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Abstract

Fully Fuzzy Linear Systems Via Alpha-cuts

By

Sabreen Ameen Hassan Ibrahim

In this work, we studied fully fuzzy linear systems with triangular, trapezoidal
and hexagonal fuzzy numbers. In literature, the product of two fuzzy num-
bers using « — cuts has an unpreferable amount, so many authors went to
the approximated multiplication formula. Following approximated multipli-
cation, the multiplication of two positive fuzzy numbers need not be positive
and in other times leads to a fuzzy number that is not of the same type.
Our concern in this work was to use the exact value of the multiplication of
two fuzzy numbers and insert suitable condition(s) to guarantee the unique-
ness of the solution of a fully fuzzy system with triangular, trapezoidal and
hexagonal fuzzy numbers. We proposed a structure for the solution of the
fully fuzzy linear system in each case. We then illustrated our results using

a number of numerical examples.
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Chapter 1

Introduction

Linear algebraic systems play an important role in many branches of science,
statistics and engineering [31]. In applications which sometimes deal with
inaccurate parameters, it is necessary to find a system that can describe
uncertain data, to replace the crisp system. Therefore, many authors have
investigated the solution of such type of systems deeply to develop mathe-
matical tools and numerical proceduresosed solutions and prop. Zadeh was
the first who introduced the definition of fuzzy set theory [37,38]. Since then,
a big amount of research work have been dedicated to build up the basics of
fuzzy set theory [10]. Fuzzy numbers are fuzzy subsets of the real numbers.
In this sense, fuzzy numbers simulates the physical phenomena in a more re-
alistic way. Many applications have made use of the fuzzy concept including

computer programming, decision making and communications [3, 40].

The fuzzy arithmetic operations are essential to the development of fuzzy
mathematics. Different approaches have been adopted in the literature to
define fuzzy basic operations such as addition, subtraction and multiplica-
tion [8,9]. While adding and subtracting two fuzzy numbers are fairly sim-
ple, multiplication still have some difficulties. Most of the researchers use

approximation to get more straightforward answer by enforcing some condi-
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tions to the o — cut multiplication definition [8]. However, approximating the
results of multiplication will logically lead to more fuzziness and higher levels
of uncertainties in the resulting fuzzy number [34]. A number of research pa-
pers discussed extensively this problem and proposed several computational

procedures [14, 15, 35].

Solving fuzzy linear systems of equations (FLS) is one field of applied math-
ematics that shows up in various scientific applications especially when the
coefficients of such systems are imprecise and can only be given by fuzzy
numbers. The solution of FLS was first introduced by Friedman et al. [12] by
proposing a general method for solving an n x n system which includes a crisp
coefficients matrix with an arbitrary fuzzy number vector as right-hand side.
Since then, many methods were proposed to solve FLS computationally (the
reader is advised to turn to [2,5] for a review of some methods). A fuzzy linear
system where all the coefficients of the system are fuzzy numbers is called a
fully fuzzy linear system (FFLS). Dehghan and Hashemi in [7] extended the
Adomian decomposition method to solve FFLS. In [27], FFLS with triangular
fuzzy numbers is discussed and a method is proposed using Gauss-Jordan
Elimination. Malkawi et al. [26] proposed a modified associated linear sys-
tem for solving FFLS where the fuzzy numbers are hexagonal and positive.
In [17], a new algorithm is proposed to solve general FFLS where there is
no restrictions on the sign of the parameters nor the variables in the lin-
ear system. Kumar et al. [21] proposed a simplified computational method
to solve the FFLS that overcomes the non-negativity condition in two ways,
one is by eliminating the non-negativity constraint from the coefﬁéient ma-
trix while the other eliminates the non-negativity constraint on the solution
vector. Another approach that proposes solving trapezoidal FFLS using par-

titioning is presented in [16]. In [23], a computational method for solving
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FFLS using row reduced echelon form was applied.

The authors in [30] presented a numerical algorithm for solving fuzzy sys-
tems of linear equations based on homotopy perturbation method. Chan-
drasekaran [6] solved fuzzy linear system by singular value decomposition
method. The authors in [36] introduced ST decomposition procedure to
solve fully fuzzy linear systems. In [29] the authors presented a new rep-
resentation of interval arithmetic, they used it to develop algorithms to solve
fuzzy linear system and fuzzy linear system with both triangular and trape-
zoidal type of fully fuzzy numbers. In [31] the authors solved the fully fuzzy
linear system consisting of positive fuzzy numbers using QR decomposition
method. In [1] the authors proposed a semi-iterative method to find solution
of the fully fuzzy linear systems. The authors in [11] used the arithmetic
operations on fuzzy numbers that introduced by Kaffman and found a pos-
itive fuzzy solution for the fully fuzzy linear system of equations. Nasseri
and Zehmakkesh [28] proposed Huang method for computing a nonnega-
tive solution of the fully fuzzy linear system of equations. Kumar and oth-
ers [19] gave a new approach for solving fully fuzzy linear systems. In the
same time solution of fully fuzzy linear system with arbitrary coefficient was
introduced by them [20] . Several methods were used for solving fully fuzzy
linear systems with trianglar fuzzy numbers have been introduced by many

authors [42] [22] [4] [25].

In this work, we use the alpha-cuts to define the product two fuzzy numbers
without dropping any terms. Also, we find a suitable condition that guaran-
tees not only the existence of the solution, but also a positive one. In this
work, we discuss fully fuzzy linear system with triangular, trapezoidal and
hexagonal fuzzy numbers, respectively. Firstly, we will present the definition

of each fuzzy number, the addition and the multiplication using the alpha
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cut. After that, we solve the fully fuzzy linear systems with the fuzzy num-
bers when the coefficients matrix is square invertible and singular. Moreover,
we give the suitable conditions that guarantee not only the existence of the
solution, but also unique one. We deal in the last of each chapter with the
multiplication of two fuzzy numbers by applying the norm theorem and writ-
ing the new certain conditions that obtain existence positive solution. In

addition, we present some examples for the fully fuzzy linear systems.

The reminder of this thesis is organized as follows: In Chapter 1, we recall
some of the definitions and properties for the fuzzy numbers. We follow that
by presenting the main operations on fuzzy numbers. Chapter 2 is dedicated
for solving fully fuzzy linear systems using triangular fuzzy numbers. After-
words, we present the proposed solution for fully fuzzy linear systems with
trapezoidal fuzzy numbers in Chapter 3. Chapter 4 explains the solution of
fully fuzzy linear systems for hexagonal fuzzy numbers. Finally, we conclude

this thesis and suggest future research directions.

2020 Sabreen Ameen Ibrahim Fully Fuzzy Linear Systems Via Alpha-cuts




(@)

Chapter 2

Fuzzy Set and Fuzzy Number

In this chapter, we start by introducing some important basic definitions
on fuzzy sets. We then move to present operations of fuzzy sets and fuzzy

relations and alpha cut approach.

2.1 Fuzzy Set

Fuzzy set theory is a branch that deals precisely with imprecision and am-
biguity. In 1965, Zadeh introduced the concept of fuzzy sets [38, 39] and
discussed the main operations related to it. In this section, we define fuzzy

sets and membership functions with their related operations.

2.1.1 Definitions and Notations

Definition 2.1.1 [24](Membership function): Let X be a universal set and A

subset of X, the membership function is yi4 : X — {0,1} such that

1, z€A
Xa(z) = (2.1)
0, z¢A.

Definition 2.1.2 Let X be a fuzzy set, the membership function of X is p4 :
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X = [0,1], where the value of p(x) at x shows the grade of membership of x

inA.

If X is discrete then the membership function can be written A = {(=, pa(2)) :
v € X}or A= Z”—‘f—} For example, A = {(1,0.3),(2,0.5)}. The symbol
means not addition but it mean the usual union between sets. On the other

hand, if X ic continuous, then the set A can be written A = [ %ﬂ

2.1.2 Operation of Fuzzy Set
Lets start by defining some of the properties related to fuzzy sets.
Definition 2.1.3 A fuzzy set A is empty if and only if ppa(z) = 0,Va € X.

Definition 2.1.4 [24] Two fuzzy sets A and B are equivalent,denoted by A =
B ifand only if pa(z) = pp(z), Vo € X. And if pa(2) # pp(z), forsomex € X then
A+£B.

Definition 2.1.5 [24] A C B if and only if pa(z) < pp(z), Ve € X.

Definition 2.1.6 [24] The complement set of A is denoted by A has a mem-

bership function pz(z) = 1— pa(z),Ve € X.

Definition 2.1.7 [24] The union of two fuzzy sets A and B is AUB whichis a
fuzzy set whose membership function is defined by paup(z) = max{pa(), pp(x)}, Vo €

X.

Definition 2.1.8 [24] The intersection of two fuzzy sets A and B is AN B
which is a fuzzy set whose membership function is defined by panp(z) =

min{pa(z), pa(e)}, Ve € X.
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Clearly, we can extend many rules that holds for crisp sets to fuzzy by using
operations of union, complement and intersection. Here we provide some

rules:

(1) Involution: The complement set of A = A.

(2) Commutative rule: AUB = BU A.

ANB=BnNnA

(3) Associative rule: (AUB)UC =AU (BUC)
(ANB)NC=An(BNC)

(4) Distributive rule: AN(BUC)=(ANB)U(ANC)
AU(BNC)=(AUB)N(AUC)

(5) De Morgan’s law: the complement set AU B is AN B and complement set

for ANBis AUB.

2.1.3 Alpha Cuts

Now, we move to introduce the a— cut definition and relation to fuzzy sets.

Definition 2.1.9 [41] The set A, = {z € X : pa(x) > a}is called the a— cut

which is a crisp set.

Example 2.1.1 Let A = {(2,0.5),(3,1),(5,0.7),(7,0.4), (9,0.2)} then: A, = {2,3,5,7,9}.

Ags = {2,3,5,7,9}, Aoa = {2,3,5,7}, Aos = {2,3,5}, Aoz = {3,5}, A1 = {3}.

Definition 2.1.10 [41] A fuzzy set A is convex if 21,25 € X, and X € (0, 1] then

pa(Azy 4+ (1 — A)z2) > min{paler), pa(zs)}, .

Alternatively, a fuzzy set is convex if and only if each a-cut is convex.
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2.2 Fuzzy Number

In this section, the definition and basic operationS on fuzzy numbers are
presented. Also, the definitions of ianula, trapezoidal and hexagonal fuzzy

numbers are stated.

2.2.1 DefinitionS and Notations

Definition 2.2.1 [41] A fuzzy number A is a fuzzy sel satisfies the following

conditions:

1. Its membership function is defined on the real number.

2. Its membership _function is piece-wise continuous.

3. Convex fuzzy set.

4, Normalized fuzzy set (i.e 3z € R, pa(z) = 1)

Definition 2.2.2 [24]:A fuzzy number A is called positive (negative) denoted

by A > 0(A < 0) if its membership function j4(x) Satisﬁes pa(z) =0,V < 0(Ve >
0).

2.2.2 Operations on Fuzzy Numbers

Definition 2.2.3 [41] The maximum of two_fuzzy numbers A and B is a fuzzy

set and the membership function is pavp(z) = v, (na(z) A ps(v)),Vz € X.
z=zVy .

Definition 2.2.4 [41] The minimum of two fuzzy numbers A and B is a fuzzy

set and the membership function is jayp(z) = v, (pa(z) A pns(y)), vz € X.
z=zAy

Definition 2.2.5 [41] The Addition of two fuzzy numbers A and B is a fuzzy

set and the membership function is pa,p(z) = V (pa(z) A ps(y)),Vz € X.
z=z+yY
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Definition 2.2.6 [41] The subtraction of two fuzzy numbers A and B is a

fuzzy set and the membership functionis pa_p(z) = V (pa(z)Aps(y)),vz € X.
2=r—y

Definition 2.2.7 [41] The multiplication of two fuzzy numbers A and B is a

fuzzy set and the membership function is pia.p(z) = V (pa(z) App(y)),vVz € X
z=z%Y

Definition 2.2.8 [41] The division of two fuzzy numbers A and B is a fuzzy

set and the membership function is ji/p(z) = v/ (na(z) A pp(y)),Vz € X.
z=z[Yy

2.2.3 Triangular Fuzzy Numbers

M (x)“

= v

0 a—e a a+p

Fig. 2.1: Triangular fuzzy number A = (a,¢, B).

Definition 2.2.9 [33] A triangular fuzzy number A is a fuzzy number defined
by three real numbers a,, a; and as with a; < a3 < as, A =(ay, aq, ag) , whose

membership function is given by:
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2= g <z <y

g as—ay’

A(z) =
az—x v
way ®2STZ a3
0, T > ag

\

Figure2.1 shows the triangular number with uncertainty interval.
Definition 2.2.10 [13] If A = (a;,as,a3), B = (b1, b,b3) are triangular fuzzy
numbers then:

1) Addition: A® B = (a1 + by, as + ba, a3 + bs)

2) Symmetric image: —A = (—ag, —as, —0;)

3) multiplication: AgB= (@1by, asbhs, asbs)

The set A, = {= € (a1, a3], p13(z) > a} is the a—cut of the fuzzy number which is

a crisp set. If A, = [a14,03.), 01. and a3, can be obtained by solving ¢le="L — o

a2—ay

and %=%= = q. Therefore, the a — cut of a trianguIar fuzzy number Ais
Ay = [(a2 - al)&' + a;, ‘*((Lg — ag)o: + a3]. (2.2)

So its core and support are a; and Ay = [a1, a3] respectively.

Definition 2.2.11 A = (a1, a9,a3) and B= (b1, by, b3) are both triangular fuzzy

numbers then, from (2.2) we have

AQ+BQ = [(ﬂ-z—01+b2—b1)0‘+ﬂ.1+bl,*(03*Qg*bg~b2)+(t3+b3]

Au —BQ = [((Lg — a1 +bg —bg)(l'-l-ﬂ.l —53,—((13 — Qg *bg gbl)a+a3 —bl]
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2.2.4 Trapeziodal Fuzzy Number

M (x)“

L

0 a— € a b b+p X

Fig. 2.2: Trapezoidal fuzzy number A = (a,b,¢, ).

Definition 2.2.12 [24] Trapezoidal fuzzy number is a fuzzy number repre-
sented by four real numbers a; < as < 03 < a4 denoted by A = (a,, a3, a3,a4) and

whose membership function is

0, X S (23]
Ir—a -
moa QST a
paf@)=9 1, @<z<a (2.3)
f—f:—;;, ag é T ay
0, T2 a4

I Figure 2.2, an example for a trapezoidal number is given.
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Definition 2.2.13 [24] If A = (a;,as,0a3,a4), B = (b1, ba, b3,by) are trapezoidal

Juzzy numbers then:
1} Addition: A® B = ((Ll + bl, as + bz, as + bg, ay + b4)
2) Symmetric image: —A = (—a4, —ag, —as, —ay)

3) multiplication: A® B= (albl, (lgbg, ﬂ3b3, (Idb.l)

Definition 2.2.14 [24] A trapezoidal fuzzy number A = (ay, as, a3, a4) is said

to be zero trapezoidal fuzzy number if and only if a; = 0,05 = 0,a3 = 0,a4 = 0.

Definition 2.2,15 [24] Two fuzzy numbers A = (a,, as, a3, ay) and B = (b, by, bz, by)

are equal if and only if a; = by, as = by, az = bz, ay = by.

2.2.5 Hexagonal Fuzzy Numbers

M (x)“

M| —

Fig. 2.3: Hexagonal fuzzy number A = (a,b, €1, 81, €, f2).

Definition 2.2.16 [32] A hexagonal fuzzy number A = (@1, a2, a3, ay, as, ag),Wwhere
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ay, as, a3, ay, a5, ag are real numbers whose membership function i ;(x) is

0 T < ay
1 T o
(%) afzla
1, l(z—a: -
3 + 5(;3_?2) [¢5) S H) S as
pil@) = < 1 a3 < 7 < ay (2.4)
1 L >
l=3{Z) ay<oLas
1( .as— .
3(3=r)  es<z<ag
0 T > ag

Figure 2.3 depicts a hexagonal fuzzy number.

Definition 2.2.17 [32] A hexagonal fuzzy number A = (ay, as, as, ay, a5, ag) is

positive (negative) if a; > 0 (a; < 0) fori=1,2,3,4,5,6.

Example 2.2.1 A =(1,2,5,7,3,4) is positive.
A = (-10,-8,-5, -4, -2, —1) is negative.

Definition 2.2.18 [32] Let A = (ay, a3, a3, a4, a5,06) ,B = (b1, by, bs, by, bs, bs) be

two hexagonal fuzzy number, A=B ifonly ifa; = b; fori=1,2,3,4,5,6.

Definition 2.2.19 [32] :If A = (a1, s, as, ay, as, ag) is hexagonal fuzzy number
then —A = (—ag, —as, —ay, —a3, —az, —a;) which is the symmetric image of A is

also a hexagonal fuzzy number.

Definition 2.2.20 [32](Operations of Hexagonal Fuzzy numbers ) Let A BB be

two hexagonal fuzzy numbers then :
Addition: A@® B = (ay + by, a3 + by, a3 + bs, ay + by, a5 + bs, as + bg)

Symmetric image: -A = (—ag, —a5, —a4, —a3, —Q2, —@;)

Multiplication: A ® B = (a1by, asba, asbs, asby, asbs, agbs)
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Example 2.2.2 Let A = (1,3,4,7,8,10), B = (2,5,7, 11,13, 17) be two fuzzy num-

bers then :

Ao B=(38,11,18,21,27)

A® B =(2,15,28,77,104,170)
—A=(-10,-8,-7,—4,-3,—-1).

Using o- cut arithmetic and the left-right spreads, we give a new definition

to hexagonal fuzzy numbers as follows.

Definition 2.2.21 Letm < n, a1,ﬁ1,o'2, and ﬁg such that oy > Oig,ﬁl = ﬁg. A
non-zero hexagonal fuzzy number denoted by A= (m,n, 0,5, a9, Bs) is a fuzzy

number whose membership _function is given by

0 Tr<m— oy
(T m—oy <@L — 0
1452 m—ay <z <m
pa(z) = < 1 m<z<n (2.5)
1—%(’}‘—;‘ n<z<n+pb

—%(“51"—:5‘) n+pp<z<ntf

0 z>n+ 06

Definition 2.2.22 A hexagonal fuzzy number A = (m,n,ay, Bi, as, ) is posi-

tive if m — oy > 0.

Definition 2.2.23 The hexagonal fuzzy numbers A = (m,n,ou1, Bi1, 012, Br2),
and B = (p, 4, @21, B, (za, Ba2) are equal if m =p, n=gq, an = o1, fu = P, u2 =

22, 312 = 522-

Remark 2.2.1 Hexagonal fuzzy number Ay is the order quadruple P, (u) , Q1 (v)
,Qx(v) , Py(u) for u € [0,0.5] , v € [0.5,1] such that Py(u) = 3248, Py(u) =

1 —0
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~3EE Qi) = 14 325 and Qy(v) = 1 = 5(*,*). Infact, if

Pi(z) =

1lz—m+tay _
g = a then z = 2a(a; — az) +m — oy,

PZ(:L) é.\:ﬁln AL — a thenz = ~2a([31 — ﬁg) +n+ 61,
Qi(z) = 14 352 = a then v = 2a3(a — 1) +m
) =

Qo —3(52) = a thena =26(1 — o) +n.

Using a-cut arithmetics and the above remark, we conclude that the a-cut

of hexagonal fuzzy numbers Ay and By are

[2a(ay; — a12) +m — arr, —20(Bu — Pr2) +n+ Pu]  a €[0,0.5)

A, =
[2a19(a — 1) + m, 2612(1 — @) +n] a € [0.5,1]
B - [20(@vg1 — @22) + P — a1, —2a(Bar — Pa) + g + Pu] a €0,0.5)
: [20.’22(&' — 1) +P, 2ﬁ22(1 = OJ) + Q'] WS [05, 1]
So, fora =0,
Ao+ By = [(m—an)+(p—oan),(n+Pfu) + (¢ + Ba)l
= [(m+p— (o +an)),n+q+(Bu+ Ba1))],
for o = 0.5,

Aos +Bos = [(m— o)+ (p— an), (n+ b))+ (g + Ba)]

= [(m+p— (aw+an)),(n+q+ (B2 + Bn))],

and for @ = 1,4, + B, = [m+ p,n +q]. So, we get the sum of two hexagonal

fuzzy numbers

~ -~

A®B=[m+pn+gqan+ay,fn+ /321} Q12 + a2, Pra + Pl (2.6)
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Example 2.2.3 let A = (4,6,2,3,1,2) ,B = (8,10,5,7,3,6). Then

2a+2,—-2a+9] a€(0,0.5)

Ay =
[2a+2,10 - 4a] a€[0.5,1]
[da+3,—2a+17] a€[0,0.5) a€[0,0.5)
6o +2,22—12a] a€[0.5,1] «€[0.5,1]
[6a +5,—da+26] &€ [0,0.5)
Ay + By =

[Ba+4,32 —16a] «€[0.5,1].

Then, A® B = (12,16,7,10,4,8)
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Chapter 3

Triangular Fully Fuzzy Linear systems

3.1 Triangular Fuzzy Numbers and a — cuts

Definition 3.1.1 [33] Let n be a real number, oy and 3, are positive numbers.
A non-zero fuzzy number is a triangular fuzzy number denoted by A = (n, a1, 1)

is a fuzzy number whose membership is given by

"
0, T<n—ao
z—n A s
a;+L n—a <r<n

”ﬁ;l”“+l, n<z<n+p

0, z>n+

\

The a-cut of a triangular fuzzy number is the crisp set A, ={z|z € X, p;(z) > a}.

If A, = [a10.030) then, a1, and a3, can be obtained by solving TS = and
%i%; = «. Therefore,

Aa = [(ag — al)a + ay, —(a3 i ﬂg)a‘ + 613] (3. 1]

Now let 4 = (a1, a3, a3) = (n,a1, f;), then from (3.1) we have
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Ay = [(aa — 1) + a1, —(az — az)a -+ ag)
=[(n—n+a)a+n—a;,—(n+p —n)a+n+f
= [aa; +n— a1, —fia+n+ 3]

= [(a — Doy +n,(1—a)b +n]

Addition and Multiplication of Two Triangular Fuzzy Numbers:

Let A = (n,q, £1) and B = (m, ag, B2) be two triangular fuzzy numbers, then
Ay = [(@ = Day +n,(1 — a)B; +n] and B, = [(a — L)ag +m, (1 — a)Bz +m]. From

the definition of intervals addition we have, for o =0

Ag+ By = [(m — o2) + (n — a1), (n+ B1) + (m + B2)]

=[m+n— (a1 +ag),m+n+ (B + Ba)]

Similarly, calculating the sum of a — cuts of the two numbers at any « will

give the a — cut of the following triangular fuzzy number
E@Eﬁ (m+n,a1+a2,ﬁ1 +ﬁ2) (32)

Also, we can define the product of two triangular fuzzy number using the

itervals multiplication and the a — cuts as follows: for a =0

Agx By = [(n—ai)(m—ay), (n_+ B1)(m + 2]
= [(nm —may — naz + ayaz), (nm + l-n,ﬁg + mpy + 5152)]

= [nm — (moy + nay — ayas),nm -+ (nfa +mpy + f16,)]

Therefore the product of A = (n,a1, ) and B = (m, 0z, f) which both are
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positive is given by the formula

A® B = (nm, may + naz — ayon,nBy +mpy + B182) (3.3)

3.2 Fully Fuzzy Linear System with Triangular Fuzzy

Numbers

In this section, we deal with fully fuzzy linear systems where the associated

linear systems have a square invertible matrix.

Consider the fuzzy linear system
AX=DB

such that each entry of A = (@;;)anx2, and B = (31, ...,’E,I)T are triangular fuzzy
numbers, and X = (&,..,%,)7 is unknown .If @; = (@, a5, ;)" and 3; =

(:I"j}yju Zj)T then, for each i

~

(@5 ®F;) @ ... ® (Gin ® Fn) = by

Where
b = (bi, hi, k)
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From equations (3.2) and (3.3) we have

n
> aiz; = b
i=1
n

Z(”’U‘”“i +aiy; — aiy;) = M

i=1

Z(ﬁwl‘j + a2 + Bijz) = ki (3.4)

j=1

Let A = [a5], M = [ai], N = [By], 2 = CrisessZa)s ¥ = [ unth)y and.z =

(21, ..., z,)" then (3.4) gives the following algebraic systems

Az =1b
Ay+Mz—My=h (3.5)

Az + Nex+Nz=%k

The block representation of (3.5) is

A 0 0 z b
M A-M 0 y|=1|h (3.6)
N 0 A+N z k

Definition 3.2.1 The linear system SX = C where X = (z,y,2)T, C = (b,h, k)T
A 0 0

and S = | M A— M 0 is called the associated linear system of the

N 0 A+ N
Jully fuzzy system A® X =B

To solve the fuzzy linear system A®X = B, it is enough to solve the associated
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linear system SX = C.

Since the solution of the fully fuzzy system is totally dependent on the as-
sociated matrix S, this work focuses on two cases regarding the associated

matrix S and these cases are:

e The matrices A, A — M and A + N are invertible, and

o The more general case where we make sure matrix A is invertible

such that |A'M|., and ||B~'N|| are less than 1.

Remark 3.2.1 The block matrix S is invertible if and only if the matrices A,
A— M and A+ N are invertible.

Lemma 3.2.1 IfS is invertible then the unique solution of the system SX = C
is given by
A1
X=1(A-M)(h— MA) (3.7)
(A+N)Yk— NAD)

Proof: Apply elementary row operations on the associated matrix S, to get

Al 0 0
STt=| _MA Y A-M)? (A— M) 0
—~NAY A+ N)! 0 (A+ N)!
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Therefore,

z = A

y = —MA Y A-M)""b+(A-M)"'h
= (A—M)'(h— MAb)

z = —NATY A+ N)Yb+(A+N) 'k

= (A+N)"'(k— NA"b)

Ll
Example 3.2.1 Consider the following fuzzy linear system:
(59, 48,39) ® (21, y1,21) & (33,28,29) @ (22,2, 20) = (49,44,49)
(44,28,48) ® (21, Y1, 21) © (72,40,70) ® (2,y2,22) = (68,47,95).
Then,
59 33 48 28 39 29 49 44
A= , M = , N= , b= , h= and
44 72 28 40 48 70 68 47
49
k=
95
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From equation(3.7) we have

-1 r
59 33 49 0.4592
z = A= =
44 72 68 0.6638
i -1 - -1
115 44 48 28 59 33 49 0.2570
y =2 —_ =
16 32 47 28 40 44 72 63 0.1087
> -1 ) -1
98 62 49 39 29 59 33 49 0.0047
92 142 95 48 70 44 72 68 0.1835

Hence #; = (0.4592,0.2570,0.0047) , & = (0.6638,0.1087,0.1835). For the other
case that mentioned above, the following theorem is very needed, and will be

used frequently in the coming chapters.

Theorem 3.2.2 [18] If T is a bounded linear operator on a Banach space X

such that |T||< 1, then (I — T)™" exists on X.

So, to guarantee the uniqueness of the solution of fuzzy system, we stated

the following corollary.

Corollary 3.2.1 Ifthe matrix A is invertible such that | A~ M || and |A™'N||«

are less than 1, then the associated system SX = C has a unique solution.

Proof: From theorem(3.6), we have = A~'b. Also, (A — M)y = h — Mz,
multiply by A=! to get (/ — A M)y = A7'(h — Mz). From (3.2.2), y = (I —
ATM) 1AV (h — Mz). Similarly, z = (I + A"'N)~' A~ (k — Na). 0

Example 3.2.2 Consider the following fuzzy linear system:

(0.40,0.005,0.009) ® (1,41, ) @ (0.44,0.001,0.002) & (12, y2, z2) = (0.68,0.05,0.39)
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(0.29,0.005, 0.008) & (21, Y1, z1) @ (0.22,0.012, 0.013) @ (22, ya, z2) = (0.43,0.037,0.25)

0.4 0.44 0.005 0.001 0.009 0.002
A= M = N =
0.29 0.22 0.005 0.012 0.008 0.013
0.68 0.05 0.39
b = h = k=
0.43 0.037 0.25

we get :
71 = (1,0.0342,0.4072), % = (0.6364,0.0703,0.4823)
where

|A™ M| o= 0.1556, || A7 N || o= 0.1722

Example 3.2.3 Consider the following fuzzy linear system:

(0.34,0.015,0.019) & (21,41, z1) @® (0.33,0.011,0.002) & (w2, ya, 22) = (0.98,0.15,0.29)

(0.29,0.005, 0.015) & (21, y1, z1) @ (0.22,0.012,0.013) @ (23, ¥, 22) = (0.75,0.11,0.25)

0.34 0.33 - 0.015 0.011 - 0.019 0.002
0.29 0.22 0.005 0.012 0.015 0.013
0.98 0.15 0.29

= h: =
0.75 0.11 0.25

we get : )

71 = (1.55263, 0.1744, 0.5227), T = (1.3971,0.1726, 0.2125)

where

|A™ M || o= 0.1694, || A~*N||c= 0.2211

Example 3.2.4 Consider the following fuzzy linear system:

(0.64,.015,0.029) ® (1,91, 1) ® (0.13,0.021,0.012) ® (22, Yo, 2z2) = (0.58,0.25,0.39)
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(0.59,0.025,0.015) ® (1,41, 1) ® (0.22,0.012,0.013) ® (2,92, 22) = (0.75,0.31,0.45)

0.64 0.13 0.015 0.021 0.029 0.012

0.59 0.22 0.025 0.012 0.015 0.013

0.58 0.25 0.39
b= h= k=

0.75 0.31 0.45
we get : )

71 = (0.4696, 0.1673,0.3252), T, = (2.1498,0.8555, 0.9367)

where

| A= M || o= 0.1850, || A" N||oo= 0.1365

Example 3.2.5 Consider the following fuzzy linear system:
(0.84,.0025,0.039) ® (21,41, 21) @ (0.13,0.021,0.012) ® (232, ¥, 22) = (0.88,0.25,0.49)

(0.29,0.015,0.005) ® (1,1, 21) @ (0.22,0.012,0.013) @ (22, y2, 22) = (0.75,0.21,0.45)

0.84 0.13 0.025 0.021 0.039 0.012

0.29 0.22 0.015 0.012 0.005 0.013

0.88 0.25 0.49
b= h= k=

0.75 0.21 0.45
we get : i

7, = (0.6533,0.1360,0.2601), Z5 = (2.5479,0.6356, 1.4458)

where

| A"t M || o= 0.0635, || A~* N || o= 0.0989
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Chapter 4

Trapezoidal Fully Fuzzy Linear systems

In this chapter, fully fuzzy linear systems with trapezoidal fuzzy numbers are

considered.

4,1 Arithmetic Operations on Trapezoidal Fuzzy Numbers

Definition 4.1.1 Let m < n be real numbers and v, § are positive numbers.
A non-zero fuzzy number is a trapezoidal fuzzy number denoted by A=

(m,n,v, B) is a fuzzy number whose membership function is given by

’

0 T<m-—v
1~% m—y<z<m
N,i(ﬂf) = 9 1 m<z<n (4.1)
1—% n<z<n+p
0 r>n+p

Definition 4.1.2 A = (m,n,v, 8) is positive if and only if m —~ > 0.

Definition 4.1.3 Let A = (m,n,ay, f1), B = (p, q, a2, Bs) be two trapezoidal

fuzzy numbers if A is identically equal to B only if m = pn = g0y = ay, Bi = fa.
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Using definition (4.1.1) and a-cuts we can define the addition and multipli-
cation of two trapezoidal fuzzy numbers as follows: Now, let A= (m,n, a1, p1)
., B = (p,q,a0, ) then A, = [ay(a— 1) + m, fi(1 — @) +n], and B, = [aa(e — 1) +
p, B2(1 — @) +4q].

When a =0, A = [m — aj,n+ 1] and By = [p — as, ¢ + Ba]. So

Ao+ By = [(m—an)+(p— ), (n+ 1) +(g+P2)] = [m+p— (o1 +aa), nt g+ (Bi+ )]
When a =1, A, = [m,n], B; = [p,q] and A, + By = [m + p,n + ¢]. Therefore,

~ ~

ABB=m+pn+qa +a,b + B) (4.2)

Similarly, for o =0,

Ay x By = [(m—a1)(p—a2),(n+ Bi)(g+ 62)
= [(mp—mas — a1p + ara2), (nq + 12 + rq + B152)]

= [mp— (mag + a1p — o102),nq + (nf2 + B + B1Ba)]-
Hence, the multiplication of two positive fuzzy numbers can be
A® B = (mp,ng,mas + o1p — a10a,n + frg + 152) (4.3)

Definition 4.1.4 Let A = (m,n,ay,3) be a trapezoidal fuzzy number, the

scalar multiplication is defined as follows

% cm, cn, co, ey ), c>0
cx A= ( 8) (4.4)

(en,em, —cB,—ca), ¢<0

Definition 4.1.6 A trapezoidal fuzzy number A= (myn,aq,B) is identically

crisp zeronumber ifm=n=a; = =0
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4.2 Linear Systems with Trapezoidal Fuzzy Numbers

In this section, we deal with fully fuzzy linear system where the associated
linear system have a square invertible matrix. Consider the fuzzy linear sys-
tem A®X = B such that A = (@;})unxin and B = (by, ...,0,)" is a trapezoidal fuzzy
number, and X = (%, ...,7,)T is unknown variable. Let @;; = (aij, bij, oj, Bij)"

and %; = (zj,y;, 25, w;)" . Then for each ¢, we have

(Ei.}' ® EJ) ©...0 (Ein & 77?11) = Ui, (4.5)
where
gi . (bia gi, h‘i: A"i)T
where

a5 ® Tj = (aij, biyj, aijzg + ey — ai2j, bigw; + Bigys + Biyw;)-

From equation (4.5) we have the following crisp linear equations for each i

n

Z ALy = bi

Jj=1

> by = o
=1

> (a2 + aiye; — cigzg) = i
j=1
n

Y (bw; + Bijy; + Bijw;) = ki (4.6)

i=1
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. This will lead to the following algebraic systems of equations

Ax = b
By = g
Az+ Mz —Mz = h

Bw+ Ny+Nw = k (4.7)

where A = (ay),B = (bj),M = (o), N = (B;;) are square matrices of size
n. Further, z = (21,..,2)7, 9 = W1, e ¥n) "> 2 = (21, ey 20) 0 = (w1, .wy) T, b =
(b, ey )T, 9 = (91, G) T b = (1, hn)Tand k = (ky, ..., ky)" are column vec-

tors. The associated block representation system (3.7) is

A 0 0 0 1,-| b
0 B 0 0 ] g
M 0 A-—M 0 z h

0 N 0 B+ N| |w k]

Definition 4.2.1 The linear system SX = C where X = (z,y,z,w)", C =

(b, h,g,k)T and

A 0 0 0
B 0 0

M 0 A-M 0

L0 N 0 B+ N

The associated linear system SX = C and the fuzzy system A® X = B are
equivalent. In other words, to solve the fuzzy linear system we need to solve

the associated linear system.

In this chapter as we have seen in the previous one, the main purpose is to

deal with we two cases concerning the associated matrix S which are:
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e The matrices A, B, A — M and B + N are invertible,

o The matrices A and B are invertible such that | A M|, and || B7'N||«

are less than 1.

For the first case, we assume that the associated matrix has a non-singular

matrices on the main diagonal.

Remark 4.2.1 The block matrix S in is invertible if and only if the matrix A,
B, A— M and B + N are invertible.

H 0 A0 M 0 A—M 0
Proof: letS = ,Where H = s Jhi= and F =

L F 0 B 0 N 0 B+ N
then

S| = |H||F]

|Al|B||A — M||B+ N|

I

O

Theorem 4.2.1 If A, B, A— M and B + N are invertible matrices, then the

unique solution of the associated system is given by:

A-1p
Bfl

X = g (4.8)
(A— M)~1(h— MA~b)

|[(B+N)"'(k—NB™'g) |

Proof: Since A, B, A— M and B + N are invertible matrices, the inverse of

the matrix S can be obtained by elementary row operations as follows:
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i A1 0 0 0 |
P 0 B 0 0
—A YA - M)M 0 (A— M) 0

i 0 —B Y (B+ N)"'N 0 (B+N)™

Example 4.2.1 Consider the following system

(62, 70, 0.24, 081) & (.’L‘l, Y1, 21, ‘lUl) @® (25, 26, 088, 121) & (.’L‘g, Y2, 22,w2) = (42, 72, 18, 564)

(2.5,2.7,0.18,0.55) @ (21, y1, 21, 1) & (3.1,3.3,1.21,0.19) @ (23, Ya, 22, w2) = (3.3,6.1,1.51,2.5).

6.2 25 7.0 2.6 0.24 0.88 0.81 1.21
Then A = B = M= N =
25 3.1 2.7 3.3 0.18 1.21 0.55 0.19
4.2 7.2 1.8 5.64
b= g= h= k= . From (4.8), we get
3.3 6.1 1.51 2.5

71 = (0.3678,0.4913,0.1498, 0.3185) and %, = (0.7679, 1.4465,0.0884, 0.2635)

Corollary 4.2.1 Let A and B be two invertible matrices such that ||[A M ||«
and ||B7'N||« are less than 1. Then the associated system SX = C has a

unique solution.

Proof: Since 7" and B are invertible, the associated system can be reduced as

I 0 0 0 a T
0 I 0 0 y B g
T-'M 0 I-T'M 0 | | 7

| 0 BN 0 I+B'N | |w]| | B |

Therefore, z = T~ 'b, y = B~ 'g and since |A"'M||, and ||B~'N||, are less than
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1, we have

2 =({I—=T'M)" (T h—T'MTb)

w =(I+B7'N)" (B™'k—B'NB™y)

Example 4.2.2

(0.52,0.42,0.051,0.21) ® #; @ (0.25,0.25,0.18,0.19) 8 =

(0.15,0.26,0.018,0.22) ® 7 @ (0.29,0.33,0.021,0.19) ® 3 =

(4.9)

(4.10)

(0.52,0.82,0.32,0.564)

(0.33,0.81, 0.48, 0.555)

0.52 0.25 0.42 0.25 0.061 0.18 - 0.21 0.19
= = M = N o=
0.15 0.29 0.26 0.33 0.018 0.021 0.22 0.19
0.52 0.82 0.32 0.564
b: g: h.‘: ==
0.33 0.81 0.48 0.555

we get 7, = (0.6028,0.9253,0.0529, 0.0978), %, = (0.8261, 1.7255, 1.6536, —0.0449),

where| A~ M||»= 0.5052 and || B ! N|| o= 0.9266.

Example 4.2.3

(0.52,0.42,0.024,0.081) ® 7, @ (0.25,0.35,0.088,0.121) @ T, =

((0.42,0.72,0.18, 0.45)

(0.33,0.61,0.151,0.32)

©(0.25,0.27,0.018,0.055) ® 7, @ (0.29,0.33,0.121,0.019) ® T, =

0.52 0.25 0.42 0.35 0.024 0.088 0.081 0.121
0.25 0.29 0.27 0.33 0.018 0.121 0.055 0.019
0.42 0.72 0.18 0.45
0.33 0.61 0.151 0.32

we get: 7, = (0.4451,0.5465, 0.1950, —1.9105), 5 = (0.7542, 14014, 0.0383, 2.5336)
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where ||A7'M||= 0.5015 and || B! N||»= 0.9243.
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Chapter 5

Hexagonal Fully Fuzzy Linear Systems

In this chapter, fully fuzzy linear systems with hexagonal fuzzy numbers are

considered.

5.1 Arithmetic Operations on Hexagonal Fuzzy Numbers

Definition 5.1.1 Let m < n be real numbers and o) > a3, 81 > B2 be positive

numbers. A non-zero fuzzy number is a hexagonal fuzzy number denoted by

A= (m,n, a1, B1, a2, B2) Whose membership function is given by:

pale) =

4

(

0 z<m—a;
25(%, m—o; <z <m—ay
1+ 3Gy m—ay;<a<m
1 m<z<n (5.1)
1—2"‘(_;1), n<z<n+
*;(Ef__gj), n+pfa<z<n+p
0 x>2n+b

Definition 5.1.2 A positive hexagonal fuzzy number denoted as A= (m,n, o, B,z B)

wherem < n,a; > oy, fy = B andm — oy = 0.
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Definition 5.1.3 let A = (m,'Fl,an:ﬁu,ﬂlz,ﬁm):E = (p,q, 021, B, a9, Pa2) be
two hexagonal fuzzy number if Ay is identically equal to By only if m = p

n = q,01 = a, P11 = Par, iz = Qi Pr2 = Paa.

Using a — cut arithmetic and the definition of the hexagonal fuzzy number
as shown, the a — cuts of the fuzzy numbers A= (m,n, a1, Bi1, 012, f12) and

E - (pJQJ a?l:ﬁ?l) Qrgn, 4622) can be defined as
(

A= [2a(a11 — a1z) + m — a1, —2a(Bu — fi2) +n+Pu], 0<a <05
\[20.‘12(0.‘ — 1)+ m,2812(1 — @) + n, 05<a<l
;
B, — ¢ [2a(aa1 — ag) +p — 091, —20(Bo1 — Ba2) + ¢+ Pau], 0<a <05
[2095(0 — 1) + p, 2622(1 — @) + g, 05<a<l

\

For a =0, Ag = [m —aq1,n+ ﬁu], By = [’P — Q91,4 +ﬂ21],

Ao+ By = [(m—au)+ (p—on) (n+pu)+ (¢+ Baa)

= [m+p—(an+an),n+qg+ (Bu+ L)l
For a = 0.5, Ags = [m — a12,n + Pi2), Bos = [p — 22, ¢ + Ba] then

Aos+ Bos = [(m—am)+ (p— a), (n+ Pi2) + (g + Ba2)]

= [(m+p— (012 + an)),(n + g+ (B2 + B22))]-
For a =1, A; = [m,n] By = [p,q], then A, + By = [m + p,n + g|. Therefore,
A® B = (m+p,n+qan+ o, B+ Ba, iz + as, Biz + Bas). (5.2)

Similarly, we can deduce the product of two hexagonal numbers as follows:
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for e =0,
Ao x By = [(‘m = 0'11) X (p— an), (n+ Bu) x (q +ﬁ21)]
= [mp— mag — anp + anag,ng + nPy + fug + B11Pa1)-
For a = 0.5,

Ags X Bos = [(m—a2) X (p— a), (n+ Pri2) % (g + B22))

= [mp — magy — a12p + 01202, ng + nBaz + Praq + Bi12a3].

For o = 1 ,A; x B; = [mp, ng]. Therefore,the multiplication of two positive fuzzy
numbers is given by:

A®B= (mp, ng, masy + paqy — anooe, 2P + Biig + Bufa, (5.3)

Mags + Q2P — 01202, NP2 + Bi2q + BiaBas)

5.2 Linear Systems with Hexagonal Fuzzy Numbers

In this section, we consider fully fuzzy linear systems of hexagonal type A ®
X = B where the associated linear system have a square matrix, such that A=
(@i7)6nxen and P= (31, ...,EH)T is a hexagonal fuzzy number, and X = (1, ooy Bn )T
is unknown variable. Let @y = (aij, bij, @ij, Bi» 815, i) Tob; = (b5, 055 g, g 1, )T

and #; = (2,5, %, wj, 05, ;). Then for each i, we have

(Ei,-j ® ’Tj_]) DD (ain @ ’En) = 31': (54]
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where

ai; ® &5 = (ai;z;, bijy;, aijz; + 06T — 0z, bijw; + Bijy; + Bijwy,

a;j0; — 0305 + 825, bijps + Gy + Giips)-
From equation (5.4), we have the following crisp linear equations for each i

n

Z ATy = b;

j=1
n

Z bijyi = gi

j=1

n

E [ ] + Qi — Q25 = hg

Jj=1
n
> bigw; + By + Byw; = ki
j=1
Z a,-joj = 5,30_; + (5;_.,':123' = 1’5
j=1
Zbiﬂ’j + Gy + Gipi = M (5.5)
j=1

This will lead to the following algebraic systems of equations

Ar = b

By = g
Az+Max—Mz = h
Bw+ Ny+Nw = k
Ao+Cx—Co = 1

Bp+Dy+Dp = m (5.6)

where A = (ai;), B = (b), M = (a5), N = (835), C = (§;) and D = ((;)

are square matrices of size n. Further, 2 = (z1,...,2,) 9 = (W1, ... ), 2 =
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(Bl ) st = @Wien W) b = (B, D)5 @ = (G oosn) W = (hyy .oy )T, k=
(kyy oo k)T, 1= (L, .o, 1,)T and m = (my, ..., m,)" are column vectors. The asso-

ciated block representation system is

_A 0 0 0 0 0 | —'1,— —b—
0 B 0 0 0 0 Y g
M 0 A-M 0 0 0 z h
0 N 0 B+ N 0 0 w - k
c 0 0 0 A-C 0 0 l
0 D 0 0 0 B+D| |p m
HSH 0 0

The associated matrix can be written in block form as S = |5, Sy 0 |,

Sz 0 Sa
A0 M 0 A—M 0 c 0
where 811 = 5 821 = s 522 = s 831 =
0 B 0 N 0 B+ N 0 D
A-C 0
and 533 = .
0 B+D

Remark 5.2.1 The matrix S is invertible if and only if S11, S and S;3 are

invertible matrices. Further, the inverse of S is

[ A! 0 0 0 0 0
0 B 0 0 0 0
~MA Y (A— M) 0 (A— M) 0 0 0
0 _NB-(B+ N)! 0 (B+N)' 0 0
_CAY(A-C)! 0 0 0 (A-C)! 0

0 ~DB-(B+ D) 0 0 0 (B+D)" |

Corollary 5.2.1 Ifthe matrix S is invertible, the unique solution of the associ-

2020 Sabreen Ameen Ibrahim Fully Fuzzy Linear Systems Via Alpha-cuts




39

ated system SX = C' is given by:

o | A= -MAT)
(B + N)~'(k — NB~lg)
(A—C)'(1 — CA™b)

i (B+ D) '(m — DB 'g) ]

Example 5.2.1 Consider the system A @ X = B where

R (0.1,0.12,0.05,0.04,0.04,0.03)  (0.07,0.08,0.04, 0.05,0.02, 0.01)
(0.06,0.09, 0.03,0.03,0.01,0.02) (0.09,0.11,0.03,0.03,0.03,0.02)
5 (1.22,1.8,1.12, 1.89,0.76, 1.16)
(1.02,1.07,0.9,1.59,0.53,1.22)
0.1 0.07 0.12 0.08 0.05 0.04 0.04 0.05
Then, A = B= M= N =
0.06 0.09 0.09 0.11 0.03 0.03 0.03 0.03
0.04 0.02 0.03 0.01 1.22 1.8 1,12
(= ¥ = b= g= h=
0.01 0.03 0.02 0.02 1.02 1.07 0.9
1.89 0.76 1.16
k= 1= m= and |A| = 0.0048, |B| = 0.006, |A — M| =
1.59 0.53 .22

0.0021, |A = C| = 0.0011, | B+ N| = 0.0068 and |B + D| = 0.0096. From (5.2.1) we
get: 7, = (8,10.2,6.8571, 2.6824, 5.1818,2.4146) and 7, = (6, 7.2,4.5714, 5.3294,0.1818, 4.6646)

0.3 0.05 0.4 0.08 0.05 0.04
Example 5.2.2 [et A = , = , M = i
0.06 0.09 0.09 0.10 0.03 0.03
0.04 0.05 ‘ 0.04 0.02 0.03 0.01 2.92
= y = N — s — ’ g —_—
0.03 0.03 0.01 0.02 0.02 0.02 1
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3.5 1.12 1.99 0.8 1
= k= b = and m =

1.77 0.7 1.59 0.33 1.22

Then |A| = 0.024, |B| = 0.0328, |A — M| = 0.0147, |A —C| = 0.0167, |B+ N| =
0.0416 and | B + D| = 0.0417. From (5.2.1), we get 3; = (6.2417, 6.3537, 1.9560, 0.3026, 1.4932, 0.1427
Ty = (6.9500, 11.9817,4.0929,7.7202, 0.7704, 6.9799)

Corollary 5.2.2 Let A and B be two invertible matrices such that || A= M|,
|A™1Clee |B7N||oo and ||B71D||are less than 1. Then the associated system

SX = C has a unique solution.

Example 5.2.3 Consider the system:
(0.25,0.4,0.15,0.04, 0.04,0.01)®(2:1, y1, 21, w1, 01, P1)B(0.15, 0.20, 0.09, 0.05, 0.08, 0.002)®
(w9, Ya, 22, W2, 02, p2) = (2,4.5,1.6,0.99,0.9,0.077)

(0.06, 0.09,0.03,0.03,0.001, 0.029)&(x1, 31, 21, w1, 01, p1 )®(0.09, 0.10, 0.03, 0.03, 0.02,0.018)®
(1'2’ Ya, 22, Wa, 02p2) - (11 18) 0?) 061 023) 038)

0.25 0.15 0.4 020 0.15 0.09 0.04 0.05

A = " B = 3 J“.’lr = 5 llV - 3
0.06 0.09 0.09 0.10 0.03 0.03 0.03 0.03

0.04 0.08 ) 0.01 0.002 2 4.5 1.6

C — F D = 3 b = § g — ] z h = .
0.001 0.02 0.029 0.018 1 1.8 0.7
0.99 0.9 0.077

k= = and m =
0.6 0.23 0.38

Then || A~ M||o= 0.9333, [ B~'N]|o= 0.7227, |A'C]|eo= 0.5667, and ||B~1D||o=
0.8055.

From (5.2.2), we get : 7; = (2.2222,4.0909, 0.7937, 0.0892, 0.0368, 0.0060).

Ty = (9.6296, 14.3182, 5.3439, 0.2848, 0.4716, 0.0248)

Example 5.2.4 Consider the system:
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(0.05,0.08,0.03, 0.03, 0.01, 0.005)® (21, y1, 21, w1, 01, p1)&(0.02, 0.04, 0.01, 0.01,0.01, 0.001)®
(2, 2, 22, W2, 02, p2) = (0.335,0.6,0.22,0.49, 0.1, 0.07)

(0.02,0.04,0.01,0.02, 0.01, 0.05) ® (1,91, 21, wy, 01, 1) ® (0.7,0.8,0.2, 0.2, 0.1,0.002) @
(22, Yo, 22, Wa, 02, p2) = (0.77,1.3,0.29, 0.65, 0.166, 0.44)

0.05 0.02 0.08 0.04 0.03 0.01 0.03 0.01

A = ) B = 3 1“.’[[ — 3 JV = )
0.02 0.7 0.04 0.8 0.01 0.2 0.02 0.2
0.01 0.01 0.005 0.001 0.335 0.6

C — ' D= " b= y g = .
0.01 0.1 0.05 0.002 0.77 1.3
0.22 0.49 0.1 0.07

b= = il= and m =
0.29 0.65 0.166 0.44

we get: 7, = (6.3324, 6.8590, 1.0091, 2.4167, 0.6855, 0.3681),
79 = (0.9191,1.2821, 0.0655,0.1114, 0.0065, 0.0765) Where || A~ M || o= 0.6879, | B! N||co=
0.3718, ||A~1C|| o= 0.3410, and || B~!D||,= 0.0628

Example 5.2.5 Consider the system:

(0.25,0.4,0.15, 0.04, 0.04, 0.01)® (i1, y1, 21, w1, 01, p1)(0.15, 0.20, 0.09, 0.05, 0.08, 0.002)®
(za, Y2, 22, W2, 02, p2) = (2,4.5,1.6,0.99,0.9,0.77)

(0.06,0.09,0.03,0.03, 0.001,0.029)® (1, 1, 1, w1, 01, p1)&(0.09, 0.10, 0.03, 0.03, 0.02, 0.018)®
(.’Eg, Yz, 29, Wa, Ong) = (1, 18, 07, 06, 023, 038)

0.25 0.15 04 0.20 0.15 0.09 0.04 0.05
= y D= s = s IV = ;
0.06 0.09 0.09 0.10 0.03 0.03 0.03 0.03
0.04 0.08 0.01 0.002 2 4.5 1.6
= , D = ) b = 9= ’ h’ = 4
0.001 0.02 0.029 0.018 1 1.8 0.7
0.99 0.9 0.077
k= b= L m = | A= M]|so= 0.9333, | B—'Njeo= 0.7227,
0.6 0.23 0.38

|A~2C| o= 0.5667, and || B~ D|| = 0.8055. From (5.2.2), we get : &; = (2.2222,4.0909,0.7937, 0.089

T = (9.6296, 14.3182, 5.3439, 0.2848, 0.4716, 0.0248)
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Example 5.2.6 Consider the system:
(0.3,0.4,0.05,0.04,0.04, 0.03) & (1, Y1, #1, w1, 01, p1) B(0.05,0.08,0.04, 0.05,0.02,0.01) ®
(:1.'2, Ya, Z9, W3, 03, pg) = (222, 35, 1.12, ]99, 08, 1)

(0.06,0.09,0.03,0.03,0.02, 0.02)&(x1, 1, 21, wy, 01, 1 )®(0.9,0.10,0.03,0.03,0.02,0.02) ®
(IEQ, Yo, 22, W3, Oz,pg) = (1, 177, 07, 159, 033, 122)

0.3 0.05 04 0.08 0.05 0.04 0.04 0.05
_f]_ = " B = 3 .ll\/f == 3 N = E
0.06 0.9 0.09 0.10 0.03 0.03 0.03 0.03
E = —3 b= 9
0.04 0.02 0.01 0.01 2.22 3.5 1.12
C= , D= b= g = b= ,
0.02 0.02 0.02 0.02 1 LIt 0.7
1.99 0.8 1.0
k= 4= and m =
1.59 0.33 1.22

Then||A~!M||o= 0.2921, |BIN||c= 0.4848, ||[A™'C||o= 0.1948, and ||B~'D||s=
0.3780

From (5.2.2), we get: & = (7.2959, 6.3537, 2.9036,0.3026, 1.8939, 0.1427) ,

7o = (0.6247,11.9817,0.4313,7.7202, 0.1089, 6.9799)
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Conclusions and Future work

Many methods to solve fully fuzzy linear systems use an approximated mul-
tiplication operation for two fuzzy numbers when using either the a — cut
or extension principle approach. However, the approximated multiplication
of two positive trapezoidal fuzzy numbers need not be positive. Moreover,
one of the main practical usage of fuzzy numbers is to model inaccurate
data. If we have data and its uncertainties best fit with trapezoidal fuzzy
numbers, then we would like to keep this (trapezoidal) modeling through-
out all computations while fixing/processing data. It does not make sense
that we start modeling our data by trapezoidal fuzzy numbers and then at
some point we get triangular fuzzy numbers, otherwise we start modeling by
triangular fuzzy numbers and save calculations. This deficiency is mainly
due to the approximated multiplication. In this thesis, We consider solv-
ing fully fuzzy linear systems of equations for triangular, trapezoidal and the
hexagonal fuzzy numbers. We have used the multiplication operation for
fuzzy numbers without any approximation or any added special conditions
to eliminate some terms in the multiplication operation itself. We have pro-
posed a solution mechanism and organized the steps as an algorithm. We
have applied the proposed method using several numerical examples in order

to test the results.

Many topics can follow the work presented in this thesis. Here, we mention

some of the topics that can be considered:
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1. Finding a more general approach to address fully fuzzy linear systems
where the main idea can be to reduce the amount of uncertainty related to

fuzzy numbers.

2. Solving fully fuzzy linear systems with octagonal fuzzy numbers since an
octagonal fuzzy number is highly sophisticated and is getting high attention

in research these days.

3. Apply the mathematical results presented in this thesis for real life prob-

lems in different fields ( e.g. economics and physics).
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