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Abstract

Monotonicity Analysis of Fraetional Proportional h-Differences
By
Eman Hashem Ahmad Sadi

In this work, the definitions of Nabla fractional proportional h-sums and Reiman-
Liouville RL fractional proportional h-differences of order 0 < a <L 0<p<l
have been formulated, some applications on the old monotonicity results of frac-
tional proportional differences and fractional h-differences have been detected.
Moreover, the monotonicity analysis of fractional proportional-h differences

for0 < a <1, 0 < p < 1 have been proved.

Keywords: Nabla h-fractional proportional sums, Reiman-Liouville RL h-fractional pro-

portional differences.
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Introduction

Fractional Calculus is one of the subjects that have been under focus by many.
researchers for many centuries. It can help us give a generalization of ordinary
differentiation and integration to non-integer order. It began in 1695, when
L’Hopital asked Leibniz for the derivative of order n = 1 [27].

In 1729, Euler invented the gamma function to extend the factorial of complex

and real number arguments. The gamma function is defined by [21]
F(z) = / e e,
1]

This integral converges when Re(z) > 0. The ’beauty’ of the gamma function

can be found in its properties as seen in the following equation: [27}:
T(z+1) = 2(2),T(2) = (= — 1)! ©.1)

where ze Ny. _
Tn 1819, Lacroix found a formula for the ' integer-order derivative for poly-
nomials of exponent P and then he extended it for arbitrary order « by replacing

factorials with the gamma function yielding [21]:

DoxF e T
TP—a+1)

©.2)

and he used this formula to calcolate the half derivative correctly. Nevertheless,

o~
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Lacroix’s method did not offer hints for possible applications [18]. In 1822,

Fourier also mentioned arbitrary derivatives for sine and cosine functions, but
he gave no applications. Neils Abel firstly provided an application for fractional
calculus in 1823 with his Tautochrone problem [25]. The Tautochrone problem
involves finding a curve in which the time needed to reach the bottom is inde-
pendent of the starting position,

The first systematic study was made by Joseph Liouviile, initially, he defined
a derivative of arbitrary order as an infinite series, then he formulated a second
definition in which he was able to give a fractional derivative of X ~*.After Liou-
ville, Bernhard Reiman formulated a generalization of a Taylor series to derive
a formula for integration of arbitrary order {18]. The approaches of Reiman
and Lioﬁvﬂle can be abridged in a single formula which is nowadays known as

Reiman-Liouville fractional integral formula [23]

o fr) . .
JEFE) o) / 0.3)

(t— )= ad

where J* represents the fractional integral operator of order o € Ry, f(t) is a
function of time, C 1is a lower limit of integration and T is the Gamma function.
If ¢ = 0 then it gives the Reiman formula . If ¢ = —co then equation (0.3) becomes
Liouville formula [18]. The fractional derivative formula of order o« > ¢ is

obtained starting from equation (0.3) forc = 0 {23]

o1

DEH(T) = D" f(t) = qim X [T(m —a) Jy (t—T)etim

dr] (0.4)

WhetﬁméZﬂm—1<a§m. 7
In 1967, Caputo developed the Caputo fractional derivative by reformulating

Reiman-Liouville fractional derivative so he could use integer order initial con-



ditions when working with fractional differential equations [25].

Many problems in science and engineering can be formulated and solved using
continuous and discrete fractional calculus 2, 19,28]. Many applications can
be found in [8, 10-12]. The theory of fractional sums and fractional differences
including their monotonicity properties are extensively studied in [1,3,4,9, 13—
17,20-22,24,26,33].

Monotonicity results for fractional differences operators with discrete exponen-
tial kernels were studied in [5] when time step h = 1, In [30],‘the nabla fractional
sums and differences of order ¢ < o < 1 on the time scale 7z where 0 < h < 1
are formulated and the monotonicity results for the fractional h-differences were
concluded. In [32], the monotonicity analysis of fractional proportional differ-
ences were studied.

As a generalization of the previous studies, we study the monotonicity analysis
of fractional proportional h-differences,

In the first chapter of the thesis, section one, we present the definitions we will
use throughout the thesis. In section two, we state the monotonicity results for
fractional proportional differences, and in section three, we present some appli-
cations of the monotonicity analysis of the fractional proportional differences.
In chapter two, section one, we conclude the monotonicity analysis for frac-
tional h-differences. In section two, we present some applications of the mono-
tonicity analysis of the fractional h-differences and in section three, we conclude
the i-fractional difference version of the mean value theorem and an application
on 1it.

In the third chapter, section one, we conclude the monotonicity analysis of frac-
tional proportional f difference. In section two, we present conclusions and

future work.



Chapter One

Fractional Proportional Differences

In this chapter, we start by introducing some basic definitions in discrete frac-

tional calculus, then the monotonicity analysis of fractional proportional differ-

ences and some applications.

1.1 Definitions

Definition 1.1.1 [30] The backward difference operator on hi is defined by:

RAC R G

and the forward éfgjferefzce operator on hZ is defined by:

7+ B) = £(2)

vhf(t) = h

Definition 1.1.2 [30] The backward jump operator on hZ. is defined by:
prlt) =t-h
and the forward jump operator on hZ is defined by:

{T}L(fi) =i+ h



. ) b—a
For a.b €« Rwith a<b, o & N, gnd 0<h<], we use the notations:
T

Nyp={a,a+h,a+2h, .}

ppN={b,b—h,b—20, ..}

Definition 1.1.3 [32] The discrete proportional difference of order 0 < p < 1, for the
Sfunction f is defined by:

VeL) = (1= p)f (1) + PV S0) 1y
tC€ N,y ={c+1,e+2,e+3,..} where c is a positive integer.

Definition 1.1.4 etz € N, 0 < p<land P = % then

~

ep(z, c) = p*e,

Definition 1.1.5 [3/] For p,qe R with p<q, q—%—p N and 0 < h < I.

Let Ny, = {p.p+h,p+2h, ...} and )N = {¢,q — h,q — 2h, ...}, The h-Nabla discrete

exponential kernal is expressed as:

t— Ph(’s)
wea(t pnls)) = (=77

— L

where A = (
L—p

).

Definition 1.1.6 [30]Let & € R and O<h<I, the nabla h-factorial of ¢ is defined by

. T{t+a)
P B h
i3 & P(i’)

such thatt€ R-{...,—2h, —h,0},08 = 0 and dividing by poies leads ro zero.



Definition 1,L1.7 [6]Llets € R, 0 < a < Lland f,g : Nop — R be functions. The nabla

h-discrete convolution of fwith g is defined by:

L
"

(P20 = [ ot o)+ IOV =h 3 glt—pulin) + F(ER) 12

k=a h-+1

Definition 1.1.8 (Nabla fractional proportional h-sums) for a function

f .'Na:h: {a, a+h, a+2h,... }—= R, the left fractional proportional h-sum of f of order oo > 0

is defined by [7]

(T = paé(a) / 8,1 — 7+ ah, 0)(t — o)L F () VT

using the convelution equation (1.2), we get:

(TN = M{—?@ D dule— bt o 0)s- on (BRI

" h+1

for a function f: ;)N = {b, b-h, b-2h, ...}~ R, the right fractional proportional h-sum of f
with order «« > 0 is defined by [7]

o g _ 1 bh _ e
WNO = / (T — b+ b, 0)(7 — pn()) L F(7) As 7

!

using the convolution equation (1.2), we get:

GV, = = D" &,(kh — t+ ah,0)(kh — pu(t))F f(kR)
Cot
h



Definition 1.1.9 { RL fractional proportional h-differences) For p > O and a € C, Re(w)

> 0, we define the left RL proportional fractional h-difference of f by [7]

LYEPR)E) = VeV, e £ ()

Vﬂp f'A S
= (e J, T ), 0)(t — ) () Vi

using the convolution equation (1.2), we get:

vig 4 |
(aVszf)(t) =h——————— n_al_,(;;[ — Q) Z (kh + h(ﬂ, ) 0)(i - Ph(kh))n”(x*l (kh}

The right proportional fractional h-difference ending at b is defined by [7]

o ApP Z V5 T (g
W - /b“ (7 —t+h(n—a),0)(r — ) > TF(r) &
- T —a) ), EnlT (n—o); 0) {7 — pn{t)} 7 BT

(V5 1))

|

using the convolution equation (1.2), we get:

. s
s oAt 2 —
(VP PE) = hm‘ Z_: ep(kh —t+ h{n — a),Q)(kh — ()T F (kR

wheren = [Re(a)]+1 and(gA‘E’Pg)(t (/B AL . ..o Ag)(t)

1.2 Monotonicity Analysis of Fractional Proportional Differences

We start by introducing some definitions related to the monotonicity analysis
of fractional proportional differences, and then Theorems of the monotonicity

analysis.



Definition 1.2.1 [32] Let y: Ny— R be a function satisfying y{a) > 0, 0 < a< 1 Then,

¥(t) is called an «c-increasing function on N, if y(t +1) > ay{t) Vre N,.

Definition 1.2.2 [32] Let y: N,— R be a function satisfying y(a) < 0, 0 < a < 1. Then,

¥(t) is called an a-decreasing function on N, if y(t + 1) < ay(t) Ve e N,.

Theorem 1.2.1 [32]Let x : N, -+ R be a function, and suppose that ( £,V x ) (z) >0

JorO0<e<land0<p<1, z€ N, s Then x(z) is ep — increasing.

Proof can be found in [32].

Proof;

(B9 x)(z) = ﬁ-f-;—-j 3 8z = 6,0) (2 —5(0) " x(0)
= I‘(E—r Zﬂz“ == <)) x()
Let
Zp (2= <)X
Then,

(e V= x )z) = 5(2)-

Ve
Il —¢)
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Hence, from the assumption, we have V#S(z) > 0. That is

VP8(z) = (1-p)S(2) +pVS(z)
= {1-p)5(z) +p(S(z) - 5(z— 1))
= S(2) — pS(z) + pS(z) = pS(z — 1)
= S(z)—pSlz—1)

= 2 (e ) - Pi P (2= 1 =) T ()

— @ T A (=) )

D DY A CR B 0) RPN

=C

= (z2—2+1)"x(z) + Zp—*xu)w O R C s IO

= (1) A()+}:p () V(2= ()"

NG 5)

= X Zp x(e —f(z ()
= T-g)x(z) —EZP ) (o= s) =
> 0
Therefore,
BV = ey S

v
o

)



Hence,

x(z) 2

Clearly,

F(1 E)ZP (@ (

10

> #-sl) )ﬂa

x(e—-1)=0.

So we can start the induction from the next step. -

When z = ¢, we get x(c) > 0;

also, when z = ¢+ 1 we have:

x{e+1)

r—l—cx((,) (C+ 1 — g(a))—a-—i

—¢) px(c) (C+1wc+1)ﬁ

Pl-e)
-9 X rg

Now for =z + 1, replace z by z + 1, we get

x(z+1)

T(IE— ) S ) (241 —e) T

I"(lg_ £) p2+1—zx(z) (z4+1-— g(z)):E:T

ﬁls_?)ﬁ)((ﬁ) (z+1—z4+1)""

£p g=e—1
Fi—2) x(z) 2

ep x(2),

Hence y(z) is ep — increasing.

) (et =)™
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0

Theorem 1.2.2 [32] Let x : N1 —» R be a function satisfies x(c) > 0, and suppose that

for0 < e <1, and < p <1 Ifx(z) isincreasing on N,, then we have
(B V¥ x)z) >0, ¥z € Ne_y.

 Proof can be found in [32].

Theorem 1.2.3 [32] Let x : N,y — R be « function satisfies x{c) > O and be strictly

increasing on N, where 0 < g < 1, and 0 < p < 1. Then
?_1\75*’ X )(Z) >{, zc Nc-—l-

Proof can be found in [32].

Theorem 1.2.4 [32] Let x : N, , = R be a function, and suppose thatr( fwlvs"’x J

(z) <0for0<e<land 0<p<lzeN, . Then x(z)isep— decreasing.

Proof can be found in [32].

Theorem 1.2.5 [32] Let a function y : N._; — R be decreasing on N, such that

x(c) 0. Thenfor 0 <s <1 and ) <p =1, we have
R Vx)(z) <0, YzeN, 1.

Proof can be found in [32].
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1.3 Examples on Monotonicity Analysis of Fractional Proportional Dif-

ferences

Example 1.3.1

This example is an illustration of theorem 1.2.1.

Let x(z) = 2, x(z}) ' Ny = R

Assume that (2,75 x )(z) = 0¥z ¢ N,,, we want to show that x(z)is sp —

increasing.

EV 06 = gy 2 B n0) (2=50)

e r D IR O

Let
S(2) = > (2 —o() W)
Then,
R e i
(VP x Hz) = N §(z}.

Hence, from the assumption, we have V75(z) > 0. That 1s

VeS(z) = (1= p)S(z) +pVS(2)
= (1 —p)S(2) +p(S(z} — S(z - 1))
= S(z) — pS(z) + pS(z) — pS(z — 1)
= S(z) —pS(z—-1)

z—1

= > a=c) W =YL P (2= 1= 6(0) T ()

L= L=c



gucim o A& §(

z2—1

I3

O +}: 7 (2 — o)) ()

1=c

— 3 T 1) (P

= (z—z2+

= (1) (2)?

~ T(1-¢)(2)

v

0.

Therefore,

(V5 x)(2)

Hence,

Clearly,

f(l ——g)(

,,)2+sz“(1) ((z=<()) = = (2=1—c(t)™

[2=ts]

Zﬂ G V(2 o))

b=

+ZPZ_L L) —g ()_—?—:—f)

— ,:Z i L(L)2 Z%C(r,))

e
T 5(2)

z—1

m}:?) (1‘(1_5)(2)2 B EZ P (2= ()T

( 8) Z p L) = — §( )) —&—1
Q

> gy 2 P (s

‘-x(c —-1)=0.

)

)
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So we can start the induction from the next step.

When z = ¢, we get x(c) > 0;

also, when z = ¢+ 1 we have:

(c+1)?

F_(l_gtg}- ; PC+1_L(L)2 (et 1— w))ﬁ

=
[=

e (R C R I () R

T{l1—z2)
f‘"("fgféj ple)? (e+1—ec+1)
Ep o D(1—&)
-2 Y TEE
ep (),

Now for z + 1, replace z by z + 1, we get

(z+1)°

Fiog & 7T e

I‘(ls_ <) Pz+1_ztz)2 (z+41- C(z)):;‘:f
I‘(IE ) p(2)? (z+1—z+1)" "
£p —
T(1—e) ()
cp (2.‘)2

Hence x(z) 18 ep — increasing.

Example 1.3.2

This example is an illustration of theorem 1.2.2,

Let x(2) = 2%, x{z) : Ny — R, x(} 1s increasing on Ny.
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We want to show that
BV x)(z) 20,Vz € Ny

Since

z=1

BaV(E) = (B — gy Do )T (0 e e N,

When z = ¢, x(c) > 0, we have from the assumption (¥ Vy)(e) = (¢)2 > 0.
Clearly, x(c— 1) = (¢ — 1)* = 0.

So we can start the induction from the next step.

Assume that (&, V5#x)(i) > 0, Vi < z . We shall show that (£ ,V=y)(z) = 0

Since, from assumption, x(z) is increasing, it follows that

x(2)2x(z-1)>xlc)>0,YzeN,.

(E, Vo)) = (2)° —

p) Z A CETI0) R OF

2 £ z—z+1 )
- W9 Zﬁ (= 5T (0
= (2)? —~ eplz— T(l ip“ sz — (0T (1)
N f‘ﬁ i 07 () E T (2 1)?

S DV G ORI S



v

IV
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@ = o
g L S (=
g o )T =0y

o = o0 g S s e

@~ e Zp’— (e =<) *T (z1)
O o1 o1

z—1

F(}i £) ;Pz_t (z— )™= (2 —1)?

z—1

(=1~ g 2 )T G

L—=C

(Z—l)z (1_ 1‘\(1 ZIr b Z—f; 5—1)

0.

Example 1.33

This example is an illustration of theorem 1.2.3.

(B, x )(z) > 0,z € N 1.

Since when z = ¢, we have (&, V=x)(¢) = x(c) > 0.
Clearly v(c — 1) = 0, so we can start the induction from the next step.
Assume that (B, V=rx)(7) > 0, Vi < z, we shall show that (¥, V=#x)(z) > 0.

Since, from assumption, x(z) is increasing it follows that

x(zy > x(z—1) > x(c) >0, Vz e N,

12

Let ¥(z) = 2%, x(z) : Ng = R x(2) is increasing on Ny, we want to show that
X g :
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E V() = (2) - ﬁiﬂﬁ (7~ (1)) (o)

> (2)? ~ (z—-1) + {z—1)?

Pz — o)) (2 — 1)

z—1

> (z—-1)° - m_—)zp (2= <) (2 - 1)?

— 1y (1 SR DI g@)_—:l)

Example 1.3.4

This example-is an illustration of theorem 1.2.4,
Let x(2) = —2% , x{2) : Ny = R

suppose (I, V*x)(2) <0, ¥z € No1, where c = 1,
We need to show x 15 ep — decreasing on N.

Letd: N.; — R be afunction such that 8(z) = —x(z) = z*; hence,

L3

AV 0)(2) = (L V™ (—x))2) = ~ (L, V*x)(2) 2 0.

Now, by Theorem 1.2.1, we conclude that 8(z) is ¢p — increasing on Ny.

Hence,

Bz+1) > epb(z),
So,

(z+1)7 = ep(z)?
which is

—(z+1)" < 5o ((2))
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x(z+1) < ep(x(2)),

that 1s to say, x{z) 1S ep — decreasing.
Example 1.3.5

This example is an 1llustration of theorem 1.2.5.

Tetx(z)=-2% ,x(z) ' Ny = R
Suppose that y(z) is £p — decreasing and x(c) < 0,we want to show that (£, 75#y)(z) <
0. _

ILetd: N.; — R bea function such that 6(z) = —x(z) = Z% # is increasing
on Ny, 8{c) =¢* >, where c= 1.
By Theorem 1.2.2

(£, VoP0)(2) > 0,Vz € N._,.

then

(VT X)) = (2457 (=0)6z) = —(C V76)(2) <0, Vz € N
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Chapter Two

Fractional h-Differences

In this chapter, we start by mtroducing the monotonicity analysis of fractional
h-differences, some applications. Finally, we state the h- fractional difference

version of the mean value theorem and an application of it.

2.1 Monotonicity Analysis of Fractional h-Differences

Definition 2.1.1 [30] Let y: N, »— R be a function sati_sﬁ)ing‘y(a) >0, andlet 0 < h < L.

Then, y(t) is called an c-increasing functfon on Ny, ify(f + h) > ay(t), Vi € Nyp.

Definition 2,.1.2 [30] Let y: N, ,— R be a function satisfying y(a) < 0, and let 0 < h < 1.

Then, (1) is called an a-decreasing function on Ny, if y(t+ h) < ay(t), Vi € Nop.

Theorem 2.1.1 [30] Let y : Ny.pp — R, and suppose that ( athﬁ y ) (@) = 0for

0<a<g i, and 0 < h <1, t € Ny p,. Then y(t) 18 o — increasing.

Proof can be found in [30}.

Theorem 2,1.2 [30] Assume that the function y : N;_hjh — R satisfies y(a) > 0, and

assume that for 0 < a <1, and 0 < h < L Ify is increasing on N, ;,, then we have

(a"hv(ﬁ Y )(t) 2 O) Vi € Nafh,h
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Proof can be found in {30].

Theorem 2.1.3 [30] Let a function y : Ny_pp — R satisfies yla) > 0 and be strictly

mncreasing on N, where 0 < @ <1land 0 < h < 1. Then

(u—hvz y )(t) >0
Proof can be found in [30].

Theorem 2.1.4 [30] Let y © Ny, — R, and suppose that { ., Ve y ) (t) <0 for

0<a<land0<h <1, te Ny Theny(t) is @ — decreasing.

Proof can be found in [30].

Theorem 2.1.5 [30] Let a functiony : N, — R satisfies y(a) < 0 and be decreasing

on N p.Then, for0 <o < land® <h <1, we have
(ﬂ—hvg Y }(t) S 07 Vi = Na—h,h

Proof can be found in [30].

2.2 Examples on Monetonicity Analysis of Fractional h-Differences

Example 2.2.1

This examgple is an iHustration of theorem 2.1.1



Let y(t) =t y{t) : Niap = R

Suppose that (,_,Viy)(t) > 0for0<a<land0<h <1, €Ny pa

We need to show that (¢} 1S o — increasing
It is known that

(r VS 9 )(0) =

If we let
S(z) = }: (£ — pu(kh))
k=S
then ,
VR0 = s
Let
VRS(t) >0

By

VaS(E) = Vi (t—pulkh)) " (kh)*h

k

L |

Pt

= i:(t — ph (kh)); S (kh)2h —

- %(;@ — oK) (b

M“Iw IRNgE

o
I
>l

i
h—1

= (t—t+R) ()
k=%

h—1 | . _ar(?t;“k_{“}__

®)

PE—-k+1

~(kh)’h

S{t).

(t — h— pi(kR))(

£ 3 (RRPRVA(E ~ 1 (BR))

— L=

“ T a = (= pu(kh))) ™ (kh)A

kh)’h)

I(f—k—a), 1

I

T~k

(z‘ — h - ph(kb))h (ERYh+{t — h — pa{t

(E)x=(°h)
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_pySarpe = 2, h‘“’f’('—k a) (f—k~—a)
= {h)h (t) +1§(‘{°h) h l_’( —k’) [h(%mk) _1]

t

h““f( —k—a)

(f—k—a—f+k)

_ +zm>h E R

— a2 < AN c:lr( —k+l-w _1)
= (W5 — oy (kh)h[h FETRE)

= (W —a > (kh?h(t—pu(kh)) > =0

kst
Then o
VAS() = (07 — o S URRh (£ — pu (b)) 2 0

k=2

Whent=a=1, we have

Vi5(0) = (e = (WD a? = () o1 - a)a? 2.0

Hence

y(a) > 0

Whent=a+h, we get

ViSla+h) = (R);%a+ b —ala+h—a+h)) " (a)h

(1 -

_1I‘(2—a——.1) 5
1) a‘h >0

) 2 o
(@ +7)" — alh) Tray ok

=) ==

= (n)™ '(;(;“)(am)? oyt r )&)w’* >0

Hence

(@ + h)* = afa)®

]

(2.1)
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yla+h) = ay(a)

Now, we follow inductively to show that

y(t +h) = (£ +h)? > a(t)’ = ay(t), Vi € Nop
Assume
y{k + h) > ayk),VEk <t such that k.t € Ny,
We know that
_E
A1

VaS(t) = (A1) —a S (kR)*h (6 — pa(ki)) ™ >0
2

w1

Replace i by ¢ + h. Then, we have

i1

VpS(E+h) = (R);o(t+h)? — afj(kh)?h( fo ho— pu{kR)))

kes

W R —al(tt h— (@) (@)

b (- (et D) (ot B2+ (= (B (5] 2 0

Or

(W5 + R

> af(t+h—pu(a))y @)k

+ (b k= pula R Nt WP (B (D))

> alt4+h—t+ R @)%

= a(2h); M) R
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It follows that -

r(l—a)
(1)

r2—ca- l)tz

()= )

(#+Rh)? > alh)™

(R)™*T(1 — @)t + h)? > a{h)™°T({1 — a)i’

~ Hence (¢t + h)? > a(t)’

Which means y(t + h) > ay(t) then y(t) 1S & — increasing

Example 2.2.2

This example is an illustration of theorem 2.1.2 .

Let y(t) = 2, y(t) : Ny_pp - R, y(a) = y(1) = 1 > 0. y(t)is increasing on N, .
We want to show that (,_ V¢ y)#) > 0for0<a<iand 0 <h <1,8€ Ny pa.
It is known that

VR0 = sy 2 (Em el k)R
=574
If we let .
SW= Y (t—onlkh))™ (kh)*h
k=5
then,
(VT 1)) = F g SO

We need to show

V},,S(t) >0
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From the application of theoremn 2.1.1 When ¢ = ¢, we have

VpS(a) = (R);%a® = (ﬁ)““‘g%—é)—(ﬂf = (W) ™T(1—a)a’® > 0
hence
y(a) 20
since

(h)7% > 0,6 > 0andl'(1 — o) > 0

Assume that V,,$(x) > 0,¥: < t, we shall show that V,5(¢} > 0

Since y(t) = t? is increasing , it follows that
LRI >0Vt EN,,

From equation (2.1)

VA = (R — oS (BhPR(t— pulER)
=2

t
Fyo

= (W —alt—pult—R)) ™ {t— h)Ph—a i(kh}?h( t— op(kh))) o
=t

3

R — (2R T YR — o> (k)R (£ prlh))

k:‘-«%
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_i

= (R = (207 (6= h)h— a3 (Rt pa(kR))
- aZt— V?h (= pu(kh))

+ GZ@— VRt — pul(kR)) >

h=2

= (A, ) —a{2B) (i —h)Ph+ Z((t — hY? — (kR))YR{ t— pr(ER))) !

- az t— 4 t_‘ph('l“h))) et

Since y = * is increasing , then ((¢ — h)?> — (kR)%) 2 0,V =%, 4 +1, .., F—2.

From which it follows that

.
A2

ViS(t) = (R0 —a (2T (t—h’h—a (t—RhPh(t—p (kb))
. k=2

= (A" —aZ(t hy*h ( t—p&(khm

=%

=1

= ("7~ (h)i “(ﬁ—h) +(h)h“(?‘wh) —ay =R (t— pu(kR)) T
o &

i
1

(M1 = (¢ =R+ = )2 [(A)° #Q‘Zh (= pa(kh))) "]

> (t— B[R S h(t— (kR ]

k=t

I
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= (t_h)g[(h)f?;“ah(t—-a—i—h))szﬁ—(t—a ]1+h))m+,,.+(2h)):‘j‘]
Pl—a) T(E-o) T -o-1) I(l-a)

= (t—h)(h),;?] £ "‘P(t:—ﬂﬂ) o FES) R VoY ]
L e )
= (- O -&% et (;)‘3‘) _a (I?i(;)o‘) o r—((i%;;;}

e 2 e

= - heompe PR T a?%%]

= oo -t WS

If we continue in this manner, we conclude that

= G- - ar]
h 3
= G-t -

(tzath _ g
= {t— h)z(h)ga__r( b )

- (t—fz)z(t~a+fa);—“ >0

]



Then

ViS(t)
BV ) = s 2
Example 2.2.4
This example is an illustration of theorem 2.1.4

Lety(t) = %, y(t) : Noepp = R

Suppose (., Vy)(t) <0for0 <o <land0 < h <1, ¢ € Noyp , We want to

show y 18 o — decreasing

Ietyg: N, — Rbeafunction such that ¢{t) = —y(t) = *; hence,

(a-nV* 9)(t) = (0nV* (=0))(8) = ~(ar VoY) 2 0.

From Theorem 2.1.1, we conclude that g{¢) is « — increasing.

hence,
g(t+1) > aglt),
S0, |
(t+1)* = off)*
which 1s

—(t+1)” < a— (%

y(t+1) < afy(t)),

that is to say, y(t)} 1S a — decreasing.
Example 2,2.5

This example is an illustration of theorem 2.1.5.

Let y(t) = =2, y(t) : Nowpp — R, y(t) is decreasing on N** | y(a=1) <0.

we want to show (. V*y)(#) <0, for0 <ae<land0<h <L
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Letg: N..; — Rbe afunction such that g(t) = —y(¢) == 2, then its increasing,
gla) =a’ 2 0

From Theorem 2.1.2, (,_,V°g)(t) > 0

then

(a-nV*){E) = (a-n V" {(=g))(#) = (-2 V) (1) < 0.

2.3 The h-Fractional Difference Version of Mean Value Theorem MVT

The following Lemmas and Theorems are needed to proceed with the mean

value theorem.

Lemma 231 30 Forany 0 <o <LO<h<Llandf: N'ajuh,h - R the following holds

- —cx —rx (t_ a)?;ji
VLI R) = Vi Vo f (1) - W,f (a) (2.2)

Lemma 2.3.2 [30] Forany0<a <1,0<h <1, andy : Nyppp — R the following holds

—-a ’“'—H"c?:f
V5 =a V() + O = ’;% y(a)h @3)

Theorem 2,3.3 [30] Forany 0 < o < 1,0 < h <1, andy : Naynp — R the following
holds :

i~

h | —F
Vi *anViy(t) = u(t) — ==t — o+ h)i () (2.4}

I{e)

Consider the following initial fractional difference equations :
w~nViy(t) = J{t,y(t)) for t = a + h,a+2h, ., 2.5)

ot Ty () e = K y(a) = ¢ (2.6)
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Where O < a, b < 1 and a is any real number.

Theorem 2.3.4 [30] y is a solution of the initial value problem (2.5), (2.6) if and only if it

has been formulated by

(t—a+h)ST

L} = o V3, : 2.7
depending on Theorem (2.3.3), we can write :
Vi %a-nViy(t) = y(t) — Bule, 1, a)y(a) (2.8)

where Ry (o, t,a) = %(f —a+hiph

. Theorem 2.3.5 (The h-Fractional Difference MVT) [30]
Let f and g be functions defined on N, , "y, N = {a, a-+h, a+2h,.....0—2h,b—h, b}where
b= a + kh for some k € N. Assume that g is strictly increasing g(a) > 0, and 0 < a < 1,

0 < h < 1. Then there exist 51,8y € Ny, My p N such that :

(d“}"vgf) (Sl) < f{b) — R;,,(OQ b? G)f(a) < (f——hvﬁf) (32—)
(-1V5g)(s1) = g(b) — Ru(e,b,a)g(a) — (F,Vig)(s2)

Application of the h-Fractional Difference MVT

(2.9)

We used the article [30] as a reference.

H

Let f(t) , g(t) be two functions defined on N, My N = {a,a + h,a + 2h, ... b —
2h,b— h,b} where a =1 and b= g + kh for some k£ € N.

)=t

gty =7
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g is strictly increasing, g(s) >0, and 0 < @ < 1,0 < h < 1. we want to show that

there exist sy, s2 € Ny, M, N such that :

(a—whv%)(sl) < bMRh(Of?baa’)a < (aR—hvi)(‘S?)
(r V)07 = B Rylob o)~ (L, 98)(sa)?

(2.10)

we need to show

b — Ryle, b,a)a” > 0

since g is strictly increasing, then by Theorem (2.1.3)
(a_hvgg)(t) > OVt € Na,h Myn N
Applying the fractional sum operator on both sides of the inequality

r,zvf:a{a.—h gg)(t) >(L VEQ(O)Vt 6 Na-,h ﬂb,h N

or using equation (2.8) we get

g{t) — Rpla, t,adg(a) > 0
: fof t = b, we have
g(by — Ryl b,a)gla) > 0

hence,

B — Ru(a,bya)a? >0

to prove equation (2.10), we use the method of contradiction. Assume that equa-

tion (2.10) is not true, then either

(u_¢V?:)(31) b— Rp(o,b,aja
(a-nVE)(51)7 ~ ¥ — Rp{a,b,a)a®

1\:’% S Nm,h. nb,h N (211)
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or

(e-n Vi) (51) < b~ Ry{a, b, a)a

| MEE N Mo N 2.12
Vi) T Ruabaa e 2.12)

again, since g 1s strictly increasing, then by Theorem (2.1.3) we conclude that
(a-—hv?:g) (i‘) > OVt € Nu,}z Mg N

hence, equation (2.11) becomes

(afhvg)(‘sl) = (a.f.h‘?g)(sl)2 o Rh(a} b} a)aq ; vt Na,h ﬂb,h N (2 13)

b — Bp{a, b, a)a?

Applying the fractional sum operator on both sides of the inequality at ¢ = b and

using equation (2.8), we see that

(b — Bp{o,b,a)a) > (b* — Ry, b,0)a?)

h— Rh(&l, bs ada
ek 2.14
2 Ra(a b L Ner Nea N (214)

and hence f(b) < f(b), which is a contradiction. In a similar way equation (2.12)

will Iead to a contradiction.
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Chapter Three

Fractional Proportional h-Differences

In the previous chapters, we introduced the monotonicity analysis of fractional
proportional differences and the monotonicity analysis of fractional h-differences,
now we will introduce the monotonicity analysis of fractional proportional h-

differences.

3.1 Monotonicity Analysis

In this section, we will introduce the monotonicity analysis of fractional propor-

tional h-differences.

Definition 3.1.1 Let f: Ny, R be a function satisfying f{a) > Oandlet 0 < h < ],
0 < p < 1 Then, f(t)is called an (#il)h) —increasing function on N4 if y(t + h) >
(;:gfgm) y(£) ¥ € Ny s |

Definition 3.1.2 Let f: Nyp— R be a function satisfying f{a) < O,andlet 0 < h < 1,
0 < p < 1 Then, f(t)is called an (;—&%m) —decreasing function on N, p, if y(t + h) <
(55 ) vl®) Ve € N '

Theorem 3.1.1 Ler [ : N,_pp —+ Rbeafunction, suppose that { ., V,° f ) {(t) = 0Vt
Noppufor0 <a <L, 0<h<land0<p <1, t € Noypn Then F(t)is (;:(%f__l)_h) —

increasing.
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Proof- Using definition 1.1.9, we recall that:

tih

o R . -
h Vi NE) = ot ., Glt—h(k—1+a),0)(t - pa(kh));* F(kR)A
Pl — o) be=(a—h) /R4l
- t/h _
— e Yh oo _ . e
= T = o) ;hep(t Rk — 1+ ), 0)(t ph:(kh))h FER)A.
Now let
t/h

Sy = > Elt— bk —1+0),0)(t = pu(kh))," f(kh)h.

k=a/h

~ Using the assumption, we have V1.5(t) > 0, that is
VES(H) = (1—p)S(E) + pVaS(E) > 0. (3.1)

For v, S(t), we have

S(t) — S(t — h)
h

Vi S(t) =

By substituting S(#)and using basic definitions presented in chapter one, we can



do the following:

tih
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ViS(t) = { S Bt~ bk — 1+ @), 0)(t — pu(kh)) " F (k)R

k=a/h

t"h-

k=ualh

=2,(h

— ha, 0)(R);> £ (%)

- Z St —h— Ak — 1+ a),0)(t — h— pp(kR)); 5 f (K )h} !

h

/- o
; {Z 8(t = h(l — 1+ ), 0)(¢ — pu (kh)); (k1)

~a/h
t/h—1

k=a/h

= (h — ha, 0)(h), £ (1)

t/h—1

= Y Gt —h—hlk—1+a),0)t—h— ph(ich))f&f(kh)h} %

£ Flkh)h Bl = h(k — 1+ a),0)(6 = bk R

E=a/l

Bt~k —1+a),0)(t — kh);?*]

=&, (h — ha,0)(h); > F(2)

t/h—1

k=a/h

*<p_~"(}3”:"1)_h

+ > f(kh)h {

p

=

(

=&, (h — her, 0)( W) F (1)

t/h—1

+ 3l

k=a/h

(=

p—1)h

(kh)h

P

)t/h—-k.—c: T(% _ Df)

p___

FER)

=] b

1A

{5

A
h}h

=

=)

T{t/h— k)

P
p—1)h

t/h—k—o T(t/h—k— oa)h_a 1
) o E | E

RAR L N (7] Ty S i

I't/h—Ek+1)

—
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tfh—1 |
o, 0) (W)= p t/h—k—a)
Bolh = ke OY(REFO + B Sk (=) (") -1
t/h—hk—er .
p D(E/h—k—a)\ h
(p—(—l)h-) ( I(t/h— k) ) h
t/h-1
PN o 0)(R)7 plt —hk —a) —t+ hk
=%,(h — ha, O)(R); 7 F (1) + Xa;h F(ER)R. [ iy }
p O N Uy e U G Tt V) A
(p—(p-—l)h) ( L{t/h—k+1) >h
t/h—1
=8,(h — ha, D)(R);°f(1) + Z F(kh)h [tw hk — a — m:l
k=a/k p
Bt~ Al — 1+ 0),0)(¢ — pa(kR));"
' t/h—-1
=2,(h — ha, 0)(R),“F(t) — E > = hk—p(t — bk — a)]
P k=afh
Bt — h(k — 1+ a), 0}t — pa(kR)) T f(ER)R. 3B.2)

Using similar steps on (1 — p)S(¢) in equation (3.1}, we get

£k - ’
(1S = (1-7) Z &t~ Ak — 1+a) 0)(t — pa(kh)), " F(kR)A
k==afh
Efh—1
= (1 — p)h&,(h — her, 0){h); " Z [o(hk + ha — 7:) +t — hk — hal
‘ k=afh
Bt — Ak — 14 o), 0)(t — pr(kb))7  f{kR)A. 63

Now substitute equations (3.2) and (3.3) in equation (3.1), we have
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t/h—1

VES() = (1= )b + A0 — hos ) = | Y =Pk
k=a/fh
—p(t - bk — )&t — h(k — 1+ ), 0)(t — pu(kR)); = 1 f (kR)A
t/h—1
— > [plhk+ha — )+t — hk — ha| &t — h(k — 1+ a),0)
k=a/h
(1= o) p G.4)
| . tfh—1
= (1= A+ B = s ) — 3 =Tk
k=a/h

—p(t — hk — )] = [p(hk + ha —t) + £ — hk — ha]}

Eolt — h{k — 14+ a),0)(t — pu(kh));o L f(kR)R

. N t/h—1
— (1= Pt D) Bl — her ORTFE) 3 [pex— pha
‘ k=a/h

1

+ha]E(t — h{k — 1+ @), 0)(t — pu(kh)) < f(kh)h

L t/h~1
= (1~ p)h+ p) Gplh — ha, O)(RF* ) —a (L —p)h+p) >
. k=afh

et — Rk — 14 o), 0){f — pa(kR))Fo T F(kh)R > 0 (3.5)

When ¢t = a, we get

ViS(a) = ({(1—pht p)Eplh — he, 0)(B),*f(a) >0, (3.6)
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Hence f{a) > 0.
When t = o + h, we have

ViS(a+h) = (1 - p)h+p) 8(h — ho, 0) () fla+ k) — a((L = p)h+ p)
2p(2h — har, 0){a + h — pa(a)), T (a)h
= ((1 = pYh+p)&y(h — hex, 0)(R), *F(a + 1) — a((1 — p)h -+ p)

2(2h — har, 0)(2R), % T fa)h

h—hm

= (- )mm( (,fmm) (Jf%ﬁ)_l) = o + B)

- a1 ) (5= h)k (RO S s
= @-onen (=oly cp 1),)( S

— (L- A+ ) (;_—(51_—1—)3) P(L— ) f(a+ )

— (p_:m(%%m) (1~ p)h+p) (;;M) M ri- a-)h““f(é)

>0

Hence that f(a+ h) > (—“H—u) f{a)

p—(p—1]h

It is clear that by continuing inductively in the same way, we get that in general

op X
JE+h) Z (m) f()

[
The monotonicity factor as a function of g is presented in Figure 3.1 for different

values of h and different values of a.
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o6 Monoiorlcity Factar for a=0.1 - Monatanlcily Fackr far a=0. o8 Wanntanicity Faciar for e=0.3
) —=—taz TECnhE)
) et ——n=ad
- hes PO Y
s —4— o T
24 as 05
44 na 0%
w03 gy
i
/ £ 0y
/
B} ot ;9:‘;_3_:'3.-4. at
ST e
P e
A
& ;23 [L¥] be b 1 ® w2 44 [ hy:] 1 K o2 [ 1) ok i

Fig. 3.1: The Mouotonicity factor.
Theorem 3.1.2 Assunie that the function f: N,.p; — Rsatisfies fla) > 0forG < a <1,

0<h<1land0< p<1.Iffisincreasing on N, , then we have

(@=n VP £)(8). > 0, Yt € Nowpa
‘Proof> As shown in the proof of Theorem (3.1.1), we have

, w s 1 N _
(o Vi D) = < VS (t), £ € Ny
(1 - a)

1t is enough to show that S(t) is increasing on N, , to reach our goal.

Now when ¢ = a, we get

ViS(a) = ((1— p)h+ p)E(h — ha, o)(h)ﬁf(a-). '

By the assumptions ¢ <h< 1L,0<p<1,0<a<tand f(a) >0, then ViS(a) >0

~ Now assuine that V25(i) > 0, ¥i < #, so we need to show that also V25(t) > 0.
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From the assumption that f(¢) is increasing, then
f) = flt—h) > fla) > 0,¥t € Ny, .

Recalling equation (3.4),

i/h-1

VoS(t) = ((1—p)h+ p)Ey(h— he, 0)(R), 5 f(8) — (1= )+ p) Y
k=a/h

St~ Bk~ 1+ a), 0)(t — pu () f(RR)A > 0,
we have

VES() = (1 = p)b + 0) Bk — het, OY (W™ F(8) — (1 = )b + ) [35 (0 — /1
- t/h—2 :
— 1+oz) 0 (ﬁ%ﬁh(t“h));“'"lf(t— Yh+ Z et —hlk—1+a),0)
k==ofh

(t — pn(kR) )g_“:ff(kh)h}

= (1= g+ p)Elb— e, O) (R F () — (L~ p)h+ ) [G(2h = hex, )

t/h—2
(w;,);;ow1 FlE—Rh+ > Bt — bk — 1+ a),0)(t — pu(kh)),* " f (k)R
k=a/h
t/h—2 o
— > Gt —h{k— 1+ a),0)(t — pu(kR));*"F(E = R)R
k=afh
ifh—2

+ 3 Gt Ak~ 1+0),0)(t — pu(kH))e™ L F(E~ h)h]

k=a/h
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= (1= p)h+ p) &yl — he, D)W, “F(8) = (1 — P+ p) [Bp(2h = hex,0)

ifE—2

QR - R+ Y Gt bk —1+0a),0)(t ~ pa(kR));* "
k=a/h
t/h—2
(F(t— B) — FRR)R-+ Y Bplt = Bk — 1+ o), 0)(t — pa(kh)); £t — h)h]-
k=a/h )

Given that 7{) is increasing, then f(¢t — h} — f(kh) > 0, V&, where

= o

hence, we can do the following

VES(H) > (1~ A+ ) &k — hoy (WP F(1) — a((1 = )+ p) [G(2h — hex,0)

o t/h—2 o
(R (= )b+ 3 Bylt— Al = L+ a),0)(t — pu(bh)) (4 — Wb
k=a/h
o b h—1
= (1= p)h + p) &(h — ha, 0)(R);* F(2) — (L = p)h +p) Y Gt —h
7 k=a/h

(k — 1+ ), 0)(t — pu(k)); " F(E = h)R
= (1 = D)t ) Bplh — R, D) (2) — (L= P+ p) Byl — hr, O)(R),*

Ft—B)+ (1= p)h+ p) &k — her, O) (R); " F ( — B)

=
—a((1=p)h+p) Y Bt —Rlk— 1+ 0, 0)(t = pu(kh)); " f(t — R)h

E=ajh
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= (1 p)h + p) (A — ko, 0)(R),*(F() — F(t — 1)

+ (L= b+ ) Bl — ha OY )T F(E~ )

t/h—1 ) o
—a((1—pyh+p) FE— )R D Byt — Bl — 1+ @), 0)(t — pa(kh)); "™
k=uafh
= (1 p)h+ £) E(h — e, 0) ()T (f(8) — f’('t ~h))+{(1 - ph+p) flt—F)
tfh—1
[%@ ho, ) ()7 —ah > %, A—1+a)m&w%umr*}
E=afk
: t/h-1
> {((L—p)h+p) f(t—h} [é})(h, — ha,0)(R);% — ah Z ep{t — h{k— 1+ ¢),0)
k=a/h

——

= (1 p)h+p) f{t— D) {’é};(h — hoy, O)(R) % — @h(ap(t ot h— ha),0)

(t = (@) 4 5t — a— ), 0)(t — pu(a+ W)™+ + B{2h — ha),0)
(t— pa(t — &) :m)]

= (U ) le = 12 [0 = b ) s et o)

)
NG

m &t —a—hao, 0o ——r‘%T)W — - —By(2h — ha, 0)

)|

= (U= ) = [l i 0 ~ (2= he)

- Tl—a) o T2~ a) .

{):T — {3k — ha?O)&—W — ot —a+h— ha,0)
N&e —a)

)}

By adding the terms and continuing 1 the same manner, we get
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VES(1) 2 (1 = e ) 16 = Wi (Bt — 0= ho 0P

(e - o)
—ep(t—a+h h{l O)Q.IT({:W)

e
=((1—p)h+p) ft = R ( — o — ho, O)W
S G N DS
(o))
={p+ h(z;}l})ﬂitﬁ~ LYt = R)E,(t — a — ha, 0)h T

h{p — 1)(t
a+ ho

=+

Hengce, the proof is completed.

r(u- —a)

( t—ath

) )%ﬁ—a—hmm@—a+hraza

0

Theorem 3.1.3 Let a function [ : No_pp, — R satisfies f(a) > 0 and be strictly increasing

onN,p, where) <a<1,0<h<1land(0<p< 1L Then

((L-—hv?fpf) (t) > 0; vt = Na—h,h.

Proof: The proof is in the same manner as the proof of 3.1.2 with paying atten-

tion to that the function f is strictly inereasing.

&

Theorem 3.1.4 Let f : Ny 5 — R and suppose that (,_n Vit f)t) <0 for0 <a <1,

D<h<land0<p <1t €N,y . Then f(t)is (Wﬁiiﬁ) — decreasing
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Proof: Let g : N, — R be a function such that

g(t) = —f(t)

, then

(a7 () = (VR (= NE) = —(a-aVR* (8 2 0

By applying Theorem (3.1.1) to g{t}, g is (;(—géﬁg) — increasing .

Hence, f 18(%) — decreasing O

Theorem 3.1.5 let a function [ : N p — R salisfies fla)<0for0<a<l,0<h<l

and 0 < p < 1. Iffis decreasing on N, j, then we have

(e n VP F)(E) < 0, VE € Nyir

Proof- The proof follows by applying Theorem (3.1.2) to g(t) = —F(f)

if f(a) <0 then g(a) >0

F(t)is decreasing , then g(t) is increasing

Then, by Theorem (3.1.2) we have (,_.Vg)(t) 2 0, VE € No_nn

Hence , (,-x V3 f}(t) <0, Vi€ Ny g a

3.2 Conclusions and Fufure Work

First, the definition of nabla fractional proportional h-surns and Reiman-Liouville
(RL) fractional proportional h-differences on the time scale AZ have been pre-
sented. Some applications on old monotonicity analysis of fractional propor-
tional differences and fractional h-differences and an application on the h-fractional
difference version of the mean value theorem have been detected. . Finally, the

monotonicity analysis of fractional proportional h-differences have been proved
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if ( o a VPP £ > 0, then f(t) is (5_—{;‘il—)h> — increasing Nt € Ny_pn, also if
(anV5P £ (£) < 0, then f(£) is (;_m(;—“ﬂ—ﬁﬁ) — decreasing,¥t € Na_nn. Notice

p-{p=-1ik

step h and p. Moreover, if f is increasing satisfying f(z) > 0, then we have

that the monotonicity factor which is (_L), affected by the discretization

(an VPP fYE) > 0, ¥t € N, pp, I f s strictly increasing on N, ;, satisfying that
fla) > 0 then we have (,_, VP f)(t) > 0, Vt € N,_np, also if f is decreasing on
‘N, satisfying that f(a) < 0 then we have (, ,Vy*f)(£) <0, Vi € N, pp-

As future work, we will extend our work fora > 1and p > 1.
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