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Abstract

Compatible Factorization and Triad Design for Complete Graph of

Some Orders
By

Mais Husam Ahmed Jaber

In this work, we study Compatible Factorization C'F(v) and Triad design T.D{v)
for some orders v, where v = 6n + 5. These are methods of arranging distinct
triples (listing and counting triangles) on v objects with some properties. Previ-
ous studies on 7'D(v) reported its existence when v = 6n + 1 and v = 6n + 5 and
TD(7) were developed by using a brute-force method. Furthermore, a starter
of triad design, STD(v} = SCF(v) U SCF(v). Additionally, in this thesis, new
technique for STD(v) algorithms, known as the "Generalized Interval Method
- GIM” constructed, by analyzing the pattern of the triples by illustrating the
cases v =5, 11,17, 23 and 29. At the end, this technique, lists the element of
TD(6n +5) by repeated addition of 1 (mod «) from the STD(x).

We focus on the construction of triad design for complete graph x,. We
construct a new method for developing a triad design on v objects 7'D(v) that
counts and list all triangles in K,,. This method depends on analyzing the triples

to construct the starter. We illustrate the method by considering the cases v =
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11,17,23 and 29. Then we conclude the general case of v = 6n + 5. We illustrate
our results by building TD(11), 7D{17) and TD(23) .
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Introduaction

A triangle in an undirected graph is a set of three vertices such that each possible
edge between them is present in the graph. Combinatorial design is defined as a
method of selecting subsets from a finite set in such a way that some limitations
or conditions are satisfied [4], [3], [16]

In the past, the fundamental graph problem of triangle counting and listing has

been studied intensively from a theoretical point of view [12]. Recently, triangle

counting has also become a widely used tool in network analysis [13]. Due to
the very large size of networks like the Internet, WWW or social networks,
the efficiency of algorithms for triangle counting and listing is an important
issue [15]. Counting and listing triangles in a graph has a practical importance
in complex network analysis. For example, triangles are well-studied subgraphs
[15], [11], [17]

Compatible factorization was covered through several article or researches, such =

as: [10], the authors exmined Three-fold Triple Systems. Compatible factoriza-
tion was explained by W.D. Wallis in [15]. In [1], Triad design of orders 7, 13
and 19 has been considered to provide the design for the general case v = 6n+1,
by analysing the triples to construct a starter for TD(v), denoted by STD(v),
using interval techniques of the triples in the starter.

In this thesis, we build on previous studies and develope Triad Design for order
v = 6n + 5, which exists if v = 1 or 5 (mod 6) [7], [14] . Our aim is to find the
triad design of order v = 6n-+5 . Further, we generalize the method of finding the
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triad design for all v = 6n + 5. Firstly, we present the definition of Triad Design,
Compatible Pactorization, starter and their properties. After that, we construct
the triad design of some orders. Also we generalize the method of finding the
triad design for all v = 6n + 5.

In Chapter 1, we recall some of the definitions and proprieties for the Triad De-
sign and Compatible Factorization. Chapter 2 will be dedicated for constructing
the triad design of orders 11,17 and 23 using the method that mentioned in [1].
Afterwards, we present the Triad Design of orders 23 and 29 in Chapter 3. In
chapter 4, we consider the general case of the construction of STD(v), where
v = 6n + 5. Finally, we conclude this thesis and suggest future research direc-

tions




Chapter One

Compatible Factorization and Triad Design

In this chapter, some definitions and notations which are needed throughout this
thesis are introduced. We give properties of triples and compatible factorization

of a complete undirected graph of order v.

11 Compatible Factorization

Definition L.L1 (5] A graph G is a pair of sets. G = (V, E), where V is a finite non-empty
set of elements called vertices, and E is a set of unordered pair of distinct vertices called
edges.

In a graph G with the set of vertices V. = {vy,v3,....w,}, the pairs {v;,v;} € E if and
only if there is a line in G which connect v; and v;. The edge {v;,v;} is commonly written us
v;0y. In this case v; and v; are adjacent or neighbours and the graph is called an undirected

graph. A simple graph is an undirvected graph without graph loops or multiple edges.

Definition 1.1.2 [19] A complete graph is a simple, undirected graph in which each pair of
vertices arg connected. A complete graph with n vertices is denoted by K,,. A triangle is a

complete graph K as explained in Fig 1.1 .

Definition 1.1.3 A I-factor of a graph is a set of edges in which every vertex of the graph
appears exactly once. Further, a near I-factor in Ko, _1 is a set of 1~ 1 edges which covers

all bur one vertex. {2}
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Fig. 1.1: Triangle K

Definition 1.1.4 []8] A compatible factorization of a graph of order v, denoted by CF(v)

isauvx %l array that satisfies the following conditions:

. The entries in row m form a near-1 factor.

. The triples associated with the rows contain no repetitions.

Definition 1.1.5  [1] The starter of compatible fuctorization denoted by SCF(v) is the set

of triples that generates all the triples in the design by repeated addition of 1 modulo v,

Example 1.1.1 If v = 5, that is a set of 5 points (vertices) labeled 1, 2, 3, 4, 5, then the
compatable factorization CF(5) is illustrated in Table 1.1. On appending Cy with C,, C;
with Cs, we obtain 10 distinct triples in CF{(5) thar represent all triangles in Ky that shown

in Fig 1.2
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Fig. 1.2: Ky

Tab, 1.1: CF(5)

C”] Cz C"ﬂ

2 31 45
3 4 2 51
4 53 1 2
5 14 23

The shaded row is the starter of compatible factorization SCF(5). The rows below obtained

by adding 1{mod5) to each number in the starter row.

Example 1.1.2 Ifv = 7, that is a set of 7 points labeled 1, 2, 3, 4, 5, 6, 7, then the compatable
Jactorization CF(T7) is illustrated in Table 1.2 and the graph of K, is shown in Fig 1.3, On

appending Cy with Cy, Cy with Cy, Cy with Cy, we obtain 21 distinct 1riples in CF (7).
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Fig. 1.3: K7

Tab, 1.2: CF(7)
2 31 4 7 56
3 4 2 51 6 7
4 53 6 2 71
5 6 4 7 3 12
6 75 1 4 2 3
7 16 25 3 4

Tabel 1.1 gives C'F(7}, which are 21 triangles. But in X, we have (}j = 35

triangles. To obtain all triangles in Ky which are 35 triangles, we need to in-

troduce the completion of compatible factorization CF(v}. So we introduce the




following section.

1.2 Triad Design

Definition 1.2.1 [I] A triad design on v objects, TD(v) is a method for listing (4} distinct

triples . It is a triple system formed from compatible factorization CF(v) such that:

. Row m contains % triples, among which object m meets every other object precisely once,
and contains also other distinct triples

. Each triple occurs exactly once in the design

. No two elements occur together in two or more triples in any row.

Let us denote the completion of CF(v) by CF(v) where v = 6n+5 , then the triad

design of graph of order v is TD(v) = CF(v) U CF(v). The number of triples in
TD(w) is [T D(v)| = |CF(v)| + |CF(v)!.

Definition 1,2.2  [1] [9] The starter of triad design denoted by ST D{v) is the set of triples

that generates all the triples in the design by repeated addition of 1 modulo v, i.e.
STD{v) = SCF{x) USCF(v)

Example 1.2.1 For example 1.1.2 the completion can be organized as in table 1.3




Tab. 1.3: TD(7)

2 31 4 7 56 17 5 643
3 4 2 51 6 7 216 754
4 53 6 2 71 327 165
5 6 4 T3 I 2 431 276
6 75 1 4 23 542 317
7 16 25 3 4 653 421

Remark 1.2.1 For the graph of order v = 6n + |,

1. From definitionl. 1.4, the number of triples in the compatible factorization,

1)—1_

CF) = v x P2 = (gn + 1)(%) —3xux(

2

2. The number of triples is given by

ITD(w)| = (;) Gt 1)(Gét)(ﬁn —1)

3. From equations 1.1 and 1.2, the number of triples of the compatible factorization is

CF{u) =2n{6n+ 1)(3n — 2)

9 1

3

v—1

e

— 1

5

()(v—5)

2

(1.1)

= (n)(Bn+1)(6n—1) = (v+1){v){v—2) (1.2)

(1.3)



. The number of triangles in the starter of completion factorization [1], is

T — _v—l

6

|SCF(v)} = 2n{3n — 2) x {v—0>0) (14
Remark 1.2.2 We remark the following results for case v = 6n + 5
. From definitionl.1.4, the number of triples in the compatible factorization,
v—1 '
ICF(v)] = v x (L.5)
. The number of triples is given by
v v{v—1}{v—2
D@ = (1) = D=2 (1.6)
3 6
5. From equations 1.5 and 1.6, the number of triples of the compatible factorization is
e v b
|CF(v)] = n(6n+5)(6n +4) = X v x{v-—1) (1.7)
. The number of triangles in the starter of completion factorizution [1], is
[SCF)| = 2n(3n+2) = o2 x (v~ 1) (1.8)

Definition 1.2.3 [1] The r — th element of ST D(v) are the v — th numbers in each triple,

denoted by S,TD{v), for1 <r <3

Example 1.2.2 Whenv =71, from table 1.3 STD ={127,136,145,764,532}. Su

S$iITD =1,1,1.7.5, $TD =2,3.4,6,3, S3TD =7.6,5,4,2



Chapter Two

Triad Design of Orders 11 and 17

In this chapter, we introduce the triad design for 11 and 17, by constructing
STD{11) and STD(17).

2.1 Triad Design of Order 11 (6n + 5, n = 1)

STD(11) = SCF(11)USCF(i1)
= {1211,1310,149,1581670{239, 11104 248 119 5,

257 1186,347,1096,457 986}

Let 7}, be the k-th triple in STD(11), where 1 < k < 15, So, STD(11) = {1, ..., Ti5}.
Let [S,TD(11)] be the k-th element in S,TD(11) for 1 < r < 3. STD(11) in terms
of 5, TD{11) as shown in Table 2.1,

Tab. 2.1: S, TD(11)

S0 ! ] 1 1 i b2 1 2 1 2 n 3 10 4 9

8;TD{11) 2 3 4 3 f 1 10 4 9 5 8 4 9 5 8

ST D) 1l I 1 ¥ 7 9 4 8 5 7 3 7 6 7 6
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It can be observed from Table 2.1 that %, the number of tribles in S7TD(11), can
be devided into three intervals (periods). These intervals and corresponding

elements in S, TD{11} are summarized in Table 2.2,

Tab. 2.2: Intervals of k and the corresponding elements in $17°02(11)

No. of intervals Intervals of k corresponding elements in $; 7 (11)
1 1<k<5h L1, 11
2 6<k<11 2,11,2,11,2, 11
3 12<k <15 3,10,4,9

Let f denotes the first number of the Tast interval. The formula

k+1

1 . .
y=3 (k= f+mod( )+-1] can produce the corresponding elements in §;7D(11)
in the last interval. For example, if ¥ = 13, then f = 12 because 13 in the last

interval 12 < k < 15. Hence,

k+
2
Therefore, the corresponding elementin $;TD(11) fork=13is 11~y =11—-1=

13+1

I 1 1
[y = 5[1;: — f+ mod( )+ 1]=§[13 — 12 + modf )+1 =1
10, which is the same number as shown in Table 2.2.
Also, if k = 14, then f = 12 because 14 in the last interval 12 < & < 15 . Hence,
1 E-+1 1441
[yx—g—[k——f—!—mod{ ;- ;_ y+1]=2.
Therefore, the corresponding element in $;7TD(11) for k = 14is 2+ y=2+2 =4,

1
Y+ l]zg[l-‘l — 12 + mod(

which is the same number as shown in Table 2.2. Thus, the corresponding

elements of 5,TD(11)} is as follows.
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1 1<k<5
2 6 < k<11, kiseven
SIDANL =411 6 < k<11, kis odd

24y 12< k<15, kis cven

(11-y 12<k <15, kisodd

In similar way, intervals of k and the corresponding elements in $,7D(11) are
shown in Table 2.3.

Tab. 2.3: Intervals of k and the corresponding elements in ST D(11)

No. of intervals Intervals of k corresponding elements in 5,7 D(11)
1 1<k<5 2,3,4,5,6
2 6<k<1t 3,10,4,9,5,8
3 12<k<15 4,9,5,8

1 ¢ :
Use the same formula y = ~2—[I: — [+ mod(%) + 1] to produce the correspond-

ing elements in S,7D(11) in all intervals of & except the first one. Hence, the

construction of S;7D(11) is the following.

"

1+k 1<k<5
24y 6 k<1I, kiseven
ST D) =11~y 6< k<11, kis odd

3+y 12< k<15, kisecven

10—y 12<k <15, kisodd
Finally, using the above discussion, intervals of k and the corresponding ele-



13

ments in S;7D(11) are shown in Table 2.4

Tab. 2.4: Intervals of & and the corresponding elements in 3T D(11}

No. of intervals Intervals of k corresponding elements in S3TD(11)
1 1<kLS 11,10,9,8,7
2 6<k<1l 9,4,8,5,7,6
3 12<k <15 7.6,7,6

Use the same formula y = %[k— J4+mod( kel

)+1]} to generate the corresponding

elements in all intervals of k& except the first one. Hence, the construction of

ST D(11) is the following.
'12 —k 1<k<Hh

10—y 6<Fk <11, kiseven
SsTDAD = {3+ y G6<k<11, kisgodd

7 12 < k <15, kis even

6 12 < k < 15, k is odd

So we have TD(11) as in the following table :
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Tab. 2.5: TD(11)

!

2 3 1 2 4 11 2 5 1a 2 6 9 2 7 8
3 4 2 3 5 1 2 & 11 3 7 i0 3 ] 5
4 3 3 4 6 2 4 7- 1 4 i 11 4 9 i0
5 6 4 5 7 3 L3 ] 2 5 9 1 35 16 11
13 bl 4 6 8 4 6 9 3 6 10 2 6 11 I
7 8 6 7 9 5 7 10 4 7 1 3 7 1 2
% g 7 8 10 6 8 i 5 (] 1 F) 8 2 3
9 ] g 9 1L 7 [ L 6 g 2 3 9 3 4
10 1 8 10 1 8 % 2 7 10 3 G {0 4 5
1 1 10 11 2 9 i 3 8 11 4 7 1 5 6

4 3 11 2 £ & 4 6 14 hed 11 7 4 7 9
5 4 i 3 2 7 ] 7 11 3 i 8 3 8 10
[ 7 3 4 3 I [ 8 i + 2 9 6 9 3]
7 8 3 s 4 9 7 ‘ L4 2 5 3 i 7 Hil 1
8 g 4 6 5 1 3 10 3 6 4 i1 8 i1 2
o 10 5 7 3 1 9 K 4 7 5 i L4 1

10 1l [ 8 7 1 10 H 5 g & 2 1 10 2 4
[} 1 7 9 8 2 11 2 6 9 1 3 H 3 5
H 2 3 10 9 3 1 k) ? 10 ] 3 1 4 &
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2 1% 8 3 [ 9 1 11 ] [ 7 4 il 10 8
3 il g 6 7 10 2 1 9 7 8 18 i i 9
4 L mn 7 ) 1 3 2 10 8 9 H] 2 i 1%
3 2 11 H 9 1 4 3 H 9 16 H k] 2 11
& 3 1 9 ] 2 5 4 1 io 3] 2 4 A 1
7 4 2 10 11 3 [ 5 2 1 | 3 5 4 1¥
8 5 3 1] 1 4 ki L] 3 1 2 4 6 3 H
9 & 4 1 2 5 8 7 4 2 3 5 ki & 2
10 7 3 4 3 4 2 3 3 3 4 6 g 7 3

2,2 Triad Design of Order 17 (6n + 5, n = 2)

In this section, we devide ST.D(17) into intervals to construct formulas for S5.D(17)

, Where 1 < r < 3,

Tab 2.6: 5, TD{17) ,where 1 <r < 3.

FTD{T) 1 1 H 17 2 7 P ia 3 16

S DT 2 3 9 i6 3 11 3 15 4 12

ST DT 17 16 1o 15 4 . 12 8 is 4 12

8T D(17) 3 15 4 s 4 014 5 14 5 6 13 y] 12
STDOT 7 14 5 13 % 13 6 12 7 12 7 1 8
SsTD{1T) 7 8 i 9 0 8 1 9 1o 9 10 9 10

From Table 2.6, k can be devided into 6 intervals, These intervals and the cor-
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responding elements in $,7D(17) are illustrated as follows in Table 2.7.

Tab. 2.7 Intervals of k and the corresponding elements in S, TD(17)

No. of intervals Intervals of k Corresponding elements in ;7' D(17)
1 1<k<8 LLI1,1,1,1,1
2 3<k<20 17,2,17,2,17,2,17,2,17,2,17, 2
3 21 <k <28 16,3,16,3,16,3, 16, 3
4 29 < k<32 15.4,15,4
5 33 <E<36 14,5, 14,5
6 37T <k <40 6,13,7,12

If we let f denotes the first number of the interval. We can usc the formula

1
y= 5lh—f+mod(*

k+1

)+1] to determine the corresponding elements in $;7D(17).

From. Table 2.7, the construction of §,7D(17) for 1 < k < 28 is as follows .

[STDATe =< 17

1<k<8

8 <k<20kiseven
9 <h<20,kis odd
2N <k <28,k is even

21 <k <28, kis odd




The construction of $,7D(17) for 29 < & < 40 is as follows .

15
5

[SITDAT) = ¢
14

y+o

M-y

29< k<32, ks cven

20 <k <32 kisodd

33 <k <36,k is even

33 < k< 36,k is odd

37T <k <40,k is even

3T <k <40,k is odd

Similarly, Table 2.8 shows intervals of k and the corresponding elements in

SeT D(17).

Tab. 2.8: Intervals of k and the corresponding elements in SoTD(17)

No. of intervals lnt_erval; of k Corresponding elements in Ss7D(17)
i 1<k<8 2,3,4,5,6,7,8,9
2 9<k<20 16,3,15,4,14,5,13,6,12,7. 11, 8
3 21 <k <28 15,4, 14,5, 13,6, i2,':7
4 20<k<32 i4,5,13,6
5 < k<36 13,6,12,7
6 3T <k <40 12,7,11,8




. . 1 k
Using the same formula y = E{k —~f+ mod(%l) + 1] to produce the corre-
sponding elements in $,7D(17) in all intervals of k£ except the first interval. The

construction of S,7D(17) for 1 < k < 15 is as follows.

1

17—y

y+3

18

1<kE<S8

9< k <20,k is even
Q< k<20 kis odd
21 < k <28 kiseven
21 < k <28k is odd

29 <k <32, kis even

[SsT D7) =4 15—y

y+6

13—y

Finally, in the same discussion, intervals of k and the corresponding elements in

20 < k<32 kis odd
29 < k <32,k is even
29 < k <32,k is odd
33 <k <36,k is even
33 <k <36,k isodd
37 < k<40, k is even

37 < k <40,k is odd

SsTD(17) are shown in Table 2.9.
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Tab. 2.9; Intervals of k and the corresponding elements in S37TD(17)

No. of intervals Intervals of & Corresponding elements in S37° D(17)
1 1<k<8 17, 16, 15, 14, 173, 12,11, 10
2 9<k <20 4,15,5,14,6,13,7, 12,8, 11,9, 10
3 20< k<28 6,13,7,12,8,11,9, 10
4 20< k<32 8,11,9,10
5 BRI 8,11,9, 10
6 3IT<E<40 9,10,9,10

Using the same formula, the construction of S,TD(17) is the following.

18—k
16 — ¥
y+3
14—y
y+5
[SsTD(AT} s =4 12—y
y+7
12 —y
y+7

10

1<k<8

<k <20,k is even
9 <k <20, kis odd
21 < k< 28,k is even
21 < k < 15,k is odd
29 < k <32,k is even
29 < k< 32,k is odd
33 <k <36,k is even
33< k<36, kis odd
37 < k <40,k i even

37 <k <40,k is odd




Chapter Three

Triad Design For 23 and 29

In this chapter, we introduce the triad design of order 23 and 29.

3.1 Triad design of order 23 (6n -+ 5, n = 3)

In this section , we will introduce the triad design of order 23 in the same method

of TD(17). The Table 3.1, summarize STD(23) in terms of 5,70(23) and the
triple number .

Tab. 3.1: §,7D(23) , where 1 <r < 3,

87123 i 1 2 2 2 a3 3 2 3 2 4
ST 23 2 1 3 2 1 14 4 21 10 15 5
ST H123) 23 13 21 4 13 iz 19 6 13 12 7

5 1D(23) 21 4 21 3 20 3 20 5 20 ] 1% 6 9
S, 10(23) 20 9 16 6 19 7 18 8 17 7 18 8 17
S 023} B 13 12 15 0 14 1l 12 15 1G 14 11

STH(23} 6 19 7 18 7 18 ] 17 8 17 T 10 15

ST {23} 9 14 3 17 9 16 9 14 i 15 10 15 i1 14

ST D123} HES 12 14 11 13 12 ] 14 11 13 12 13 2 13 12
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Now, From Tables 3.1, k can be divided into 9 intervals. These intervals and

the corresponding elements in §,7D(23) are shown in Table 3.2,

Tab. 3.2: Intervals of k and the corresponding elements in 547'1(23)

No. of intervals Intervals of & Corresponding elements in 5;TD(23)
I k<1l LLLLLLLLL T
2 1248529 2,23,2,23,2,23,2,23,2,23,2,23,2,23,2,23,2,23
3 30< k<43 3,22,3,22,3,22,3,22,3,23,3,22,3,22
4 4 <k <53 4,21, 4,21, 4,21, 4,12,4,21
5 54 <k <59 5,20,5,20.5,20
6 60 <k <65 6,19,6,19,6,19
7 66 < k<69 7,18,7,18
8 TO<h<T3 817,817
9 A<k LTT 9,16, 10, 15

Using the formula y = %[L — |+ maod(

E+1
2

) + 1] to produce the corresponding

elements in $;7°D(23). So, the construction of $,7(23) for is the following,
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1 1<k<1l
:-2 12 < k<29, kiseven
23 12 < k<29, kisodd
3 30 < k<43, kis even
22 30 < k<43 kisodd
4 44 < k <53, kis even
21 44 < k<53, kisodd
5 04 < k <59, kiseven
[S1TD(23)} = { 20 54 < k < 59, k is odd
6 60 <k <65, kiseven
19 60 < k <65, kis odd
7 66 < k<869, kis cuen
18 66 <k <69 kisodd
8 T0< k<73, kiseven
17 TO0<E<T3, kisodd
B+y T<E<T7, kiseven
kis odd

Simularly, Table 3.3 shows intervals of & and the corresponding elements in

ST D(23).

17—y T4<k <77,
\



23

Tab. 3.3: Intervals of & and the corresponding elements in S37"1(23)

No. of intervals Intervals of & Corr;:spondin ¢ elements in SoTD(23)
1 1<k<l © 2,3,4.5,6,7,8,9,10,11,12
2 12€ k<29 3,22,4,21,5,20,6,19,7, 18, 8, 17,9, 16, 10, 15, 11, 14
3 Wk 4,21,5,20,6,19,7, 18, 8,17,9,16, 10,15
4 4 <h<hl . 5,20,6,19,7,18,8,17,9, 16
5 ' 54 k<59 6,19,7,18, 8,17
6 60 k<65 7,18,8,17,9.'16
7 66 <k <69 8, 17,9,16
& M<k<T3 9, 16,10, 15
9 TAL<ELTT 10, 15,11, 14

Using the same formula above, the construction of S,TD(23) as follows.

k+1 1<k<11

24y 12<k <29, kig even
23—y 12 < k<28 kisodd
34y 30<k<43, kis even

[S2TD23) =< 22—y 30 < k < 43. k is odd

44y 44 <k <53,k is cven
21—y 44 < k<53, kisodd
54+y bd<k< 59? kis cven
20—y 54 <k <58 kis odd
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64+1y O60< k<65, kiseven
19—y 60 <Ek<G5kisodd
Ty  66<k<G69kiseven
18—y 66<k <69,k is odd
8+y 70 <k <73k is even
W—y T0L<k<73kisodd
8 -4y T4 <k <77,k is even

17—y M4<E<T kis odd

Finally, similar to the above work, intervals of k and the corresponding elements

in 83TD(23) are shown in Table 3.4

Tab. 3.4; Intervals of k and the corresponding elements in ST D(23)

No. of infervals Imtervals of & Corresponding elements in ST 13{23)
1 1<k<1l 23,22,21,20, 19, 18, 17, 16, 15, 14, 13
2 12< k<29 21,4,20,5,19,6,18,7,17. 8, 16,9, 15, 10, 14, 11, .13, 12
3 < k<43 19,6, 18,7 17,8, 16,9, 15,10, 14, 11,13, 12
4 4 < k<53 17,8,16,9,15, 10,14, 11, 13, 12
5 54 < k<59 15,10, 14, 11, 13, 12
6 60 < k<D 15,10,14, 11, 13, 12
7 66 < k<69 14,11, 13, 12
8 N<k<T3 14,11, 13,12
9 TA<hk<TT 13,12, 13, 12
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In the same way, the construction of 5;7'D(23) is the following.

M4-k 1<k<11

22—y 12 <k <20,k is even
3+y  12<k<29.kis odd
20—y 30<Fk<43,kis even
B4y 3N <E<43 ks odd
18—y 44 < k <53,k is even
T+y 44 <k <53,k is odd

ol DU W 3oy
— —

4 o
&3 K AT T g w5

s
o
o

j
[SsTD{23)]e = ¢ 9+y 54 <k <59,k is odd
16—y 60< k<65, kiseven
9+y 60 < k<65, kisodd
15—y 66 <k <69,kis even
W04y 66 <k<069.kisodd
15—y TOL< k<73, kiseven
W0+y T0<k<73kis odd
13 74 < k <77,k is even

12 74 < k<77, ks odd
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3.2 Triad Design For 20 (6n + 5, n = 4)

In this section, we analyse and divide $7°0(29) into 12 intervals to construct
formulas for S,7D(29) , where 1 < r < 3. Let {S,7D{29)]x. be the k-th element in
5.7D(29) for 1 < r < 3. We can summarize STD(29) in terms S,.TD(29) as shown
in Table 3.5 .

Tab, 3.5: §,TD{29) , where 1 <r < 3.

ST o) H | 1 1 1 el 2 2 28 3 28

el Ty} 2 3 4 14 3 24 a - 7 L] X7 4 %

I3 L¥an)

£, Brany 3 27 4 a7 4 6 5 20 s 2 6

ST D 3 kL) 5 19 1z 25 [ G ] 24 7 . 21

SoTIX2%)

5, 1D} 6 4 ? 2% 7 2 5 23 ] 2 ] 2 g 2

94T D20 10 b & b TR

STofEm 9 22 9 2 10 W 20 1 0 I} 12 1y 13
SFrDan) i 12 20 ] w2 19 i 18 ER T 12 18 13
Syt D) o o1s i 14 17 5 14 17 15 16 16 15 16 1%

Now, from Table 3.5, & can be divided into 12 intervals. These intervals and the

corresponding elements in $;TD(29) are shown in Table 3.2.



27

Tab. 3.6: Intervals of k and the corresponding elements in $;7D(29)

No. of intervals Intervals of & Cormesponding elements in ;T LH29)
1 1<k<14 LLLLLLELL L
2 IBKhL38 29.2,29,2,29,2,29,2,29,2,29,2,29,2,29,2,29,2,29,2,29,2,29,2
3 Ri e Y 28,3,28,3,28. 3,28, 3, 28, 3, 28, 3,28, 3,28, 3, 28, 3,28, 3
4 <k 27,4,27,4,27.4,27.4,27.4,27.4,27,4,27, 4
5 A< k<86 26,5.26,5,26,5,26,5,26,5, 26,5
6 ET<h<94 25,6,35,6,25, 6,256
7 95 < k<€ 102 24,7,24,7,24,7.24,7
8 103 < k< 108 23.8,23. 8,23, 8
5 HF-<H <1 2279722792279
10 115 < k< 11& 21,10,21, 10
B g <k<122 20, 11,26, 11
12 123 < £ < 126 20,12,19,13

Using the formula y = é[k — [+ mod(

i+

2

1) + 1] to produce the corresponding

elements in S5;TD(29). So, the construction of 5, 7D(29) is the following,
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1 1<kE<14

2 15 <k <38 kiseven

29 15 <k <38 kisodd

3 39 <k <58,k 15 even

28 39 <k <58 kisodd

4 59 <k < T4 kis cven

27 59 <k <74,k is odd

5 75 < k < 86,k is even

26 75 < k <86,k is odd

6 87 <k <94,k is even

25 8T < k<94, kisodd
[S1TD(29)] =< 7 95 <k <102,k is even

24 95 < k <102,k is odd

8 103 <k <108,k is even

23 103 <k <108,k is odd

9 109 <k <114,k is even

22 109 <k <134,k is odd

10 115 < k< 118,k is even

21 115 <k < 118,k is odd

11 119 <k <122,k is even

20 119 < k& <122,k is odd

1l4+y 123 <E <126,k s even

‘21—~y

123 <k < 126,k is odd
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Similarly, Table 2.8 shows intervals of k and the corresponding elements in

S,TD(17).

Tab. 3.7: Intervals of k and the corresponding elements in SoF D{29)

No. of intervals Intervals of & Corresponding elements in 5.7 D{29)
1 1<h<id 2,3,4,5,6,7, 8.9, 10, 11, 12, 13, 14, 15
2 15 < k < 38 28,3,27,4,26.3, 25, 6, 24, 7. 23. 8.22.5, 21, 10,20, 11, 19, 12, 18,13, 17, 14
-3 39 < k<58 27.4,26,5.25,6,24.7,23, 8,22, .21, 10, 20, 11, 19, 12, i8, 13
4 58 < k<74 26,5,25.6,24.7,23, 8, 22,9, 21, 10, 20, 11, 19, 12
s TE<h <86 25,6,24,7,23,8,22,9, 21, 10, 20, 11
6 BT< k<0 24,7,23,8,22,9,21, 10
7 95 < k< 102 23,8.22,9,21, 10, 20, 11
B 108 < & < 108 22,9,21,10,20, 11
9 09 < k<114 21,10, 20, 11,19, 12
10 15 < k<118 20,11, 19, 12
i 119 < k< 122 19,12, 18, 13
12 123 <k 126 13.20,12, 19

Use the same formula y =

1
2

kE+1
[k — [+ mod( +

) + 1] to produce the correspond-

4

ing elements in $,TD(29) in all intervals of k except the first one. Hence, the

construction of S,7D(29) is the following.




k+1
24y
29—y

3+y

30

1<k<14

15 < k<38, kiseven

15 < k < 38, kis odd

390 < k<58, kiseven

30 < k < 58, kis odd

50 < k<74, ks even

B9 < k<74, kisodd

Th < k < 86, kis even

75 < k<86, kisodd

87T < k<94, kiseven

(ST D(29)); = ¢

T+y
24—y

8+y

23—y

9+y

22—y
10+y
21—y
114y
20—y
1i+y

20—y

87 <k <904, kis odd

95 < k < 102,
95 < k < 102,
103 < k < 108

103 <k <108

109 <k <114

109 <k <114
1315 <k <118
116 € k<118
119 < ke <122
119 < k <122
123 <k <126

123 < k<126

k iz even
kig odd

. k ig even
, kis odd
, kis even
, ks odd
. kis even
, kis odd
. kis even
, ks odd
. kis even

, kis odd



Finally, using the above discussionm intervals of & and the corresponding ele-

ments in S370(29) are shown in Table 3.8

Tab. 3.8: Intervals of k and the corresponding elements in 537 D(29)

No. of intervals Intervals of & Corresponding élements in 3T {20}
1 i=kh<1d 25,28, 27, 26,125, 24, 23, 22,21, 20, 19, 18, 17, 16
2 1E<h<38 4,27,5,26,6, 25,7, 24, 8,23,9,22, 10, 21, 11, 26, 12, 19, 3. 18, 14,17, 15, 16
3 3 <k <58 6,25,7, 24,8, 23, 9,22, 10, 21, 11, 20, 12, 19, 13, 18, 14, 17, 15, 16
4 50<-k<T4 8,23,9,22,10,21, 11,20, 12, 19, 13, 18, 14, 17, I5, 16
5 THEkLBE 10,21, 11, 20,12, 19,13, 18, 14, 17, 15,16
6 BTk 12,165,185, 18, 14, 17, 15, 16
7 95 < k<102 12,19, 13, 18, 14, 17, 15, 16
8 103 £k < 108 13,18, 14, 17,15, 16
g e <h<14 13,18, 14,17, 15,16
o 115 £ & <118 14, §7, 15,16
i1 118 € £ €122 14,17, 15,16
iz 123 € A €126 16, 15, 16,15

In the same way, the construction of $;TD(29) is the following.



T+y
22 —y
94y

20—y

32

., kis even
. kisodd
, k is even
kis odd
. kis even
1, kis odd
, ks even
., kis odd

kis even

ST D(29)} = §

11 +y
20—y
11 +y
19—y
12 +y
19—y
124y
18 —y
1B3+y
18—y
13+
16

15

87 <k <84, kisodd
95 < k<102, k is even
95 < k<102, kis odd
103 < & < 108, k is even
103 < k£ < 108, kis odd
109 < k<114, k {5 even
109 < k<114, kis odd

11 k

I is even

o
IA
IA

118,

11° k feis odd

[y
IA
IA

118,
119 < & <122, kis even
119 < k<122, k is odd
123 < k<126, kis even

123 < k<126, kis odd



Chapter Four

Developing Interval Construction Method for v = 6n + 5

The existence of triad design, where v = 6n + 5, and other related results con-
cerning this case have been presented in chapter one. A new method called the
”Generalized Interval Method-GIM” for constructing ST D(v) is presented. We

develop T'D(v) for the general case v = én + 5 by analyzing the patterns of the

tniples i STD(w).

4.1 Developing Interval Construction for ST D{v),v = 6n +5

Now we are ready to consider the general case of the construction of STD{v),
where v = 6n + 5. The process, as one can conclude from the previous discus-
sions, depends on analyzing the triples in ST D(v) using interval techniques of

the number of triples.

From the intervals construction for S7'D(11) in Sections 1.2, and from ST D(17),
The following table of intervals for cases v = 11,17,23, ..., 6n+5 is established. It
is the result of analyzing the patterns of the triples in the designs of the previous

cases, Some theoreins and results are deduced from Table 4.1
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Tab. 4.1: Intervals of ST'D(6n + 5}

intervals of v=1l{n=1} 7= 17(n = 2) P =23{n=1) u="06n+5
&
1€k<s 1<k<y 1<kl T<k=3n+2
k=1l < kL2 12<k <29 Sn+dshLin+2
1E<k<1b 2L k<28 <k <43 Gn+3< k< 1in-2
PR 44 <k <53 ln -1k« 2ln—10
33 L k<36 MLE<H n—9<h<2Tn+2-24
BT < kg 40 50 < k <65
66 < k<069
TO<E<T73
TM<k<T
Total No. 3 6 & 3n
of intervals

Theorem 4,1.1 The number of intervals of STD(6n + 5) is equal to 3n.

Proof: It 1s obvious from Table 4.1 of intervals of STD(6n + 5) that pairs (n,
number of intervals) are (1,3), (2, 6), (3, 12), ... which is a linear function of
slope equal 3. Therefore, The number of intervals of STD(6n -+ 5) is equal to 3n.
&

The general rules of the intervals for the general case » — 65 + 5 are:
1. The first intervalis 1 < k < 3n -+ 2

2. Other intervals except the last one are explaind as follows: Let i denote

~ the interval number starting from second interval until the second to the
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last one. It can be observed from Theorem 4.1.1, that the values of i are
1 <i<3n-2 Thatis, ¢ =11s the second interval, : = 2 is the third interval,
.y = 3n — 2 is the interval second to the last one. The last nhumbers of

each interval, denoted by /, are constructed as shown in Table 4.2

Tab, 4.2: The rules of the last number of the intervals

interval the last number of the interval
3n+3<k<9n +2 I=9n+ 2 f__f,[s(l)f 3]7145 2- [2(1_)_? —2(1)] _.
n+3<k< 155,} 2 l=15n Qsz = {6(25 + é]—:w 2 — {2(5)3 — 2(2j]
1Bn—1<k<2n-10 D= 21n — 10 = [6(3) + 3]n + 2 — [2(3)* — 2(3)]

Clearly, the general rule for the last numberis I = (6(i)+3)n+2—(2(¢)2—2(4)),

where 1 <i<n+1.

Now, if n+2 < ¢ < 3n — 2, then from Table 4.1, the difference between
the last numbers of two successive intervals is smaller than the case when
1 <1 < n+1. Consequently, a value denoted by a;, defined below, must
be added to obtain the desired last numbers of the intervals. Therefore,
the last number of the general interval when n +2 < i < 3n — 2 is equal to
[4ay = (6i+3)n+2— (22— 2) +ay, Ifi =n+1+¢, thenclearly 1 <t < 2n-3.
(

0 t=10

Define a; = { 4 b1

aia+ (6t —2) t>2
\.



36

Similarly, the first number of each interval, denoted by f, are constructed

in Table 4.3

Tab. 4.3: The rales of the last number of the inteﬁals

interval the first number of the interval
IM+3<k<In+2 Fe=3n+3=[61—-1)+3n+2-[2(1—1)2—2(1—1)]
In+3<k<lon-2 f=m+3=062-1)+3n+2-22-12-22-1)]+1
150 —1 <k <21n— 10 f=1n-1=63-1)+3n+2~-23-1)2—-2(3-1)]+1

The general rule for the first number is f = [6{i — 1) +3]n + 2 — [2(i — 1)? ~
2% — 1)) + 1

For the same reason above, if n + 2 < i < 3n — 2, then a value denoted by
a:—1, defined above, must be added to obtain the desired first numbers of
intervals. Therefore, the first number of the general intervals when n+2 <

i < 3n—2is equal to
fHay=6BE-D+3n+2— 2061 ~20G—~1)]+auy +1

,wherei=n+14+1¢ 1<t <2n -3

. The last interval is | + 1+ a; < k < (3n+ 2)(2n + 1), where ¢ = 2n — 3.
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4.2 Generalized Interval Method - GIM for ST D(6n + 5)

Regarding the above discussion and notations, the patterns of the intervals for

the general case v = 6n + 5 are:

1. The first interval 1s 1 < k < 3n+2.

2. Other intervals except the last one are explained as follows:

e f<k<lwhenl<i<n+1, and

¢ frm<k<ltawhenn+2<i<3n-2,i=n+1+41t1<t<2n-3.

Also ag = 0,4, = 4, and if t > 2, then a, = a,_p + (61 — 2).

3. The lastinterval is 1 + 1+ a; < k < (3n+2)(2n+ 1), where t = 2n — 3.

Example 4.2.1 Let n = 2, thatisv = 17. By Theorem 4.1.1, the number of intervals is equal
to 6. Clearly, 1 <1 < 4, and t = 1. Applying the (GIM} to obtain the intervals for the case
v = 17.

. The firstinterval is 1 <k <3n+2, thatis 1 < I <8,

. We use formula 2 part(1} of the (GIM) for 1 < i < 3, because n. = 3. If i = 1, then second

interval is

<kl
B(i—1)+3n+2-[20—1)% =20 — )]+ 1 <k <(6() + 3+ 2 — (200)* ~ 2(3))
[6(1—1)+3]242— 201 = 1) =2(1 = 1)} + 1 <k <= (6(1)+3)2+ 2~ (2(1)* ~2(1))

9<k<20
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If i = 2, then third interval is

F<k<li
60— 1)+ 3Jn+2 — [2(i — 1)* = 2(i — 1)] + 1 < k < (6(i) + 3n +2 — (2(5)° — 2(2))
62— 1) +32+2- 22 -1 —22-D]+1< k<= (6(2)+3)2+2~ (2(2)% = 2(2))
21 < k<28

Ifi = 3, then fourth interval is

fk<

[6(i— 1)+ 3n+2—[20i - 1)* —2(i = 1)) + 1 S k < (6() + 3)n +2 —~ (2(3)* — 2(i})

BE-1)+31242—- 23 -1 2@~ 1] +1 <k <1 ={(6(3)+3)2+2-(2(3)" - 2(3))

20< k<32

Now: i > n+ 1 =3, so formula 2 part 2 of the (GIM) will be used. If i = 4 then t = 1,
Henice, the fifth interval is

JHaa<k<l+a
[6(i—1)+3n+2—[2G—1)*-2(i—1)]+aa+1 <k < (6(0) +3)n+2-2(2(iY —2(4)) +as
[6(4—1)+3]2+2-[2(4—1)2—2(4—D)]+ar1+1 < k < (6(4)+3)2+2-2(2(4)* ~2(4))}+ai]

33<L k<36

3. The last interval is 1 + 1+ < k < (B3n-+ 2)(2n + 1), wheret = 1, that is

37T < k<40

We are now in a position to give the constructions of §,7D(v), for1 <r < 3and
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v =6n+5. Let T} be the k — ¢/ triple in STD(v), then 1 < k& < (3n + 2)(2n + 1).

Let [S,TD(v)]x be the k — th element in S,TD(v) for 1 < r < 3. If ; denotes the

interval number starting from the second interval until the second to the last

one, then by Theorem 4.1.1, 1 < i < 3n — 2. Let ¢ be a variable appears when
i > n+2, thatis when n+2 <4 < 3n—2. If i = n+1+¢, then clearly 1 <¢ < 2n-3.
0 t=0

Define o, = ¢ 4 t=1

Qo+ {6t —2) t>2

E+1
[k——f—k;m,od(———————; )+

| =

We set in addition to the above notations, The formula y =

[3%]

1.

Theorem 4.2.1 Following the above notations , the construction of S;TD{w) for1 <r <3

are as follows:




[STD() = 4

41

6n-+6—1

i1

40

1<k<3n+2

f<k<i<i<n-+ L kiseven

F<k<L1<i<n+1,kisodd

fHma<k<l+ani=n+1-+1tkiseven

bn+6—-i fHo <k<l+aq.i=n+1+1kisodd
n+2<i<In—2,1<+<2n-3

m—14y I+a+1<k<(Bn+2)2n+1),kiseven

In+8—y l+a+1<k<@n+2)(2n+1),kisodd



[SeTD(w)]x = <

k+1

i+14y

n+6—1—vy

i+14y

41

1<k<3n+2

f<k<lL1<i<n+1, kiseven

fek<l,1<i<n+1, kisodd

fHwma<k<l+an,i=n+141, kiseven

Ffrm i <k<l+aq,i=n+1+1% kisodd

n+2—i—y
3n—~1+4y
In+8—~y

n+2<i<3In—2,1<t<2n-3

I+ +1<k<(@Bn+2)(2n+1), kiseven

L+a,+1<k < (3n+2)(2n+1), kis odd



6n+6—k
bn+6—2i—y
%4 1+y

[SgTJD(U)];c = 4

bn+6—2i—y+Cj
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1<k<3n+2

F<k<l1<i<n+4+1, kiseven

F<k<,1<i<n+1, kisodd

fHrmag <k <l+a, i=n+1+1, kiseven

\-

2i+1+y-—Cj Fra1 <k <l+a, i=n+ 141, kisodd
n+2<i<3n—4,1<t<2n—-4

‘3?1.-%—4 [+a+1<k<3n+2)(2n+1), kiseven

3n+3 l+a+1<k<(Bn+2)(2n+1), kisodd

Where Cy = Cj | + 1+ frr.od(-%—l), j=i—nand C; =0, when j <1

Proof: We prove the constructions related to SlTD(fu'). The proofs of the others

two are similar.

(2) If 1 < k < 3n + 2, then [SiTD(v)], are the first elements of CF(v) which are

always equal to 1.

{b) From the construction of {$,7D{11)]; , we can see that if  is even, and i = 1
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then the value of [$,T'D(v)], is 2. Also the values of [$;TD(17)),. are 2,3,4, when
1 < i < 3. We conclude that the values of [$TD(v)), are i+ 1, when 1 <i<n41
(c) Similarly, if % is odd, and i = 1, then the value of [$,TD(11)]; is 11. Also
the value of [$,7D(17)], are 17, 16, 15, when 1 < i < 3. Hence the values of
[SiTD{v)) are v+1—i=6n+6—i, whenl<i<n.

(d), (e) Similar to (b) and (c), the values of [$,TD{v)] are the same when n+2 <
1< 3n—2.

(f) Clearly,ifi=n-+1+tandn+2<i<3n—2,thenn+2<n+1+t<3n—-2,
thatis 1 <t < 2n— 3 '

(g) For the last interval { + &, +1 < k < (83n+2)(2n+ 1), f = 2n — 3 and k is
even, we see that the value of [$,TD(11)], is equal to 2 + y. Also the value of

[SiTD(17)] is equal to 5 + y. Beeause of (1,2) and (2,5), we can deduce easily

that [S,TD(v)}, = 3n — 1 +y, where y is the rule defined above. O

Example 4.2.2 Let n = 5 that is v = 35. By Theorem 4.1,1, the number of intervals is equal
to 15, Clearly, ,\1 < i < 6, and } <t < 7. Applving the (GIM) to obtain the intervals for the

case v = 35.

. The firstinterval is 1 < k <3n+2 thatis 1 <k <17..

. We use formula 2 part(1} of the (GIM) for 1 < { < 13, because n = 5. If i = 1, then second
interval is

F<k <l
6(i— 1)+ 3 +2 - 20— 1) =20 — D)} + 1 < k < (6() +3)n+2 — (2(¢)° —2(2))
161 -1 4+35+2—201 -1 =201 - 1)) +1 <k <1 = (6(1)+3)5+2 — (2(1)* — 2(1))

18 < k < 47



Ifi = 2, then third interval is

f<k<i
[6(~ 1)+ 3n + 2 — 26— 1) = 2(i = 1)) + 1 < k < (6(0) + 3)n +2 — (20)* — 2(9))
6(2~1)+3)5+2— 2212 —2(2— )]+ 1 <k <1 =(6(2)+3)5+2— (2(2)2 - 2(2))
| W<R<T3

Ifi = 3, then fourth interval is

F<hk<l
[6(i— 1) 4+ 3n+2= 26~ 1) = 2(i - )]+ 1 < k < (6() + 3)n+ 2 — (2(1)* - 2(4))

B(3—1)+3542—2(3 -1 ~23-D]+1 <k <1=(6(3)+3)5+2~ (2(3)* ~ 2(3))

T4<k<95

Ifi = 4, then fifth imterval is
f<k<l

6(i~1)+3n+2— 26— 12 = 2(i— D] +1 < k < (6(3) + 3)n+2 — (2()? — 2(4))
B(4—1)+3]5+2—[24 =1 24— 1] +1 <k < | = (6(4) +3)5+2 — (2(4)> — 2(4))
96 < k < 113

If i = b, then sixth interval is

k<l

61— 1) +3ln+2— 26 -1 —2(i — 1] + 1 < k < (6() + 3m+2 — (2()* — 2(4))

[6(5— 1) +315+2~ 23— 1) = 2(5— 1) + 1 < k < = (6(5) +3)5+2— (2(5)* — 2(5))

114 < k<127
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If i = 6, then Seventh interval is

F<k<l
[6(i —1)+3ln+2~ 20— 1)* =20 - D]+ 1 <k < (6(2) + 3)n + 2 — (2(4)% — 2(3))
B6—1)+35+2—[2(6—-1)2—2(6—1)]+1 < k <1 = (6(6)+3)5+2— (2(6)° — 2(6))
128 < k < 137

Now: ¢ > n+ 1 = 6, so formula 2 part 2 of the (GIM) will be used. If i = 7 thent = 1
Hence, the eighth interval is

froa<k<i+a

GE—1)+3n+2—[20— 1) =20 — 1)) t+apmy +1 < b < (6(3)+3)n+2—(2(i)* = 2(4)) +a

6(7—1)+3]5+2~[2(7-1)*=2(T—D)]+a1-1+1 < k < (6(7)+3)5+2 (2(7)? =2(T))+a3]
138 < k < 147

Ifi =8 thent = 2, Hence, the eighth interval is
fra1fk<i+a

6(i—1)+3ln+2= 2611 =2(i— 1))+, +1 < k < (6(1)+3)n+2~ (2(i)* —2()} +a
[6(8—1)+315+2—[2(8—1)*=2(8 = )] fap_s+1 < k < (6(8)+8)5+2~(2(8)2—2(8)) 40
148 < k < 155

Ifi = O then t = 3. Hence, the tenth interval is

fHo . <k<l+ao
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[6(i—1)+3n+2—[2(i—1) —2(i— 1))+ a1 +1 < k £ (6(2)+3)n+2—(2(:)* —2(1)) +a
6(9—1)+3]5+2-[2(9-1)*—2(9—1)]4+az-1+1 < k < (6{9)+3)5+2—(2(9)2—2(9)) +as)
156 < k < 163

Ifi =10 thent = 4. Hence, the eleventh interval is
fraa fk<l+a

B(i—1)+3n+2-[20—1)* = 2(i— )]+ a1 +1 < k < (6(i)}+3)n+2—(2(i)*—2(1)) +a,
[6(10—1)+8}54+2~[2(10-1)*—2(10-1)]+a4-1+1 < k < (6(10)+3)5+2—(2(10)*~2(10))+aq]

164 <k < 169

Ifi =11 then t = b. Hence, the twelfth interval is
fHaa<k<Ii+o

Bli—1)+3ln+2—[2(—1)2—=2(i— D] +ar_+1 < k < (6()+3)n+2— (2()2 - 2(:)) +a,
[6(11—1)4+3]5+2—[2(11—1)2—2(11—1)]+a5_1+1 < k < (6(11)+3)5+2—(2(11)2=2(11))+as]
170 < & < 175

Ifi =12 then t = 6. Hence, the thirteen interval is

fHroa <k<i+ao
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6(i—1)+3n+2-2(i—1)* = 2(i— )]+ ar +1 < k < (6(0)+3)n4+2— (26> — 2(4)) +-a,
[6(12—1)-+3]5+2-[2(12—1)*—2(12—1)]+ap-+1 < k < {6(12)+3)5+2—(2(12)*—2(12))+ag]
176 < k& <179

Ifi =13 thent = 7. Hence, the fourteen interval is
f‘JV‘at_] Sk’gl+&t

[6(i—1)43n+2—[20i—1)* —2(i— )] +ae1+1 < k < (6(1) +3)n+2—(2(1)* —2(1)) +a;
[6(13—1)+3]542—[2(18—1)2—2(13—1)}+ay_y+1 < k < (6(13)-+3)5+2—(2(13)P=2(13))+as]

180 <k <183

3. Thelastinterval isT+ f +a; < E < Bn+2){(2n+ 1), where t = 2{8} — 3 =7, thar is

184 < k < 187
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Example 4.2.3 Let n=>5, that is v=35. In example 4.2.2, we constructed the intervals of

STD(35). In this example we want to build = S, T D(35) using Theorem 4.2.1. Thus we have

S1TD(35) as follows

1 1<k 17 .

9 148 < k < 155, kiseven
2 1B <Ek<47. kiseven

28 148 < k < 155, kis odd
3 1B < k<47, kisodd

10 156 < k < 163, kis even
3 48 < k<73 kiseven

27 156 < k < 163, kis odd
3 AB < k<73, kis odd

11 164 < k < 169, kis even
4 T4 < k<95, kiseven

26 164 <k <169, k15 odd
33 T4< k<95, kisodd

12 170 < & < 175, kis even

[SITDB5) =<5 96 < k < 113, kis even [S1ITD{35)]; =

25 IT0< k<175, kisodd
32 96 < k<113, kisodd

13 176 < k < 179, kis even
6 114 < k <127, kiseven

24 176 < k <179, kis odd
31 114 < k<127, kis odd

14 180 < & < 183, kis even
T 128 < k<137, kiseven

23 180 < k < 183, kisodd
30 128 < k < 137, kis odd

23—y 1834 <k < 187, kis even
8 138< k<147, kiseven

1M4+y 184 <k <187, kis odd
20 138 <k < 147, kis odd .
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In the same way, we have [S;T D(3b)};, as follows

e STDEN =By 06 < k< M3 kiseven

32—~y
G+y
31—y
T+y
30—y

B+y

20 —y

1<k<17

18 <k <47, kiseven
18 <k <47, kisodd
48 <k <73,k is even
48 <k <73, kisodd
T4 < k <95, kis even

T4 < k<95 kisodd

96 < k < 113,k is odd
114 < k& <127,k is even
114 < k <127,k is odd
128 < B <137, k is even
128 < B < 137. ks odd
138 < k < 147, k is even

138 << k< 147,k is odd




9+y
28 — vy
10+ y
27—y
14y
26 —y
124y

15,7 D(35)}, = ¢
25—y

24—y

13+y
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148 <} < 155,k iseven
148 < e < 155, k15 odd
156 < k < 163,k is even
156 < k < 163, k 45 odd
1684 < k < 169, & is cven
164 < k <169,k isodd
170 < k <175,k is even
170 < k < 175,k is odd
176 < k < 179, k is even

176 < k < 179,k is odd

44y
23—y
14+y

23—y

180 < k < 183,k is even
180 < k <183, k48 odd
184 < k < 187,k is even

184 < k < 187,k is odd
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Int the same way, we have [S,TD(35); as follows

13+y

138 < k < 147, kis odd

36—k 1<k<1T
23—y 148 < k < 155,k is even
34—y 18<k <47 kiscven
144+y 148 <k <155, kisodd
34y 18< k<47 kisodd
23—y 1566 < k < 163,k is even
32—y 48 <k <73,k iseven
M4+y 166 <k <163,k is odd
54y 48 <k <73 kisodd -
29—y 164 < k < 169,k is even
-y T4<k<95, kiseven
154y 164 <k < 169, % 45 odd
T+y T4< k<95 kisodd
e o R 92 —y 170 <k <175,k is even
[Pad LASO)E = Y28 —y Yo S K S Lls Reeven 1930 BN
154y 170 <k <175,k is odd
94y 96 <k<113,kisodd
21—y 176 < k <179,k is even
26 -y 114 <k < 127,k is even
164y 176 <k <179 kisodd
114y 114 <k <127 kisodd
: 21—y 180 < k < 183,k is even
24—y 128 <k <137.kiscven
16+y 180 <k < 183,k is odd
13+y 128 <k <137, kis odd
19 iRd < k < 187,k is even
24—y 138 < k <147,k is even
18 184 < k < 187,k is odd
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Conclusions and Future work

We have constructed a new method for developing the triad design of orders 17,
23, 29 and 35. by analyzing the triples to construct the starter for 7D(v) . For
each case, first we divide the triples into number of intervals. Then for each
interval we construct $,7D(v), S,TD(v) and S;T'D(v). Furthermore, we use the
formula y = %[k —f+ mod(ﬁ—;—ﬁ) + 1] to produce the corresponding elements
in $,7D{), S;TD(v) and S;TD(v) respectively. After that, derived the general

rules of intervals of the general case v = 6n+5. From that, we construct 5,7D(v)
for 1 < r < 3 that mentioned in Theorem 4.2.1. Also we applied the proposed
method using numerical examples for the case » = 35 in order to test the results.
Many topics can follow the work presented in this thesis. Here, we mention
some of the topics that can be considered:

1. Construct the triad design of other orders.

2. Constructing the triad design for the cases v = 6n or v = 6n + 2

3. Apply the mathematical results presented in this thesis for real life problems

in different fields ( e.g. economics and physics).
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