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Abstract

On the Gronwall Inequality via Discrete Fractional Calculus
By
Dana Emad Mahmoud Atiya

In this work, Gronwall’s inequality for h-discrete calculus with the nabla opera-
tor on hZ has been proved. We illustrate our results in the context of initial value
problem (IVP). Moreover, Gronwall’s inequality for discrete calculus on Z has
been verified. For this purpose the equivalence of an initial value problem for a
discrete fractional equation and a discrete fractional sum equation on Z and on
hZ have been considered, and the h-discrete Mittag-Leffler function in term of

Fny and Fyy have been defined. Then an explicit solution have been given

for linear discrete fractional sum equation.

Keywords: — Nabla h — discrete fractional sums, Mittag — Leffler ML, Gronwall's “inequality.
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Introduction

Fractional calculus is considered as a generalization of the traditional calculus
with zero and positive integer order integration and differentiation, and from the
confirmed results which are obtained from applying the fractional operators to
problems of model real world the fractional calculus has been one of the fastest
growing fields of research.

The results on fractional calculus have been accumulated over centuries in var-
ious branches of mathematics.

The Mittag-Leffler (ML) function which is a generalization of the exponential
function, and the gamma function which was invented by Euler to expand the
factorial of complex and real number arguments are the functions that play the
most important role in the area of fractional calculus. The gamma function I'(z)

is defined by the integral [37]

I‘(z}*f e dr
0

In the right half of the complex plane Re(z) > 0 the above integral converges.
And, the one parameter ML function is defined by [2]

E,\(t)_;m A>0,tcC
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The two parameter ML function which was introduced by Agarwal which plays
a very important role in the fractional calculus, is defined by the series expan-
sion [2]

[=.e)

Enc(t) =

tk
_ AC>0
i )

TEA+C

In 1695, the theory of derivatives of non-integer order in Leibniz’s note which
goes back to I Hospital [64] is meaning the derivative of order one half. In one
exchange, I’ Hospital inquired,” what would be the one-half derivative of +7” to
which Leibniz responded that the answer "leads to an apparent paradox, from
which one day useful consequences will be drawn™ [45]. In 1730, Euler inter-
ested in the subject of fractional calculus by his invention of gamma function.
In 1812, a fractional derivative is defined by P.S.Laplace by means of an inte-
gral, and a derivative of arbitrary order having the first mention in 1819 which
appears in a text [64]. Also, In 1819, the formula for the n** integer order deriva-
tive for polynomials is founded by Lacroix and then he replacing factorials with

the gamma function to extend the formula for arbitrary order ¢ [37]

Dlg+1) 4

Dig? =~ g8t
Flg—¢+1)

and he used this formula to calculate the half derivative correctly. In 1823 [64],

Abel provided the first use of the fractional calculus in the solution of an integral

equation which originates in the formulation of the tautochrone ( isochrones )
problem - the problem of determining the shape of the curve such that the time
of landing of an object sliding on the curve under uniform gravity is indepen-
dent of the starting point of the object., The topic of fractional calculus has been

dormant for nearly a decade until the works of Joseph Liouville came out, who



conducted the first major study of fractional calculus [43]. In 1832, Joseph Liou-

ville published three large notes and many publications in quick succession [64].
He has been successful in applying his deﬁnitioné to potential theoretical prob-
lems, He found the first formula for a fractional derivative which generalizes a
derivative of arbitrary order where the order is any number - rational, irrational
or complex. Also, the fractional derivative of = 7.

Riemann studied and developed his theory of fractional integration in fractional
calculus when he was student and his work has not been published until his
death [43]. A definition for the fractional one which is developed by Riemann
is very similar to the modern Riemann-Liouville(RL) fractional integral.

K. B. Oldham and J. Spanier’ book which contains applications in physics,
chemistry and engineering, played a prominent role in the development of the
fractional calculus which can be called applied fractional calculus {57]. More-
over, it was the first book which was fully dedicated to a systematic presentation
of the ideas, methods, and applications of the fractional calculus [62].

Many problems in science, engineering and media can be formulated using con-
tinuous and discrete fractional calculus [49]-podlubny1999fractional. In [5]-
[9], there are many examples which are applications of fractional calculus.
In [69], the nabla fractional sums and differences of order 0 < n < 1 on AZ
where 0 < h < 1 are formulated.

The use of discrete fractional calculus (DFC) in analysing non-local behaviour

of models has éained great importance in recent years |[7]. The study of dis-
crete forward fractional calculus has a little work. Miller and Ross [56] started
the study and the authors [14, 16, 17] recently developed discrete forward frac-
tional calculus. The study of discrete backward fractional calculus has more
work [31, 40,41, 46] emerging applications in time series analysis spurred de-

velopment in discrete backward fractional calculus.
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[45] Properties of the generalized falling function, the commutivity of frac-
tional sums and a corresponding power rule for fractional delta-operators have
been discussed by Atici and Eloe who interested in discrete fractional calcu-
lus. They introduce in more rules to compose fractional sums and differences
but leave many important cases unresolved. Inaddition, function domains and
lower limits of summation and differentiation which are vital details for a rig-
orous and correct treatment of the power rule and the fractional composition
rules having little attention from Atici and Eloe. Some of the work in discrete
fractional calculus has used the backward or forward difference. We refer the
reader to {14, 17,56], for example, and more recently, [20, 24,25, 38,39, 44].
We talk about one of the most important inequalities in the theory of differential
equations which plays an important role in the qualitative analysis of the solu-
tions to differential and integral equations which was published in 1919 in the
work of Gronwall [42]. Since then the literature [58] has a part of many gener-
alizations and extensions of this inequality. It seems that the discrete Gronwall
inequality appeared first in 1935 in Mikeladze’s work, and now it is used for
example in proving convergence of the discrete variable methods for ordinary,
partial as well as integral equations [4].
Gronwall’s inequality is now the generic name of the device which resolves such
questions, after T.H. Gronwall [42] who developed an idea of Peano [59]. Also,
Gronwall’s inequality has undergone and is still subject to substantial general-
* ization [63], [52].

Gronwall’s inequality is a fundamental estimate for (non negative) functions on

one real variable satisfying a certain differential or integral inequality by the so-
lutions of the corresponding differential or integral equation [33,71]. Now, this
inequality known as Gronwall-Bellman-Raid inequality which is provided ex-

plicit limits on solutions to a class of linear integral inequalities. The Gronwall-



Bellman-Raid inequality has been expanded and used in different cases {73].

The solution of fractional differential equation depending on the initial condi-
tion and the order where this dependence is studied by Gronwall’s inequality.

The thesis organized as follows: in chapter one, we recall some of the definitions
and some of the known results that we will use throughout the thesis. In chap-
ter two, we have continuous and discrete fractional calculus and some of their
properties especially on discrete fractional sum equations. In chapter three, the
Gronwall inequality in its traditional form is defined. In the fourth chapter, we
defined the Gronwall inequality for discrete calculus with the nabla operator on
scale » = 1 and on scale ~Z. We illustrate our results with an application of the
Gronwall’s inequalitfy in discrete fractional calculus to gain sufficient conditions

which gives continuous dependence of solutions of IVPs on initial conditions.




Chapter One

Definitions and Preliminary Results

In this chapter, we start by introducing some important basic definitions on dis-

crete fractional calculus, We then move to present some known results.

Definition 1.0.1 [69] The definitions of the backward and forward difference operator on

hZ are respectively in the form

Pufte) = 1L =D
oy o) = LEE D) =)

h

Definition 1.0.2 [69] The forward jump operator on hZ is defined by

an(z) =z +h

. and the backward jump operator is defined by

pr(r) == —h.

b
Fora,be R withb > a, ——h-E € Nand 0 < h < 1, the notations




Nop={a,a+ha+2h,.. }and ;)N = {b,b— h,b—2h,...} will be used.

Definition 1.0.3 [69] The nabla h-factorial of x for o € R and 0 < h < 1 is defined by :

z
r (——HX)
hGﬂ h

()

such that x € R — {..., —2h, —h, 0}, 0% = 0 and dividing by poles leads to zero.

o _
Ty =

Definition 1.0.4 [69] ( Nabla fractional sums )
For a functionf: Ny = {a,a+1,a+ 2,...} — R, we know that the nabla left fractional

sum of order o« > Q0 is

(V) (&) — ﬁ f (o — o)) f () Vs
N ﬁ >z~ plk))* T f(R), € N,

k=a+1

For a function f : JN ={b,b—1,b—2,...} —> R, the nabla right fractional sum of order
a > 0 is defined by

b -
(Vi) @) = ﬁ / (5 — ple)) ™ (5) As

T _—
- TG Lt AT, e N

Definition 1.0.5 [69] { Nabla h-fractional sums )

For a fuctionf: Nop = {a,a+ h,a +2h,...} — R, we knowledge before that the nabla



left h-fractional sum of order o > 0 is

(av}:‘lf) (33) - ﬁ /a‘m(iﬂ — Ph(S))Ff(S) Vs .
z/h
= ) > (@ onlkh))y Tf(kh)h, @€ N
k=a/h+1

Fora functionf: )N ={b,b—h,b—2h,...} — R, we knowledge before that the nabla

right h-fractional sum of order o > 0 is

b
(hv;af) () = ﬁ‘/ (s — pal@))y 1 J(8) Ags
b/h—1

= — Z (kh — pr{z))e" 1 f(kR)h, € pplN
F(O{) k=s/h

Here we will write the definition of Nabla discrete Mittag-Leffler.

Definition 1.0.6 (1] ( Nabla discrete Mittag-Leffler )

For~ € Rsuchthat |y| < 1, v = l_w—aa’ and o, 8,7 € Cwith Re(a) > 0, the nabla discrete

ML function is defined by

ka+p5—-1

.
Z’f“ Moy <!

For B = 1 we have,

oo ke

Ex(y,7) & Baxl(y,7) =Y 4 ( L

——, |7 <1
P DMk +1)



Definition 1.0.7 (1] ( Nabla h-discrete Mittag-Leffler)

For v € R such that |vh*| < 1, v = :

h-discrete ML function is defined by

o0 ka+B8—1
e _ E_Th P
wbig(7,7) E;qfrwka4~5)’ yhe| < 1

For B =1 we have,

A v 0]
WFaln ™) & wBsr(n ) = 37 ey
k=G

Definition 1.0.8 [70] (Lipschitz condition)

@ ,and o, 3,7 &€ C with Re(a) > 0, the nabla
o

|vh% < 1

Let D < R? and a function f : D — R% If there exists a constant L > 0 such that

) — iyt < Ly — yal, for all (t,41), (8, y2) € D, then we say f satisfies a

lipschitz condition on a set 1) with Lipschitz constantL.
Lemma 1.0.1 [/9]Ifa > 0,u > —1, andt € N, then

I'(p-+1)

Vitt—a+ 1) = ————
A (TE ey

(t —a+1)5F#

fl

Proof:

Viit—a+1)F = Zm(s—a—&-l)ﬁ

A )
TR
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Hence from [15], we have

t—at1

>, (f_“rl(;)p(s))a_ o= (Vi*f)t—a+1)
= Vi'{t—a+1)"
_ et gy
- F(#+a+1)(t U
where f(t) = t*. ’

Lemma 1.0.2 [69]/ffa>0,u> ~1,h >0, andt € N, ;, then

F(,U, + 1) (t . a)m

avﬁa(t—a)gzm 1y

Theorem 1.0.3 [i9] For a function f :N, — R, and for any 0 < o < 1, and, the following

equality holds:
VLV = VVes(t) -

Proof: Using the product rule of the nabla operator:

Vel(t — P(S))ﬁf(SJ] = (t = p(s))* 'Vf(s) — (@ = Dt + 1 — p(s))**F(p(s)).
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we have

Vin Vi) — —F—(l&—) S (- p(s) IV H(s)
B0 i e IR
= Ok G X 1))
- 10 - )+ e e o))
 {t—at1)! 1 ! —s
- @+ g D))
_ _(?f—@"!"l)m (a —(a—1)

@+

_ et Gl
i R 0
- vv;af(t)_wa—m‘f(a)_

()

i
The Riemann-Liouville form of the fractional difference is used to obtain the
proof,

(Ve )t = VH(VET*)()
where k is a nonnegative integerand £ — 1 < o < k.

Theorem 1.0.4 [69] Let o, & > 0, and f be a real valued function. Then

VLAV O] = VW f () = VUV f ().
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Chapter Two

Discrete Fractional Caleulus

In this chapter, we present the IVP for a fractional difference equation on iZ
and discrete sum equations. In Section 2.1, we introduce the initial value
problem when » =1 and on hZ in general. In Section 2.2, we present discrete

fractional equation and very important theorems.

2.1 An Initial Value Problem on Fractional Calculus

For a fractional difference equation, consider the following [VP.

Vey(t) = &, y(t) for t=a+1la+2,... (2.1)

Vo Oy ()= = yla) = ¢, 2.2)

where 0 < a < 1 and a € R, When Equation (2.1)is linear, the IVP can be

solved explicitly for y. However, the nonlinear case of the problem is implicit
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and interested.
To obtain the solution of this IVP, we apply the operator V7 to cach side of the

equation (2.1) to obtain:

Ve Vey(t) = Vi f( y (),

when we use Riemann-Liouville form of the fractional difference at £ = 1, we

have the form

v;flvv;(lna)y(t) = V;f1f(t, y(t))v

From Theorem (1.0.3) we have

_ a—1
VvV () - (*—;‘ig—lmv;“-a)y(t>|z=a — Ve £t (0))-
Then, L
_ a—1
VY, eV, 0y = E%%?my(a) VI yE).

Apply Theorem (1.0.4) to have

VoV ey() = vV (V)
= VYV V%)
= VoV, %y(t)

= Voy(t) = y(t).

So, -
(t—a+ 1)

y(t) = Ta)

yla) + Vi f(t,y()). (2.3)
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Conversely, assume that y has the representation Equation (2.3), and from ap-

plying Lemma (1.0.1)

Vit —a+1)" = VYVt —a+1)5T

= w390 — a4 1)27T
Moa—1+1)

= Vila—iti—ati)

(t—a+ 1) = VI'(a) = 0

Moreover,

vasfu®) = > L re ()

VEVEnS o) = ViV, ) - Vi e
- ng(t,y(t)) —0
= f(ty@®). 4

Thus, we have proved the following theorem [19].

Theorem 2.1.1 [79]y is a solution of the IVP, equations((2.1), (2.2}) if and only if y has the

Jorm

(t—at1) "

yit) = T{a)

yla) + V.2 (8 y ().



15

Lemma 2.1.2 [69] For a function f: Nypp — R, and any 0 < o, h < 1, we have the

following equality:

Vitaf(t) = Vi Vies) - Lok G)Ff(a)
avh h ka h F(O{) .
Lemma 2.1.3 [69] For a functiony : Ny pp — R, and any 0 < o, h < 1, we have the

following equality:

- VE0) = Vinte) + p .

Theorem 2.1.4 [69] For a functiony : Nojpp — R, and any 0 < a,h < 1, we have the

following equality:

Vi 30 = 900~ st = 0+ DT

Considering the following initial fractional difference equation:

—rViy(t) = f(t,y(t))  for t=a+ha+2h,. .. 24

e h Vi Y1) ima = Hy(a) = ¢, 2.5)

where 0 < a,h < land a € R,

Using Theorem (2.1.4), we can state the following theorem:
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Theorem 2.1.5 [69] y is a solution of the IVF, equations ((2.4), (2.5)) if and only if it has

the form

y(t) = “—‘—ﬂgk LV At u(D). 26)

2.2 Discrete Fractional Sum Equations

Considering the following discrete fractional sum equation

(a1

y(t) Ta)

yla) + Vi ft,y(t).

If w and v satisfy

w(t) > %w(a} + VI F(E w(t)) 2.7
and -
o) < 1 0 + i) 28

then we replace f(t,y(t)) by g(t)y(t) where —1 < g(t) < lfort =a,a+1,a+2,...

Firstly, the following theorem is valid if ¢(t) < 1, the condition —1 < g{t} < 1
applies to the method of solution of Equation (2.3); in particular, it will appear
that the method of successive approximations converge if —1 < g{t) < 1. Sec-

ondly, we consider the inequalities (2.7) and (2.8) can be solved explicitly if
ft,u(t)) = gy ().

Theorem 2.2.1 [I9] Let w and v satisfy the inequalities (2.7) and (2.8), respectively. If
v(a) < w(a), thenv(t) <w(t) for t=a+1l,a+2,....
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Proof: Let u(t) = v(t) —w(t).
Using the induction principle we prove that u(t) <O0fort =a,a+1,a+2,...
when &k = a we have from the condition u(a) = v(a) — w(a) < 0.

Ifu{k)<0 for k=a,a+1,...,t~1, then we have

{t—a+ 1) " (t—a+1)*1

) = ()~ () < Tt —ala) + Vaahin() - s —wle) - Vah(u()
_ (et (t = p(k))>T ~ (= p(k)*T
oyt —vie)+ 35 R - 3 EE Tt
< S LT o) — k)
k=a+1 ]._‘(O{)

since, u(k) <0fors=a,a+1,...,t—1, then

(t— p(t))=*
u(t) < Wb(ﬁ) (v(t) —w(t))

T w
= T T b(#) (v(t) — w(t))
= 0(t) (v(t) — w(?))

b(t) {v(t) — w(?))

ot
T
S
~

I

g
—
-+
~
I

hence we have

(1—-0(&) (vt) —w(E)) < 0

then we obtain v(¢) — w(t) < 0 Since —1 < g(t) < 1.

This completes the proof. ]
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Define E.¢ = V,7,2(t)¢(t) and F,.¢ = V;*z(t)¢(t). The discrete ML function can

be written in term of F,¢ or F,¢ if ¢ is constant. In the References [?, 18], these
discrete functions have been discussed and in [?, ?] they have been discussed for

g-fractional case.

Lemma 2.2.2 [19] The following inequality holds for any X constamt,

Bt —a+ 1T < Ayt —at+ )T,

wheret =a,a-+1,a+2,....

Proof: In this proof we use the fact that I'(y) > 0 for y > 0.
We have

|Ea(t—a+ 1) = |Vo8A(E—a+ 17T
= NIVost—a+1)7Y
= NV (t—a+1)T

Y Z % (s—a+1)*7T

s=a+1



8=

IBs(t —a+ 1)1 = | (ZM(SG+1)M—M(1)E)

= |Al (V;a(t —a+ 1)ﬁ —~(t—a+ 1)@)

IA

AV, %t — a4 1)%7T

= VYA —a+ 1)t

= Fy(t—a+1)°7T,

where t =a,a+1,a+2,.... [l

Lemma 2.2.3 [19] The following equality holds for any A constant,

()

Nt — 1 (n+1jax—1
I'(na -+ o) (—a+l) ’

Pt —at 1) =
wheren € N,
Proof: Using the induction principle and Lemma (1.0.1) we obtain the proof.

forn=1,

At—a+1)*1= VAt —a+ 1)
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from Lemma (1.0.1):

Al —1+41)
Ma—1+a+1)

Rt—a+1)* =

(t — l)ct*l‘i*a

}‘P(O‘f) Ta—1
ot —_ 1 o
T(20) (t—a+1)
Assume it is true for n,
a1 I'(a) et
Fr(f — 1 a-1 __ At — 1 (n+1}a—1
A( a -+ ) I‘(na+a) ( 8+ ) )

We need to prove it for n + 1 :
Frit —a+ 1) = RF{(t—a+ 1"

I'(a) a1
= F, M1 Am(p 1{n+1)a 1
’\F(na—l-oa) (F—otl)

AT (o) T Taci
_ o — 1 (n+1)a—1
I'na +a) ME—a+1)

O ANT(e) oy, ot
_F(noz+0z)v”‘ At—a+1)

AT (a) D(n+La-1+1)

- F(na+a)F((n+l)awl+a+1)(t

G
T'{(n+la+a)

/\'fH-l(t —a+ 1)(n+2)aﬂl

—a+ 1)(n+1)a71+cx
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Lemma 2.2.4 [I19]If |y(t)| <X fort =a,a+1,a+2,... where X >0, then

|EXt —a+ 1) < FR(t—a+ 1%L, nel.

Proof: We prove this lemma by using the induction principle.

for n = 1 the inequality is valid from Lemma (2.2.2):
|B,(t—a+ 1% < Fyt —a+1)* T < Pyt —a+ 1T

Let’s assume that |ES(t—a+1)% 1| < F{(t—a+1)* Tisvalidfors =1,2,...,n— 1.

we have for s = n

|EXt—a+ )% = |E,EFNt—at1)%77

< B (-t 1)

< BFIYt—a4 1)1

= FMt—a+1)%1
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Theorem 2.2.5 [I19]If|x(t)| < 1fort € NyNia, b], then the discrete fractional sum equation

(t—a-+1)%T

y(t) = Ta)

yla) + Vohiz@y(t)

fort € N, N |a,b|, where b € R, has a solution

y(t) = % kz:% Eft—a +..1)aj'

Proof: The method of successive approximations can be used to find the solu-
tion.
Set

Yolt) = %y(a%

Yn(t) = %Ey(ﬂ) + V. x{t)yna(t), forn> 1.



now

Y2 (t)

23

ni{t) = wot)+ Vohz(yo(t)

yla) o, a1
P(CE) Ew (t a+ 1) + Err:yO

(G T S LC) R
= F(a)E”’(t +1) +r(a)E-”c(t +1)

vo(t) + Voihz()u(t)

ﬁgz}) EL(t ~a+ %+ Voiie(t) (w() + Vaiiz®w(®)

YB3 a4 07T 4 Vataltun() + Vatse(t) (Ve o)

MEg(t —a+ 1)5:lw + LZ)E (t—a+1y*" el Vahaz(t) (MEw(t —a+ 1)ﬁ)

o) INGY) INGY)
V(@) pory _ gyt Y@ g et Yla) -
Mo )E(t a+1) +F(Q)E(t a+1) +F( )EE(t a+ 1)1
) pory i T YD g pa T YO ey gyaT

() INC) ()
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Using the induction principle we have

ya(t) = ggz))ZE;“(t—a-i—l)‘H n=012....

Let’s assume that y,{t) = a) ZE’“ (t—a+1)*Tis valid for s = 0,1,...,n — 1.

For s = n, we have

() = %@ —a+ 1P T VI ()Y (£)

 y(e) o1, y(a) o — =
= r(a)(t—a+1) +mvg,+z (gEﬁt—a-{-l) )

= M(t—a—l—l)m yla) EZE’“ Yt —at+ 1)

ING)) T{a)
= ggz))ﬂ?i(t—aﬂ)m gEG)ZEEkl —a+1)*1
= g—%(Eg(t“a+l)ﬂ+§E§(téa+1)ﬁ)
W) = > He a7

taking the limit of y,{t) as n — oo, we get

y(t) = 29 f’, Eit—a+1)"7", 2.9)

where y(t) is the solution of the discrete fractional sum equation.

The absolute convergence of the series (2.9) can be shown by using Lemmas
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(2.2.2) and (2.2.4), the comparison test in addition to the d’ Alembert ratio test.

y(t) = EEZ)) ST Et-a+1)TT

E¥t—a+1)*T

IA
S
BE

K

ggz)) SRt —a+ 1)

k=0

IA

FAN
=,
&

:MS
2
o+
I

e

+

=
1

=~ T, TSy
Zf(ka+a)}‘(t a-+1)

B o L (f —at 1)(k+1)o¢—1
B y(a)Z)\ Ilka+a)

Indeed, the following series

o=}

Z 4 (t — a4+ 1)(7?#1)0571
Flna+ a)

n=0

where 0 < A < 1, is convergent.
Let

\n (t—a+1)thet Dt - a) 1
I'{no + ) - " Bt—a,(n+ 1)) Tt ~a+1)

Ay =
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Then we have

|G|, B(t —a,(n+ 1o}
Jm an | i 1/\B(t —a,(n+2)a)
where B{z,y) = NCNE)) is the Beta function. We will use the approximation
Iz +y)

formula (called a Stiriling approximation formula) for the Beta function

B(z,¢e) ~T(e)z™*

, where = is large and e is fixed. Now, our gool is to show that

lim 289 g
z—voo ['(e)ax ¢

In other words we have to show that

lim z°B(z,¢) =1I'(e)

=00

. From the definition of Beta function we have

I'{z)

z°B(z,e) = P(E)mEI‘(m s

where the Gamma function is I'{z) =~ V27 z®*De=, from that we have

T(z+¢) m V2r (z+ &)t @+
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. Also, the exponential is defined by

et = lim (1 + E)m
x

i de o]

. € ; T 1 1
(.T) _J’_E)(m—FeJr%) — (Qf (1 T E))(E+ +3) _ ;]3($+€+%) (1 4 E)( Fets) _ w(&?“‘%)xe (1 + Zi_)"‘ﬁ (]_+ g)(ﬁﬂ)
z T

So,
z (et+3)
Fo+em VAR oDt (14 5)7 (14 5) P o
X x

Then we have

() I 2520 zEti)e®
mLHc}o P(£C+E) o ango 1 ENT € (e+%)
VT g ge (1 + M) (1 + E) e—(a+e)
€T
e 1 1
= ¢ }E:go ENT e (e+é)
' (1 + m) (1 + —) ’
x @
1
= € =1
¢ ef x 1

Now, we have

i Bt —a,(n+ 1)v) _ 1
n—roo [t — a){(n + 1)a)~0~0) !

i B{t—a,(n+2)v)
n—eo ['(t — a)({n + 2)a)~{t—o
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Thus,

I{t — a)({n + o)==
T(& —a)((n + 2)o) ¢~

(t—a)
— lim M ((n-l—?)a)

(n+ 1o

(n41
iy,

Hm

n—ro0

2~ (t—a)
= /\(hqu =Al=X<1
n—oo 1 4 =
U
2.2.1 Discrete Fractional Sum Equations on /Z
Consider the following h-discrete fractional sum equation on hZ
- (t—a—}—h)ﬁj 1—c —& p
i) = g e () o V(L y)
Assume that w and v satisfy the following inequalities respectively
_ a T
w(t) = (—tmmhl’“w(a) +o Vot w(t) (2.10)
()
and -
_ a—1
v(t) < @—;agb—)h—mhl%(a) +, V., 2 f(t,v(t)) (2.11)

then we put f(¢,y(t)) = g(t)y(t) where -1 < g(t) < 1 fort =a,a+1,a+2,....
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Theorem 2.2.6 Let w and v satisfy the inequalities (2.10) and (2.11), respectively. If v(a) <
wia), then v(t) <w(t) fort=a+1,a+2,...

Proof: Letu{t) =»(t) —w(t).

Using the induction principle, we prove that u(t) <0fort =a,a+1,a+2,...
When s = a we have u(a) = v(a) — w(a) < 0 from the condition.

Ifu(k) <0fork=a,a+1,...,t—1, then we have

u(t) = vi(t) —w(t)

(?f—(l—}—h)ﬁ 1—w —a (tia‘+h)F 11— —a
S @) Vi o0) R ela) 9 f( w(t)
—a =1 tfh _ a1
B Gl ) P(Z;")h W o) —w(@)+ Y p;gz;”)h bR (v(kh) — w(kh))
k=a/h+1
(b= on(O) "
< —mf@"’—hb(f) (v(t) — w(?))
(W

U(t) - w(t} - F(Oﬁ) hb(t) (’U(t) - ’U}(t))
— R (0~ w(t)

= ah®Tb{t) (vt} —w(t))

u(t) —w(t) < ah™b(E) (u(t) — w(t))
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Hence we have

(1 — ah®o(t)) (0(t) —w(t)) < 0

We obtain v(¢) — w(t) < 0since -1 <b(f) < 1,0<a<land0<h < 1.

This completes the proof.

Define jEptp = 1V “o(t)p(t) and (Fr =V, “a(t)y(f).

Lemma 2.2.7 The following inequality holds for any A constant,

|,\Eh(tﬁa,+l) |< |,\‘Fh(t—a+1)

wheret—a,a+1,a+2,....

Proof: Since I'(y) > 0 for y > 0, we have:

WB(t —a+ 157" = o1 VoAl — a+ 127
= Aot1 V3 (t —a+1)57|

= Mo Vi*{t —a+ 127

t/h a—1
Z t— pp sh =1
:l}\l Em-“f"*g”&j*)h—h(g‘iha‘i’l)h 1
_(‘1+1)+1

ht1 —
= || Z ”"(5 + D h(sh+1—a+ 1)e-

— +1
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— Bt p(sh 4 1))5 T —
ABu(e =+ DF = (30 R D o - o 2
s:%+l

I G G ) P =
Ty M- at 2

NSy (t_ph(lf?g DR h(sh—a 25T

(t—t—1+h)2"1 —
- F(CY) : h(t_a’+2)h )

|A‘ ( Z (t Ph 5h+1)) h(sh—a+2)?-h“ 1 (( l%)))
s=%+1 h

— pnl sh -I— 1))”E =T

< |A Z h(sh —a+2)77"

s=5+1

WBa(t ~a+ 1)1 < W Fr(t —a+ 1zt

Lemma 2.2.8 For any A constant, we have

— I (G{) {n+1)a—1
Flt—a+1)""'= ———~ _N(t—a+1 ne N
A h( o )h T(n ) ( a )h, '

Proof: Using the induction principle and Lemma (1.0.2), we obtain the proof.

Forn =1,
A (E—a+ 18T = Vit t—a+1)07T
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from Lemma (1.0.2):

o A(a—1<1)
Ft—a+1)p "=
Wt et D = e v

(t —a+ 1) 1e

Al (@) T
= t—a+ 1)
Ta) ¢ L
Assume it is true for n,
Bt o+ 07T = @) g T
A b T Tlna+a) h

We need to prove it for n + 1:

Mt —a+ 0F = B ARt —a+ 1T

F(Cld) (n+L)a—1
Y L o U YR |
’\Fhf(na+a)}‘ (t-a+1)
AT {a) ntla—1
=" E(t- 1
IM'na+a), WE—at 1)y
/\nP(Od) _ a1
= AW grayg g4 1)°
F(na—l—a)avh Alt—at1);

_XIe) T{(n+Da—1+1)

CThha+a)D({(n+Da—1+a+1)

I(a)

n+1t—— lﬁ:
M= e = S e+ a)

(t — g+ 1){PHHethe

}"rH*l (t —at I)W
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3

Theorem 2.2.9 If|z(t}| < 1 fort € N, N [a,b], then the h-discrete fractional sum equation

(t—a+h)e "

T(a) hey(a) +o Vi, “x @)y (t)

y(t) =

fort € N, N [a,b], where b € R, has a solution

hl a x o
y(t) = Z FF(E—a+ R
k=0

Proof: The method of successive approximations can be used to find the solu-

tion. Set L
t—a+h)p ',
w(t) = H ),
- a1
yn{t) = g—%hlay(@ +, V, “e(t)yn—(t), Torn>1.
Now,

nl(t) = wlt)+ Vi%z({)yo(t)

h1~ay a —
= _1—7@—5"—)' th[,)(t—a—‘rh)h 1"‘ thyU(t)
_ hye) o T h*y(a) T
= “““—FW mEL(t—G+h)h + thw(t—a‘Fh)h
ht=¢y(a) h2y(a)

= 2 FMt—a+ R+

It —a+h)et
P(Oﬁ) h( a+ )h

I(a)



Ya(t)

34

yolt) + oVi () (2)

%:%%ﬂ Lt e+ RETT Vi) (w(t) + o Vi te(ye(t) !

hl;zg“) FUE—at R+ Vsl + o5t oV (0)

% R —a+ R+ hl;zga) St —a+ Ryt

LB 9,m) (W00 0T

hl;;zga) N —a R+ hl;zg“) Fh(t—aR)FT

+h11:2§“) Nrw(t) Bt —a+ BT

El%%@ FUE—at R+ hl;?zga) Bt — o+ )2

+h1;§§a) B oFi(t —at R

gt o+ P e 0T YR o

Using the induction princible, we have

h=y(a) & k a1
yn(t):———f(&‘)—*z :EF}L(t_a’—i_h)h 75:0,1,2,....

k=0
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1-o § i
Assume y,(t) = Em_f—(%ﬂ LFp(t—a+ k)2t is valid for
k=0

s=0,1,...,n— 1L

For s = n, we have

Yn(t) = hl;(x—zgal(t —a+ R+ WV ()yna ()
- %(t —a+ R+ % oV, () CZ:: IRt —a+ h);:_l)
= %(t —at+h)i T+ f”%‘%fl—) :,,Fh; LNt —a+ )t
= % FE—ath)y T+ %; SRt —a+h)t

hl—a’y @ — n P
_ _F(&g_)(mlﬂf(t—a+h)h T4 LFEE - at h)g 1)
k=1

yn(t) = 57’—1;3—@2 LIt — o+ hYT

k=0

taking the limit of y,(¢) as n — oo, we get

y(t) = > SFit—at+ R @.12)

where y(t) is the solution of the h-discrete fractional sum equation.

The absolute convergence of the series (2.12) can be shown by using Lemmas



36

(2.2.7) and(2.2.8), the comparison test in addition to the d’ Alembert ratio test.

y(t) = hl i

i FFt—a+R)eT
k=0

I a o0 _—

< h Z Ff(t—a+h)et
k=0

h = y(a) k &1

< Z_2UNT U FFt—a+ )]

F(Q{) ; j&|+ R h

1 a o o

< b “)Z SFF(E—a+ By
k=0

I(a)

o Ry(e) &
= I &

= At D‘y(a)Z)\}‘

Indeed, the following series

o0

ko + o)

Ak( a+h) (B+1)a—1

—a+ h-) (k+1l)a—1

I'ka + o)

n=0

where 0 < X < 1, 1s convergent.
Let

Z t—a“‘h)n-{—la—

I'(no + )

b—a+ h)%nJrl)afl

I'(no + a)
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From Definition (1.0.3) we have

ﬁi- b - Anh((”—l—l)m—l)F((t—?j-h) + (n’ + 1)0" - 1)
% DB ((n+ 1)a)

T((352) + (n+ Do) T(52)
(=2 (0 + D) T(52)

— ho:—l)\nh'na

INE=S)) 1
B{*32, (n+ 1)a) D(551)

Then we have

by _ hOTARPHIT(SE) B(RE (n 4 Da)D ()

b B(EE (et T (5E) R T ()

So,
B(*2, (n+ 1
11 bn+l - hm Aha (tf ,(n+ )O{)
—00 - n—roo B(Ta', (’TL + 2)0{)
Iz . . . .
where B(z,y) = T‘%%F% is the Beta function. We use the approximation for-

mula (called a Stiriling approximation formula) for the Beta function

B(z,e} ~T(e)z™°

, where x is large and ¢ is fixed. Now, our goal is to show that

him B
T—00 F(E)I'—e
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Then we have

lim B3, (n+ 1)a)
ne P54 (0 + D) =F)

B(& 2
lim (5, n+ )a)t_a = 1.
e Ny (n -+ 2)a)~ 5

Thus,
b T(&e Dea)— 5
tim (2 g e (tfa)((M )O‘)_(;)
o | T ()
(52
—  lim A® (n+2)
n—ro0 (n+ Do
byt n+2 (%)
lim = AR%| lim
n—oo | by n—oo 1, + 1

142




39

Chapter Three

Gronwall’s Inequality in Discrete Fractional Calculus

In this chapter, we introduce theorem which is parallel to the Gronwall’s in-
equality in discrete fractional calculus and in A-discrete fractional calculus. Also,
we obtain the Gronwall’s inequality in discrete calculus and in h-discrete calcu-

lus. We have an application on the Gronwall’s inequality.

Theorem 3.0.1 [19] If v and y are nonnegative real valued functions where 0 < y(t) < 1
forallt € N, and

o) < )+ v oute)

then

§~—iE t—a+l
k=0

The Gronwall’s inequality in discrete calculus will be obtained from Theorem
(3.0.1) if « = 1. As far as we know, the Gronwall’s inequality is not mentioned

explicitly elsewhere.
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Corollary 3.0.1 [19] Let0 < y(&) < 1. If

t

o(t) < via) + Y yls)u(s),

s=a+1

then

v(t) <wvla) é,(t,a),

where é,(t, a) is the nabla exponential function for time scale T = Z.

3.1 Gronwall’s Inequality in /-Discrete Fractional Calculus

Theorem 3.1.1 If v and y be nonnegative real valued functions where 0 < y(t) < 1 for all

tc N, and

v(t) < &%hl%(@ + VL Mu(ty(t),
then

o) < SIS R - o

The Gronwall’s inequality in h-discrete calculus will be obtained from Theorem
3.1.1ifa=1.

Corollary 3.1.1 Ler0 < y(t) < 1. If

t/h

v(t) Svla)+ > h v(sh)y(sh)

5=a/h,+1
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then
v(t) Swla) n &t a),

where ,8,(t,a) is the nabla exponential function for time scale T = 7.

Proof: From Theorem (3.1.1) we have
v(t) < v(a) Z SFEL
k=0

We claim that °5° ,Ff1 = ,8,(t,a). Where &,(t,a) is the unigue solution

of the following initial value problem
Vaz(t) = y(t)z(t), z{e)=1
Thus, we show that >~.°  , F*1 satisfies this initial value problem
Via(t) = y()a(t), #(a) = 1.

Indeed,
Vi GFFL = D Vi JFf1
k=0 k=0

= th o Fn( ny{fill)
k=1

= th av;ly(t) yF!’:ill
k=1

= y(t) ;;F?]fl
k=0
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and Y 77, ,FFl(a) = 1. Since the above IVP has a unique solution, we obtain the

result. So, we have > 77 FFl = &, (t,a).

3.2 An Application of the Gronwall’s Inequality

[

In this section, we will state an application of the Gronwall’s inequality on dis-

crete calculus and on k-discrete calculus.

The application on Z is

Suppose that f{¢,y) satisfies a Lipschitz condition(1.0.8) with constant 0 < K < 1

for every ¢ and y.

Let the function »(¢) satisfies

Vee(t) = flt,e(t)) for t=a+1,a+2,...

Vo () |ma= v

and the function ¢ satisfies

VU = FL () for t=atlat,...

Vo (8 g = B

We use the equivalent summation equation (2.3) to have

B (t—a+ 1)ﬁ o
o(t) = “‘—f(—&)——’}’ + Vo ft o)
Mﬂzﬁiﬂi&fﬁ+V£J%¢@)

[(e)

(3.1)

(3.2)

(3.3)

34
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We take the difference of ¢ and + to have

olt) — V(1) = (t—“‘r—g—)—f—l—w B+ VI elt) — Fh().

Next, we obtain the following:

ot) — (1) = ““&%ﬁ”w ) VIRl ) — (69 (0)
< % by o B IV 8)) — FlE(E))]
< @:ﬁﬁgﬁiw B+ KV o) — ()]

Using the Gronwall’s inequality and Lemma (2.2.3) we have

o)~ w0l < T Y Bite -0 1T

?

— o _ (i+1}o—1
r=0Y et ety

= 7= Bl(t =0+ ¥ TFun(K(t —a+ o),

where £, ,, is the discrete ML function in Definition 1.0.6.

Next we replace equations (3.3) and (3.4) by
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Vep(t) = f(t () for t=a+1,a+2,..., (3.5)

V4 () ima = Yo (3.6)

where v, — 7.
Let +,, be the solution of equations (3.5) and (3.6) and consider the fixed interval
la,a + T] NN,. After that we have

() — $ul®] < Iy~ Wt~ a+ )" Faa(K(t — a+a))

<y = wWl(T+ 1)EZIF@,@(K(T + Q)E)-

As n —» oo and v, — v, then |p(t) — ¥n(t)] — 0. We conclude that small
changes in the solution will be obtained from the small changes in the initial

condition.

Also, the application of the Gronwall’s inequality on 4Z is
Let g(t,y) satisfies a Lipschitz condition(1.0.8) with constant 0 < M < 1 for ev-

ery ¢ and y. Assume that the function (¢) satisfies the following condition

Vi) = g(t, o)) for t=a+h,a+2h,..., (3.7
ek Vi V(8= c (3.8)

and the function v satisfies

a-nVip(t) = g{t,¥(t))  for t=a+ha+2h,. .., (3.9)
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otV a () |ema= d.

¢ We use the equivalent summation equation (2.6) to have
t—a+h)i Tt oy
R X0
_ (t —a+ h)F —a
P{t) = ) d4+ oV, g(t,¥(t))

We take the difference of ¢ and ¢ to have

olt) — pit) = L2 E PR

Next, we obtain the following:

() — w(e)] = %( Cd) 1 Vel o)) — gt 0()
< % lo—di + | V2*(glt, 02)) — gt )]
e hET
SR USLERL S PP YRR S S

Ty DT Vil o) - gt v 6).

(3.10)
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Using the Gronwall’s inequality and Lemma (2.2.8), we have

-85 e

T > M o1
=|c d,;_ﬂiwf@)(t a+h);

=y =8|t —a+ 1T yE,o(M(t—a+a)®),

where .FE, , is the h-discrete ML function in Definition 1.0.7.

Next, we replace equations (3.9) and (3.10) by

wnVi(t) = g(t, ¥(t)) for t=a+hat2h,. .., (3.1D

o V7 (1) |iza= ca, (3.12)

where ¢, — c. We call the solution of equations (3.11) and (3.12) by ¢, and

consider the fixed interval [a,a + T} N N,. Then we have

|(p(t) - ¢n(t)l < IC - Cﬂ‘(t —a+ h)]g:Tl hEa,a(M(t —a- Q)H)

< le— e (T4 h)* T pEau(MT + ).

As n — oo and ¢, — ¢, then |o(t) — 1,(t)] — 0. We conclude that small

changes in the solution will be obtained from the small changes in the initial
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condition.
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3.3 Conclusions and Future work

Firstly, the definition of Nabla fractional z-sums and Nabla ~-discrete Mittag-
Leffler function on the time scale 47 have been presented. Then the explicit
solutions of the IVP for a discrete and h-discrete fractional equations have been

obtained. Secondly, the Gronwall’s inequality on hZ have been proved (Let
t/h

0<y(t)<1.If »(E) <wv(a)+ Z h v{sh)y(sh), then  v(t) <wv{a) 1.t a)).
s=a/h+1
Thirdly, as an application using Gronwall’s inequality, in solving IVP it has

been shown that small changes in the initial condition imply a small changes in
the solution(the stability) of the discrete fractional sum equation.

As a future work, we will extend our work for o > 0 on scale hZ where k > 1.
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Appendix

Theorem 3.3.1 [54] { Absolute Convergence Test )
[e/a] o<

If Z || converges, then Z ,, CORVErges.

n=0 n==0

Definition 3.3.1 [54] ( Absolutely Convergent )

[e.0) o0
Given a series E tn. If the corresponding series g lay,| converges, then E Gy, CORVErges

n=1 n=L n=1

absolutely,

Theorem 3.3.2 [54] { Comparison Test for Series )

Suppose that a,, and b, are non-negative for all n and that a, < b, whenn > N, for some
N.

00 o0
LIf Z b, converges, then Z ty, also converges.

n=0 n=0
2. If Z a., diverges, then Z by, also diverges.
=0 n=()

Theorem 3.3.3 [26] ( d’Alembert’s Ratio Test )

Suppose {a,,} is a sequence of positive numbers.
[}

LI ”Z% < r for all sufficiently large n, where r < 1, then the series Z a,, converges. On

n=0
oo
the other hand, if % > 1 for all sufficiently large n, then the series Z a,, diverges.
n=0
oo
. Op+t1 , . , .
2. Suppose that | = lim exists. Then the series Z a,, converges ifl < 1 and diverges
n-—+00  (y —

if I > 1. No conclusion can be drawn if | = 1.
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Definition 3.3.2 [72] ( Beta Function )
The beta function B (x,y) is the name used by Legendre and Whittaker and Watson (1990)

for the beta integral (also called the Eulerian integral of the first kind). It is defined by

CMe)l'y) (- Dy - 1!
B(z,y) = Nz+y)  (zty—-1)

where x and y are positive real numbers.

Definition 3.3.3 [29] ( Stability )

Stability is a condition in which a slight disturbance in a system does not produce too dis-
rupting an effect on that system.

Let y(t) be a solution of a differential equation, we said y(t} is stable if any other solution of
the equation that starts out sufficiently close to it when x = 0 remains close to it for succeed-
ing values of x.

y(t) is asymptotically stable if the difference between the solutions approaches zero as z in-
creases.

y(t) is unstable if it does not have either of these properties.

Definition 3.3.4 [48] ( The Method of Successive Approximations )

One method of solving what appears at first to be very daunting equations, where the steps
of this method are

1. Assume an approximate value for the variable that will simplify the equation.

2. Solve for the variable.

3, Use the answer as the second apporximate value and solve the equation again.

4. Repeat this process until a constant value for the variable is obtained.
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Definition 3.3.5 [29] ( Principle of Mathematical Induction )

Mathematical Induction is a technique of proving a statement, theorem or formula which is
thought to be true, for each and every natural number n.

Consider a statement P(n), where n is a natural number. Then to determine the validity of

P(n) for every n, use the following principle:

Step 1: Check whether the given statement is true forn = L

Step 2: Assume that given statement P(n) is also true for n = k, where k is any positive
infeger.

Step 3: Prove that the result is true for Pk + 1) for any positive integer k.

If the above-mentioned conditions are satisfied, then it can be concluded that P(n) is true for

alln e N,
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