𝑩𝝐(𝑱 − 𝟐(𝟏 + 𝑹𝒔𝟐))
) 

Calculate 

𝝈 = 𝜼
𝟏
𝟐 𝝀𝟎 + 𝜼𝝀𝟏 

 

Г 𝑹𝑶 𝝎𝑹𝑶 

Substitute 
Substitute 

Substitute 

Substitute 

Imaginary part Real part 
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3.3 Numerical Results 

3.3.1 Dynamic Response of QDLs to Optical feedback 

 In order to investigate our results, we will examine the response of QDL of a five-layer 

structure grown by solid-source MBE to optical feedback. This QDL consist of 2.4 InAs 

monolayers topped with 5 nm GaInAs stacked in a 400 nm thick optical cavity. A GaAs 

spacer of 35 nm is also used between the QD layers. We discuss its dynamics by using the 

following constants shown in table 3.1 below, which were also utilized by Thomas Eraneux 

[82].  

 

Table 3.1: Physical parameters used in the simulation of the QDL model unless stated otherwise. 

 

 

 

 

` 

 

 

We characterize the dynamics of QDL subjected to the optical feedback that operate above 

threshold region  𝐽 => 𝐽𝑡ℎ . The control parameters that are varied are the detuning frequency 

and the injection rate. The injection rate for both negative and positive detuning frequency is 

Parameters Value 

𝑔 1.01 

𝜖 0.01 

𝐵 102 

𝐽𝑡ℎ 4 

𝛼 1.2 

𝜂 2 × 10−3 
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plotted versus 𝑅𝑆 in figure 3.1 (a) and (b), respectively. It is noticeable that, for all negative 

detuning frequencies there exist two or more different 𝑅𝑆  with the same injection rate and 

the same detuning frequency. While for positive detuning there is only one 𝑅𝑆 except for 

(𝛿 = 0.1). This phenomena was also reported in literature data [83]. Except this region, for 

all detuning frequencies raising the injection rate drastically increases the steady state 

intensity related quantity 𝑅𝑠. Increasing the injection rate indicates that a large portion of 

light is generated and trapped within the active layer rather than escaping to the surrounding 

via scattering or absorption, which improves the gain, reduces optical losses, and boots steady 

state intensity. Additionally, for positive detuning frequency, the injection rate is larger for 

larger 𝛿, which means a large injection rate needed in order to reach the steady state intensity 

as the detuning frequency increased. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1: injection rate 𝛾 versus 𝑅𝑆 for (a): negative detuning 𝛿, and (b): positive detuning 𝛿. 
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To visualize the effect of changing injection rate in the dynamics of the system, we 

manipulate two cases one for negative (𝛿 = −0.4) and other for positive (𝛿 = 0.4) detuning 

frequency by varying the injection rate up to (1). For each negative and positive detuning 

frequencies, the RO frequency increase and the damping rate decrease as illustrated in figures 

3.2 (a), 3.2 (b), 3.3 and 3.4. This implies that further increasing of the injection rate, the 

system tends toward instability and chaotic behavior. In both cases, the solution gives a 

negative damping rate for low injection rate, which implies the stability of the system [84]. 

Further increasing of injection rate, the damping rate becomes positive and so the system 

goes to instabilities. It is worth noting that for (𝛿 = 0.4) the system exhibts stability over a 

wide range of injection rate than (𝛿 = −0.4). In the case of (𝛿 = −0.4), different values of 

both damping rate and relaxation oscillation for the same injection rate in the inset of figure 

3.3 and 3.4 indicates the appearance of bistabilty or excitability. While it is absent for (𝛿 =

0.4). Bistabillity means the ability of the system to operate at two stable states with different 

intensities [85], which enables the system to transit from one state to another at specific 

conditions. This provide the opportunities for control and manipulation the laser output which 

can be utilized in various optical technologies such as optical switching [86] and optical 

memory.   
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Figure 3.2:  RO frequency 𝜔𝑅𝑂 versus injection rate 𝛾 for 𝛿 = −0.4. The inset represent different 

value of RO frequency  𝜔𝑅𝑂 in bistability region. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.3:  Damping rate Γ𝑅𝑂versus injection rate 𝛾 for 𝛿 = −0.4. The inset represent different value  

of damping rate Γ𝑅𝑂 in bistability region. 
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Figure 3.4: (a) RO frequency 𝜔𝑅𝑂 versus the injection rate Γ for 𝛿 = 0.4 and (b) Damping rate Γ𝑅𝑂 

versus injection rate 𝛾 for 𝛿 = 0.4. 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.5: (a) RO frequency  𝜔𝑅𝑂 versus the detuning frequency 𝛿 at constant injection rate 𝛾.And 

(b) Damping rate  Γ𝑅𝑂versus the detuning frequency 𝛿 at constant injection rate 𝛾. 
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At constant injection rate (𝛾 = 0.2) , the RO frequency and the damping rate are plotted 

versus the detuning frequency as shown in figures 3.5 (a) and (b) , respectively. Increasing 

the detuning frequency at constant injection rate has a noticeable effect on the RO frequency 

and the damping rate. Specifically, as the detuning frequency increases, the RO frequency 

decreases, and the damping rate increases. This pattern indicates an improvement in the 

stability of the system. 

In this context, the detuning frequency is defined as the difference between the master laser 

and the slave laser frequencies. In our scenario, this detuning frequency 𝛿 corresponds to the 

difference between the frequency of the laser reflected back into the cavity 𝜔𝐿 and the 

resonance frequency of the cavity𝜔0. It's worth noting that the resonance frequency depends 

upon the cavity length. Consequently, controlling the detuning can be achieved by adjusting 

the cavity length. Therefore, enhancing stabilization can be accomplished through precision 

manufacturing processes. 

All the previous analysis according to the first solution of the characteristic equation of 

growth rate  𝜎1 is presented in equation (3.29). The other solution related to 𝜎2 when applied 

to this system reveals unstable solution and shows either regular or irregular oscillations [87] 

for both negative and positive detuning as presented in figure 3.6 (a).  Also, for positive 

detuning frequency, there is a lack of imaginary parts in the solution which means the system 

is free from relaxation oscillation as appear in figure 3.6 (b). We will ignore this solution 

since our aim is to study the stability region of the system. Our next analysis depends on the 

first solution given by 𝜎1. 
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Figure 3.6: (a) RO frequency 𝜔𝑅𝑂 versus detuning frequency at constant injection rate γ = 0.2 

according to the second solution of characteristic equation 𝜎2 and (b) Damping rate Γ𝑅𝑂versus 

detuning frequency at constant injection rate 𝛾 = 0.2 according to the second solution of 

characteristic equation 𝜎2. 

 

3.3.2 Comparison between Dynamics of solitary and subjected to optical feedback 

QDLs. 

In this section we aim to compare the impact of optical feedback on the dynamics of QDLs 

for one case where (𝛿 = −0.4) with those of solitary QDLs. It is well known that the RO 

frequency in the presence of optical feedbacks shifts from that of solitary oscillation [87]. 

However, in our case it takes larger value than that of the solitary oscillation at the same 

value of steady state intensity as shown in figures 3.7(a). In a stability regime, the damping 

rate of the oscillations is lower than the damping in the solitary oscillation which indicates 

that the system is less stable than predicted from solitary model. Moreover, there is an 
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instability regime indicated by positive damping rate. Furthermore, as explained in previous 

section, the optical feedback provides bistability phenomena, which provide an ability to use 

as optical switch. 

Figure 3.7: (a) RO frequency 𝜔𝑅𝑂versus steady state intensity 𝐼𝑠 for solitary and under optical 

feedback QDL and (b) Damping rate Γ𝑅𝑂 versuse steady state intensity 𝐼𝑠 for solitary and under 

optical feedback QDL. 

 

Figures 3.8 (a) and (b) exhibit the damping rate of solitary QDL and in presence of optical 

feedback (in stability region), respectively, as a function of the squared RO frequency. In 

both cases, the evolution is linear, following the relationship [88]. 

 Г 𝑅𝑂 = 𝐾 𝜔𝑅𝑂
2 + 𝛾0 3.29 
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With 𝐾 as the slope and 𝛾0  as the inverse of the differential carrier lifetime. For solitary laser 

the slope is positive which means that as the RO frequency increase the damping rate 

increase. Consequently, the system become more stable. However, the slope is negative when 

optical feedback is present, as the RO increase the damping rate decrease. As a result, the 

system become less stable, leading to more fluctuation or even instabilities. Under optical 

feedback the 𝐾 factor lowered from 25.25 to −0.11. The sign and the value of  𝐾 factor give 

indication about how the system respons to fluctuation, where the small negative value here 

represent small destabilization in this region. Understanding and determining the 𝐾 factor are  

essential in optimizing the laser performance.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.8: Damping rate Γ𝑅𝑂 versus the square of RO frequency 𝜔𝑅𝑂
2  for solitary QDL and (b): 

Damping rate  Γ𝑅𝑂versus square of RO frequency 𝜔𝑅𝑂
2 QDL under optical feedback. 
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Chapter 4 

Conclusion and Future Work 

4.1 Conclusions 

In this work, the dynamic response of QDLs subjected to optical feedback was explored 

analytically utilizing a rate equation model developed by O’Brien et al. An expressions for 

both the relaxation oscillation and the damping rate were derived analytically in terms of the 

eigenvalues of the Jacobian matrix evaluated at steady state. Our findings were numerically 

validated by studying the reaction of a five-layer structure generated by solid-source MBE to 

optical feedback. The computation revealed that both RO oscillation and damping rate 

depend on steady state intensity, which in turn depend on carrier rate injection. In addition, 

the study showed that under optical feedback at constant detuning frequency the RO 

frequency increased while the damping rate decreased as the injection rate increased. For 

small injection rate, the system still stable. However, with further increasing of the injection 

rate the system goes to instabilities and chaotic region. Moreover, for negative detuning 

frequency, there is bistability region which enables to use the laser in various applications 

such as optical switch and optical data storing. Comparing to solitary QDLs, the analysis 

revealed a negative damping factor under optical feedback which indicates a decrease in laser 

stability.   

4.2 Future work 

We are convinced that scientific advancement in the field of quantum dot laser should be a 

combination of experimental and theoretical efforts. As a result, we can broaden our study 

by concentrating on the experimental realization of QDLs response proposed in the 
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theoretical context. Take in to account the realistic obstacles and constraints while 

implementing it in real-world. It is also feasible to investigate the dynamic response of QDLs 

utilizing various materials and structures. Examine how changes in QDs attributes affect 

overall performance and dynamic behavior. 

Looking ahead, the findings of this study offer up new avenues for the employment of 

quantum dot lasers in emerging technologies. Because of the improved dynamic 

responsiveness, future work could investigate the usage of QDLs under optical feedback in 

quantum communication protocols such as quantum key distribution. Examine how dynamic 

responses affect the security and efficiency of quantum communication operations. 
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 الملخص
 

.ذواسذنشييرط ازتييهذتخييتاسنذازنقيي طذاز  ريي ذ  ييذريي ازنقيي طذاز  ذ،ذنييسرلذزريي را الأطروحيي فييهذهيي  ذ

فيييهذنقييي طذاز ييينذ،ذذ ازشيييحنذ عليييبذ  يييسسذازحييي لذاز ييير ذزنييي  اذزرييي را ذازنقييي طذاز  رييي ذوتع ييي ذ

از علو ييي  ذذ ع زجييي ذ,ذالاختشيييع ر,ذهوتجيييسذ ج وعييي ذواخيييع ذ يييفذازتط رقييي  ذفيييهذازت يييوررذازط ييي

 ذالأ يييييراتذوازت يييييوررذاز  ريييي ذوالات ييييي لا ذاز  ييييرر .ذونحيييييراذزيييييسوره ذازحرييييو ذفيييييهذ ع زجيييي

خيييتاسنذن جيييةذجسريييس ذزتحخيييرفذتاز ر نييي  ،ذازع زرييي ذفيييهذ ع زجييي ذقيييسر ذاز،ذ  لإ ييي ف ذ زيييبذاز يييو ه

المعالجةةةةنظالة للأةةةةنظلينةةةةاةظالتلأةاة ا ةةةةنظللراجلأةةةةنظال ةةةة   نظاللا عةةةةنظسسا جيييي .ذورر يييي ذع لنيييي ذعلييييبذ

امظنهةةةعظةعا لةةةنظالمعةةةتتقظق ةةةةظايةةةر اكظ ةة انظةلأااةةة نظلاةةةدظةةةة ظ جبةةةج ظا سةةةرل ا ظقةعةةةتتظباسةةرخت

،ظ ةةةةةظاسةةةةرختامظمللأ ةةةةنظالمةانةةةةاهظلم اةنةةةةنظنرةةةةا عظ ةةةةج ظالتةاسةةةةنظبةر جةةةةنظبا اةةةةاذنظلةةةةجل الرثبةةةة  قظ

الل ةةةةلاةظا نيةةةةلا  قظق بةةةة  ظ اظالرع  بةةةةاذظال ةةةة   نظ عةةةةلا ظ جبةةةةجباذظا سةةةةرل ا ظق  لةةةةدظةةةةة ظةعةةةةتتظ

ا هظةعةةةتتظالة ةةة ظةمةةةاظلأةةةةرعظعةةةةرظانخيةةةاوظاسةةةر لاةظالة ةةةامقظقعةةة قهظعلةةة ظبلالأةةةقعاةةةةدظالرثبةةة  ظ

الةمةةةامظ تظعل هةةةاظةعةةةتتظالرثبةةة  ظالم  ةةة قظبا اةةةاذنظذةةة ظ,ظ بةةة  ظق ةةة  ظةةم ةةةنظعةةةتمظاسةةةر لاةظذلةةة 

,ظلأ  ةةةةتظةةم ةةةةنظنةا  ةةةةنظا سةةةةر لاةظقالرةةةة ظ مةةةةمضظباسةةةةرخامظالل ةةةةلاةظنميرةةةةا ظاةةةة   ظقذةةةة ظلةةةةجل 

ظظ خلالأ ظالمعل ةاذظال    نق

 

 

 


