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Abstract

Methods for Solving Fuzzy Linear Programming Problem

By

Anwaar Issam Thaher

In this thesis, some methods are used for solving fuzzy linear programming problem
which are: Ranking function method,Alpha- cut method and Linear system method.Each
method is introduced in details and some examples on them. These methods converting
the fuzzy linear programming problem to crisp linear programming Problem which can

be easily solved with many ways specially simplex method.
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Chapter 1

Introduction

The concepts of fuzzy sets and numbers was first introduced by Zadeh [30]. Linear
programming plays an important role in operations research techniques and it has many
real-word applications such as: agricultural economics, assignment problems, banking
and finance, environment and management. For more applications we refer the reader
to [11}124].

The well-known crisp linear programming problem is defined by:

Optimize Z = CX
s.t
AX {<,2,=} b (1.1)

X > 0

where C' and b are constant vectors of size 1 X m and n x 1 respectively, A is the

coefficient matrix of size n x m and X is an m x 1 solution of the problem.

Crisp linear programming has been investigated by many authors and they introduced
many methods for solving these [8,[104|16}/18},27].

In this work, we will deal with fuzzy linear programming problem(FLPP) and fully



fuzzy linear programming (FFLPP), so some or all of the matrices and vectors A, ¢, b
will be replaced by matrices whose entries are fuzzy numbers. Thus, the fuzzy linear

programming problem can be formulated as follows:

Optimize Z = Zéz ® T;
i—1
s.t
Zdij Rz, {<,2,=} bi, i=1..,n (1.2)
=1
G 0> 0, j=1,...m

where ¢;, l;i, Z; and a,; are fuzzy numbers.

Fuzzy linear programming problem is a problem whose at least one of it’s compo-
nents(variables, coefficients of constraints, coefficients of the objective function and
right hand sides) is a fuzzy number. This type of problem is proposed by Bellman and
Zadeh [14].

Many methods are developed for solving fuzzy linear programming problem. In [7],9],
the solution of the fuzzy linear programming problem is introduced in which the tech-
nical coefficients and right hand sides are fuzzy numbers. But in 28], the solution was
introduced when the coefficients of the constraints and the coefficients in the objective
function are fuzzy numbers. The solution of linear programming problem in which de-
cision variables, cost coefficients and right hand sides are fuzzy numbers in [29]. The
Penalty Method [20] solves the fuzzy linear programming when the right hand sides are
fuzzy numbers. In [17,21], they used the simplex method for solving the fuzzy linear

programming problem.

If all of the components of the linear programming problem are fuzzy numbers then it is
called Fully Fuzzy Linear Programming Problem. A method called Bound and Decom-

position is illustrated in [11] to solve the fully fuzzy linear programming problem and



it is also solved in [1] by another methods. In [3] the fully fuzzy linear programming
problem has solved with LR fuzzy numbers. [25] has solved the triangular fully fuzzy
linear programming problem. The trapezoidal fully fuzzy linear programming problem

was solved in [12}|13}31].

Besides the current chapter, this thesis consists of five chapters. First chapter is the
introduction. In the second chapter, some basic notion in the theory of fuzzy sets
and number are introduced. Further, the definitions of triangular, trapezoidal, hexag-
onal and octagonal fuzzy numbers are presented.In fact, we have applied the theory
introduced and generalized in [23] in solving such problems. Further, we were apple
to extend this theory to octagonal fuzzy numbers. In chapter four, the ranking func-
tion method has been used to solve fuzzy linear programming problem with the fourth
fuzzy numbers. And finally in chapter five, another method was introduced, which is

an alpha-cut method for solving fuzzy linear programming problem.



Chapter 2

Fuzzy Sets And Fuzzy Numbers

In this chapter, some basic definitions about fuzzy numbers and fuzzy sets are intro-

duced.

This chapter consists of two sections.The first section is talking about fuzzy set and its
definition . And the second section talking about fuzzy numbers and it consists of five
subsections, first subsection is about the definition of the fuzzy number and the rest

subsections are about the definitions of each type and some operations on them.

2.1 Fuzzy Set

We start with some definitions on fuzzy set.

Definition 2.1.1 [15/ Membership function

For a set A,we define a membership function by

1, €A
paz) = (2.1)
0, x¢A.

Definition 2.1.2 Fuzzy Set [15]

A fuzzy set is a nonempty set which maps each element belongs to a nonempty set; X

to [0,1] by membership function



(i)
(ii)
(iii)
(iv)

pa: X — [0,1]

Definition 2.1.3 Normal Set [15] A fuzzy set A is called normal if there is at least

one point z belongs to X such that pa(x) = 1.

Definition 2.1.4 Convexr Set: A fuzzy set A is convex if for any x1,xo belong to X

and \el0, 1Jwe have:

pa(Azy + (1 = A)w2) > minpa(21), pa(r2)

Now ,we will use the above definitions to define the fuzzy number.

2.2 Fuzzy Numbers

Here, we will talk about the definition of fuzzy numbers and the definition of each type

Definition 2.2.1 Fuzzy Number [15] A fuzzy set A is a fuzzy number if it is satisfying

the following conditions:

Convex fuzzy set
Normalized fuzzy set
The membership function is piecewise continuous

The membership function defined on the set of real numbers.

Definition 2.2.2 A fuzzy number A is called positive (negative) denoted by A > 0(A <

0) if it’s membership function pa(X) satisfies pa(X) = 0,Ve < 0(Vz > 0).

Now, we will mention some fuzzy numbers about there definitions and some arithmetics

on them.



Ha

a b G

Fig. 2.1: Triangular Fuzzy Number

2.2.1 Triangular Fuzzy Number

Here in this subsection we will introduce the definition of triangular fuzzy number in

two ways and some operators on them.

Definition 2.2.3 [22/Triangular Fuzzy Number
A fuzzy number A = (a,b,c) is a triangular fuzzy number which interpreted as mem-

bership function and holds the following condition:

(1) a to b is increasing function

(i1) b to ¢ is decreasing function

(111) a < b < c with
0, otherwise
pa(@) =< =2 o<z <b (2.2)

= p<zr<e

Arithmetic operations:

Let A = (a,b,c) and B = (e, f,g) be two triangular fuzzy numbers. Then:

(i) A+ B=(a+eb+ f,c+g)



(i) —A = (—c,—b,—a)
(ii) A—-B=(a—g,b— f,c—e)
(iv) B> 0if and only ife >0, f > 0,9 >0

(v) for any B > 0,
(ae,bf, cg) a>0
AXB=14 (ag,bf,cg) a<0,c>0 (2.3)
(eg,bf,ce) c<0

But, if we use another definition of triangular fuzzy number using left and right shift
, the triangular fuzzy number A = (a, «, ) is a triangular fuzzy number whose mem-

bership function is

I1-%% a—a<z<a
pa() =93 1-%4¢ a<zr<a+f (2:4)
0, otherwise

where a is the mean value of A, o and [ are left and right spreads respectively.

Definition 2.2.4 [26/Non-negative Triangular Fuzzy Number
A fuzzy number is non-negative if and only if pa(x) =0, Vo <0 . Then, a triangular

fuzzy numberA = (a, o, B) is non-negative if a — o > 0.

Here some operations on triangular fuzzy numbers in this shape :

LetA = (a,, 5),B = (b,7,0) be two triangular fuzzy numbers then:

(i) A+ B=(a+ba+~,56+90)

(i) A—B=(a—ba+dp+7)



Fig. 2.2: Trapezoidal Fuzzy Number

(iii) If A is scaler then,

(iv) A- B = (ab,aa + ba, ad + bp)

(v) A is symmetric if o = 8

2.2.2 Trapezoidal Fuzzy Numbers

This is the second subsection in this section which talking about trapezoidal fuzzy

number.

Definition 2.2.5 [9/Trapezoidal Fuzzy Number
A trapezoidal fuzzy number A = (a,b,c,d) is a fuzzy number which has a membership

function as:

0 r<a,xr>d

—a a<x<b

pa(@) =49 "7 (2.6)
1, b<z<e
z—d
= c<xr<d



Definition 2.2.6 [17/Trapezoidal Fuzzy Number With Left And Right Shift
A trapezoidal fuzzy number A = (m,n,a, B) is a fuzzy number defined by it’s corre-

sponding membership function which is:

1—m07”, m—-—a<zxr<m
1 m<x<n
pra(x) = (2.7)
1—%, n<r<n+p
0 otherwise

where o, B are left and right shift respectively

Some arithmetic operations on trapezoidal fuzzy numbers: Let A = (m,n, aq, B1) and

B = (p, q, as, B2) be two trapezoidal fuzzy numbers and ceR. Then :
(i) If ¢ > 0, then cA = (e¢m, cn, cay, cfy)
(i) If ¢ < 0, then cA = (cn, cm, cfy, cay)
(iii) A+ B=(m+p,n+q,a1 + as, b1 + B2)
(iv) A- B = (mp,ng, mas + pay,nfBs + qfB1)

Now, the definition of hexagonal fuzzy number will be introduced with it’s usual defi-

nition and with left-right shift definition and mention some arithmetics on them.

2.2.3 Hexagonal Fuzzy Number

In this current subsection, we will talk about the definitions of hexagonal fuzzy number

and some operations on them.

Definition 2.2.7 [0/ A fuzzy numberA is a hexagonal fuzzy number denoted by A =

(a1, as, as, aq, as, ag) where it’s components are real numbers and it’s membership func-

9



Fig. 2.3: Hexagonal Fuzzy Number

tion pAis given by:

1
2

1—

\

0

3()

+ (22

1

0

(=)

1=z

Now, using o and [ the definition become:

T < ay
ap < < ap
ay < < as
az < v < ay
ay < x < as
as < x < ag

T > ag

(2.8)

Definition 2.2.8 Let m < n, a1, (1, ag,and Py such that oy > ao, B1 > [o. A

non zero hexagonal fuzzy number denoted byA = (m,n, o, B, g, B2) is a fuzzy number

10



whose membership function‘n is

0 r<m-—ao
%(%) m—ao; <x<m-—as
1—1—%(’3;;”) m—os <x<m
pi(x) = 1 m<z<n (2.9)
1—3(%") n<x<n+tf

-5 n+h<r<n+f

0 r>n+ b

Let B = (p, q, @21, B21, (az, Paz) be hexagonal fuzzy number, then A-B =(mp, ng, mag; +

pa, nfay + qB1, masy + pay, nPag + qPs)

The last fuzzy number we will talk about is an Octagonal fuzzy number.

2.2.4 Octagonal Fuzzy Number

The octagonal fuzzy number can be defined as follows:

Definition 2.2.9 Octagonal Fuzzy Number (5] A fuzzy number is an octagonal fuzzy

number denoted by (a,b,c,d,e, f,g,h) where a,b,c,d, e, f,g are real numbers and it’s

11



membership function is given by:

0,
r<a,x>h
k(5=5),
b<z<e
k
c<zx<d
k+(1—k) (=)
pa(r) = I d<z<e (2.10)
1
i e<x<f
k+(1— k:)(f_”ec)
f<x<yg
k
. g<x<h
\ k(f—e)
!
1
K |—|: [ L
a ala al ;a e;-.a a @ X

Now, when we do some calculations we can define the octagonal fuzzy number using

left and right shift as follows:

Definition 2.2.10 Octagonal Fuzzy Number

A fuzzy number A = (d,e, a1, 51, s, Ba, s, P3) is an octagonal fuzzy number if it’s

12



membership function given by:

¢ i d—a3 <z <d-—
a3_a2(x—d—|—a3)
d—oy<x<d—o
k
dek(d d—algxgd
| 4 2=k
pa(z) = d<z<e (2.11)
1
e<z<e+f
1 4 (=00
e+ <z<e+ [
k
~ e (@ — e Bs)

‘ et fr<az<edfs

a(agl;ozz) +d—a (,33 B2) —e—fB; O<a<k
A, = (2.12)
(a=Da ﬂ
kﬂl—i-d e e 2 E<a<l1

In the following chapters, we introduce various methods to optimize the solution of

problem (1.2) with triangular, trapezoidal, hexagonal and octagonal fuzzy numbers.

13



Chapter 3

Fully Fuzzy Linear Programming with Equality

Constraints

In this chapter, we introduce some concepts that have been studied . These concepts will
be used to optimize fully fuzzy linear programming with equality constraints. Since the
coefficient matrix of the constraints need not be invertible, the method of generalized

inverse is one of the useful technique to approximate the inverse of such matrices.

3.1 Generalized Inverse

Definition 3.1.1 If A is an m x n matriz, and G is an n X m matriz then G is a
generalized inverse of A if it satisfies the property AGA = A.
When A is a square invertible matrix then G = A~

The following algorithm describes the process of finding the Generalized inverse of a

non-square matrix A.

1. Choose any non-singular sub-matrix H of size k.
2. Calculate (H)T.

3. In A, replace the elements of sub-matrix H by the elements of (H~)7 and the

rest entries by zeros to get new matrix A.

14



4. The generalized inverse G = (A)7.

From the above algorithm, the generalized inverse is not unique since it depends on the

choice of the sub matrix H.

3.2 Fuzzy Linear System For Solving Triangular Fully Fuzzy

Linear Programming Problem

As mentioned in chapter two, A ® B = (mn, mas + nay, mpBs + nf) where,

A= (m,aq, 1) and B = (n, ag, f) are triangular fuzzy numbers.

Let

(CLZ']' (039 SC]') + ...+ (ain &® an) = bz

be a linear system of triangular fuzzy numbers then it can be written as :

E((aij, aig, Bij) @ (25,95, 25)) = (bs, giy i)

By using product of two triangular fuzzy numbers:

Z(aijxj, aijyj + QijTy, aijz; + Bigas) = (bi, gis i)

So

Zaijxj = bz
Y(aijy; + asjzy) = g
Yaijzj + Pigrj) = hi

(3.1)

This can be written as a system of equations:

15



AX = B
AY+MX = ¢

AZ+NX = h

This can be written by a block matrix S as:

A 0 0] |X b
S=|M A 0| |Y]|=]|yg
N 0 Al |Z h

Then the solution is:

X = A
Y = Al (g— MA'b)

Z = A" (h—NA'b)

Where, A= (aij), X = (.I'J), Y = (yj)7 M = (Oélj) and N = (5U>

A 0 0 x
Definition 3.2.1 The linear system SX = C where S = |M A 0| X = |y

N 0 0 z

, C = |g| s called associated linear system of the fuzzy linear system A® X = B. So,

16



A1
the solution is: X = | A=Y(g — M A~1b)

A~Y(h — NA~')

where, A = (a;;), M = (ay;), N = (Bi), * = (z1,.2)", y = (W1, un)?, 2 =
(2150 20)T, b = (by, .., 00)T, g = (91,..,92)T and b = (hy,...,h,)T Note: The last
solution exists only if A is invertible.

For more, read in [19).

Let OptZ = CX

subject to

AX =10

X >0

be fully fuzzy linear programming problem where, C' is triangular fuzzy vector, X is
fuzzy variable and A, b are fuzzy matrix and vector respectively.

We will solve the linear system AX = b by the solution which we are mentioned and
then substituting the solution (values of X) in the objective function to get the value
of Z.

If A is singular, we can’t use the previous method. We will approximate the solution

of the linear system using the generalized inverse , so the solution will be:

Gb
X = |G(g— MGbD)
G(h — NGb)

where G is the generalized inverse of A.
And then put the solution in the objective function to get the value of Z.
Now, we will take the case of non-square coefficient matrix.

Here, the matrix A will be non-square.

17



A 0 Of |z b
M A 0| |yl = |g
N 0 Al |z h

Definition 3.2.2 The vector x that minimizes ||AX —b|| is the solution to the normal
equation ATAX = ATb. So, X = (ATA)~1b

The vector x is the least square solution to AX =b

If (AT A)~! exist, then the solution is given by:

B (AT A)1ATb
y| = [(ATA)"1AT (g — M(ATA) A7)
P (AT A=) AT (h — N (AT A)~1 ATb)

But, if AT A is singular then:

x GA™Tp
y| = |GAT(g = MGATY)

P GAT(h — NGATD)

where G is the generalized inverse of ATA.

3.2.1 Applications

Here in this section we will introduce some examples on using the previous method.

Example 3.2.1 mazZ = (1,4,6)x1 @ (3,4,5)xs
subject to

(3,6,2)21 ® (4,6, 1)z = (7,8,9)

(0,1,2)z1 @ (5,1,6)xs = (5,7,1)

x1,T2 > 0

3 4 6 6
Let A= (CLZ‘J‘> = 5 M = (Oéz‘j) = )
0 5 11

18



21

N = (8i5) = ,b=(7,5)T,g=(8,7)T and h = (9,1)T .
2 6
|A| = 15 # 0 so, A is invertible.
L |1 s |
0 1/5
1
A7y =
1
—8/3 58/15
AN g—MA™'D) = LA (h— NA~1) =
1 —7/5

The solution is:
A~ 'h
X = |A"g— MA'b)| Therefore, z; = (1,-8/3,58/15), zo = (1,1, =7/5)

A7 (h— NA'b)
and Z = (4,26/3,160/15)

Example 3.2.2

marZ = (1,2,3)x; ®(0,1,2)xy

s.t
(6,8,3)x1 @ (7,9,2)xy = (5,7,1)
(5,8, D)y @ (9,11,5)25 = (4,5,6)
(6,9,2)z1 @ (5,7, )y = (1,2,3)
T1,29 > 0
6 7 8 9 3 2
A= (agz) = |5 9|, M = (o) = |8 11|, N = (By) = |1 5], b= (b)
6 5 9 11 2 1

19



2
07 117
ATA = JATA| = 1346 £ 0
117 155
12 —.09 —.12
(ATA)~! = . So, (ATA)"1b =
—.09 .07 28
.19 —.12
(ATA)"1 AT (g — M(ATA)"'ATb) = L (ATA)TAT (h — N(ATA) ATD) =
03 25

(AT A)~1ATD
X = [(ATA)"AT (g — M(ATA)~1A"b)

(ATA"YAT(h — N(AT A)~* ATb)
. Then, z; = (—.12,.19, —.12), x5 = (.28,.03,.25) and

Z = (—.12,.33,.02)

3.3 Fuzzy Linear Systems with Trapezoidal Fuzzy Numbers

This section uses the product of two trapezoidal fuzzy numbers defined in chapter one

to solve the fuzzy LPP.

This section consists of two parts :first part when the constraints and the right hand

sides are square (size nxn), and the second part when the size is mxn.
As we defined before,

A X B = (mp’ ng, maoe +p0417n52 + qﬁl)where A = (mana alvﬁl) and B = (p7 q, a2a/62>

Zl(aij x ;) = (bi, gi, hi, ki)

]:

Zl(aijabijaaijaﬁij) X (ijyj,zj,wj) = (bz‘,guhi,k‘i)
]:

20



n

> aijz; =b;

j=1

n

'21 bijy; = i

]:

n

2. (a2 + aijg) = hi
=1

n

> (bijw; + Bijy;) = kj.

J=1

This will lead to the following equations:

Ax =1
By =y
Az+ Mz =h
Bw+ Ny=k

where A = (a/ij), B = (bij)> M = q;;, N = (ﬁij)'

0 0 O
0O B 0 O
The block representation of the equation is:
M 0 A O
0O N 0 B
A 0 0 0
0 B 0 0
Theorem 3.3.1 The block matriz S =
M 0 A O
0 N 0 B

is invertible if and only if A and B are invertible

If A and B are invertible matrices, then the unique solution of

A1
B—l
Ar =bisx = g

A~Y(h — MA~1D)

B~'(k — NB1g)

21




Thus, for solving the FFLPP with trapezoidal fuzzy numbers, we will solve the con-
straints using the previous method and then substitute the values of x;s in the objective
function to get the value of z as we can see in the next subsection. Now we will take
the case in which the block matrix is singular. So we will use the generalized inverse of
A and B. The solution is:

r=Gb

y=Gayg

z = G1(h — MG1b)

w = Gy(k — NGayyg)

where A, B, M, N are square matrices and Gy, G5 are the generalized inverses of A
and B respectively.

And to solve the FFLPP of trapezoidal fuzzy numbers of the form:

OptZ = cix1 + ... + cpxy,

subject to

AX{<,>,=}b

X >0

where A = (a;;) is n x n trapezoidal fuzzy matrix.

b= (b;) n x 1 trapezoidal fuzzy vector.

x = (z;) trapezoidal fuzzy vector.

and ¢y, ..., ¢, trapezoidal fuzzy numbers.

We use the values of z; which we obtained by solving the FFLS and subsitute them in

the objective function. FFLPP which associated coefficients matrices A, B, M, N are

m X n matrices will be studying here.

If (ATA)= (BTB)™! exist, then the solution is:

v (AT A)-LATY

y (B"B)"'B'g

2| [T Ay AT — M(aT Ay AT
w|  |(B'B)BT(k - N(BTB)'BTy)|

22



Otherwise, if at least one of the matrices AT A, BT B is singular then the solution is:

x G1ATD
y | G2B'g
2 || GAT(h = MGy ATY)
w | GoB"(k — NG»B"yg)

where (g1 the generalized inverse of ATA and G, the generalized inverse of BT B.

3.3.1 Some Applications

Also this section consists about some examples on the previous method which are:

Example 3.3.1

maxz = (4,6,2,3)z1 + (5,6,3,4)z

s.t
(2,3,1,4)x1 + (3,4,2,6)z, = (10, 11,3, 4)
(4,6,2,9)z; + (6,8,5,8)z2 = (9,12,3,5)
Ty, x9 > 0
2 3 3 4 1 2 4 6
A — 7B - 9 — 7N - )
4 6 6 8 2 5 9 8
10 11 3
b= g = Jh = andk =
9 12 3 5
|A| =0,|B| =0= B = A and B are singular
_ L i
G=|"* the generalized inverse of A
0 0
1 ]
Go= 7" the generalized inverse of B
0 0
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Glb - 5
0
11
Gag = ’
0
5 —32/9
Gl(h—MGlb): 5 Gg(k’—NGgg):
0 0

Then, z; = (5/2,11/3,1/8,-32/9), =5 = (0,0,0,0) and Z = (10,22,11/2, —31/3)

3.4 Fuzzy Linear System For Solving Hexagonal Fully Fuzzy

Linear Programming Problem

We studied before the definition of hexagonal fuzzy numbers with left and right shift

and the product of two hexagonal fuzzy numbers.

Let A = (m7 n, 04117511704127512)7 B = (p>q70421;52170422;522) be two hexagonal fuzzy

numbers then:

1. A@ B=(m+p,n+q,an+ a, 11+ Par, 12 + qag, P12 + Fa2)

2. A® B = (mp, nq, mag + poat, nfar + qfr1, mass + poia, nfas + qfr12)

Let AX = B be FFLS such that A = (a;;), B = (b;) are hexagonal fuzzy numbers
where,

Qi = (aij, bij, g, Bigy Vigs 5ij)

zj = (5,5, 2, wj, uj, v;)

and b; = (b;, g;, hj, kj, 1;, t;) then:

ayx; = (aiT;, bijyy, aijz; + iy, byw; + Bijyj, aijuy + 7iij, biv; + 0iy;5)

Let AX =B
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(aijz;) + ... + (@inTy) = b,
Yajxr; = b
Xbijy; = 9j
Y(aijzj + ;) = hy
kj

S(aguy + i) =1

(

S(hijw; + Bijy;) =
(

N(bigv; + 0i3y5) = 1

So, it become:

Ar =b

By =g

Az+ Mz =h

Bw+ Ny=k

Au+Tzr =1

Bv+Uy=t

where A = (a;;), B = (b;), M = (ai;), N = (8;), T = (), U = (i) and ¢ =

(t1, oy ) ] o o
A 0 0 0 0 O x b
0O B 0O 0 0 O Y 9
M 0 A 0 0 O z h
S: 7)( = ’C:
0O N 0O B 0 0 w k
T 0 0 0 A O U l
v 0 0 0 B v t

If A and B are invertible, then the solution of SX = B is:
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A1
B_lg

If A and B are singular matrices,then:

A=Y (h — MA~'b)
B~

k— NB™lg)
A7H 1 —-TA )

B7Y(t —UB™g)
G1b -
Gag

G (h — MG1b)

Go(k — NGag)

G1(l — TG1b)

Go(t — UGag)
where, G, G5 are the generalized inverses of A and B respectively. And the solution

of the hexagonal FFLPP is given by substituting the values of x which obtained from

solving the FLS in the objective function to get the value of Z.

If the matrices A, B, M, N, V and T are non-square matrices, then we will look at the

singularity of AT A and BT B.

If AT A and B" B are non-singular then:
(ATA)’ TATh
(B"B)~'B'g

(ATA)TAT(h — M(ATA)~1ATD)

(BTB)"'BT(k — N(BTB) lg)
(ATA)TAT(1 — T(ATA)~LATD)

(BTB)"'BT(t — U(BTB)"'BTg)
is the solution of the FLS AX = B )

And if (ATA) and (BT B) are singular, then the solution is:
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G1ATH
G.BTg
G AT (h — MG, ATb)
GoBT (k — NGB g)
GLAT(1 — TG, ATb)
GoBT(t — UG,BTg)

3.4.1 Some Examples
Simillerly, here are two examples about the method.

Example 3.4.1

maxZ = (1,2,3,4,5,6)x; & (7,8,0,10,11,12)z,

s.t
(8,9,6,7,5,6)z1 @ (4,7,3,2,2, 1)as = (11,12, 13, 14, 15, 16)
(5,10,4,3,3,2)a1 @ (3,4,2,4,1,3)as = (1,2,3,5,7,8)
1,72 >0
8 4 9 7 6 3 7 2
A= B= M= N = T =
5 3 10 4 4 2 3 4

|Al]=4#0and |B|=—-4#0
Since A and B are invertible, then the solution is:
A1
By
“Hh— MA ')
“'(k—NB™'g)
A

“1(1 — TA )
'(t-UB'yg)

A
B
B

27



11 12 13 14 15 16

where b = , = , h = k= , L= and t =
1 2 3 5 7 8
3/4 -1 -1 7/4
Al = / and B~ = /
—5/4 2 5/2 —9/4
. ) —17/2
A7 = [29/4 —47/4}, B™g =
51/2
87/2 —976/2
AN (h — MA™) = , BY(k — NB7lg) =
175/16 1647/8
75/16 —1053/8
ANl -TA ) = , B (t —-UB1g) =
—141/16 1757/8

The solution is:

x1 = (29/4,-17/2,87/2, —976/2,75/16, —1053/8),
vy = (—47/4,51/2,175/16, 1647/8, —141/16, 1757/8)
7 = (—75,87,36.06,1019.5, —230, 1748.75)

Example 3.4.2

mazZ = (2,5,7,9,10,11)z, & (0,1,2,3,4,5)z

s.t
(5,7,8,9,10,11)z1 @ (3,4, 5,6,7,8)zs = (0,1,2,3,4,7)
(5,7,8,11, 13, 14)2, @ (3,4, 6,8, 10, 12)z2 = (3,5,8,9,10,11)
x1, 12 >0
5 3 7 4 & 5 9 6
A= . B= . M= N =
5 3 7 4 &8 6 11 8
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9 10 11
Al =|B]=0
0 1/3 0 1/4
1= ) 2 =
0 0 0 0
1 5/4
Glb ; ng -
0 0
0 —9/16
Gi(h—MGb) = | |, Ga(k— NGag) =
0 0
-1 —3/18
Gi(l — TGyb) = , Gt —UGyg) =
0 0

z1 = (1,5/4,0,-9/16, —1,—13/8) 22 = (0,0,0,0,0,0)
Z = (2,25/4,7,135/16,8,35/8)

3.5 Solving Octagonal Fully Fuzzy Linear Programming

Problem using Fully Fuzzy Linear System

In chapter two we talked about the definition of octagonal fuzzy number using left and

right spread and the product of two octagonal fuzzy number which is:

A® B = (am,bn, ay; + may, by +nf, aye +mag, bdy + nfa, ays + mas, bés + nf3)
where

A= (a,b,ay, b1, s, B2, a3, B3)

B = (m,n, 1, 01,72, 02,73, 03)

consider the fuzzy linear system
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A ® X = B such that each entry of A = (a;;) and B = (

fuzzy number and the unknown X = (zy,...,z,)7

X = (25,95, 25, wj, uj, vj, kj, [)

bj = (bw Gis hi7 t;, my, g, Oiapi)
aij = (g, bij, g, Bigs Yigs 0ig Gig» Aig)
Then the equation AX = B become:

(CLZ'J’ & l’j) + ...+ (Gz‘n ® xn) = bz

NE

(aijzy) = b

<.
Il
—

o

<
Il
-

NE

j=1

Yiij)

So, the system become:
n
D @i = b;
j=1
n
> bijy; = gi
j=1
n
Z Cliij + ijéij = hl
j=1
n
> bijw; +y;Bij =t
j=1
n
> @iy + T = my
j=1

. bijvj + Yjvij = N

J

n
> aijk; + 2;Gj = o;
j=1

n

'21 bijCj + yjAij = pi
]:

30
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,bp)T is an octagonal

(@ijz, bijyss aij2; + w0, bigw; + Bijys, aiju; + 25755, bivy + Y506, aih; + 1G5, bily +



we get the following algebraic linear system:
AX =10
By=g
Az+ Mz =h
Bw+ Ny=t
Au+Txr =m
Bv+Uy=n
Ak+Vx=o0
Bl+Qy=p
where A(ai;), B = (bij), M = (ai;), N = (8i), T = (7i;), U = (6i), V = (Gij),
Q= (Nij),b=(by,....0.) 9= (g1, -, gn)", h=(h1,...., b)), t = (t1, ..., t,)7,

T

m=(my,...,my) T, n=(n,....,n)"0=1(01,...,0,)  and p= (p1,...,pn)"

And we can write it using matrices as:

(4 000000 0]
0 B 0O OOOO0 0
M 0O AO0O0O0 00

s_| o NoBO 00 0]
T 000 A0O0 0
0 U 000 B0 0
V00000 AO

0 Q00000 B

31



_95- _b_
Y g
z h
X = v , O = '
u m
v n
k 0
|l L P

Solving FFLS with n x n matrix:
FLS with invertible coefficient matrix:
The matrix S is invertible iff A and B are invertible
If S is invertible, then the unique solution of
Opt(z) = cx
subject to

SX = B is given by:

This solution of the FFLS we use it for solving the FFLPP by substituting the value of

each z in the objective function to get the value of each x in the value of z
Now, if A and B are singular then:
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A, B, M, N, T, U,V and () are non-square matrices:
In this case we will look at AT A and BT B.

If ATA and BT B are non-singular then:

(AT A)"LATY
(B"B)"'BTyg

then we substitute the value of each x in the objective function to get the value of Z.

And if the matrices (AT A) and (B? B) are singular then:

33



G1ATh
G2BTg
G1AT(h — MG, ATD)
GoBT (t — NGB )
G1AT(m — TG ATD)
GyBT(n —UGy,BYg

)
GlAT(O VGlATb)
| G2BT(p — QG2B"g)

Example 3.5.1 mazZ = (1,3,4,6,8,9,10,11)z; & (0,2,4,6,8,10, 12, 13) x5
subject to

(8,9,6,7,5,6,3,4)z1 ©(4,7,3,2,2,1,3,5)z5 = (11,12,13,4,5,6,7,8)
(5,10,4,3,3,2,1,5)x ® (3,4,2,4,1,3,5,6)z2 = (4,6,8,10,12,13, 14, 15)

1,12 20
8 4 9 7 6 3
A= , B = , M =
5 3 10 4 4 2
7 2 5 2 6 1
N = , T = , U=
3 4 3 1 2 3
3 3 4 5
V: 5 Q:
15 5 6
11 12 13
b: N g: s h:
4 6 8
4 5 6 7 8
t = ,m= ,n= , 0= and p =
10 12 13 14 15

Al =4, |B|=-34
= (17/4,—3/17,47/4, —1.459, —8.56, —.53, 6.875,1.97)
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xy = (—23/4,87/17, —75/4, —4.101, 15.94, —.115, —10.88, —8.89)
Z = (17/4,9.71,—28, —33.356, 59, 04, —5.92, —61.86, —93.44)
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Chapter 4

Ranking Function Method For Solving Fully Fuzzy

Linear Programming Problems

The aim of the current chapter is to solve fully fuzzy linear programming problems
using the ranking function method. More precisely, the ranking function method is
applied on triangular, trapezoidal, hexagonal and octagonal fully fuzzy linear program-

ming problems.

4.1 Ranking Functions

Ranking fuzzy numbers has a great advantage in the decision problems that deal with
fuzzy numbers, because ordering fuzzy numbers are completely different than the case
of crisps.

The ranking function is a function maps the set of fuzzy numbers into the set of real
number and denoted by R(/l) Many researchers have been introduce various types of

ranking functions to solve linear programming problems with fuzzy parameters. in this

chapter, we focus on the following definition of ranking function.

Definition 4.1.1 5/ A ranking function is a function R : F(R) — R where F(R)

15 a set of fuzzy numbers defined on set of real numbers which maps each fuzzy number
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into the real line, where a natural order exists.

In order to use the ranking function we need the following properties about the using

of ranking function:

1. a > bif and only if R(a) > R(b)

2. a < bif and only if R(a) < R(b)

3. a =0bif and only if R(a) = R(b)
Here are some shapes of ranking functions of the fuzzy numbers:

Definition 4.1.2 [22] If A = (a,b,c) a triangular fuzzy number , then the ranking

function of A is R(A) = a+ib+c

Definition 4.1.3 Ranking Function Of Trapezoidal Fuzzy Number [17]
If A = (a,b,c,d) trapezoidal fuzzy number ,then the ranking function of Ais: R(A) =

a+b+.5(d—c)

Definition 4.1.4 [6/Ranking Function of Hexagonal Fuzzy Number
Let A = (a1, a2, as, ay, a5, ag) be a hexagonal fuzzy number. The ranking functions of A

are defined as follows:

1. R(A) — a1+2a2+a31-a4+2a5+a6

2. R(A) — a1+a2+a31a4+a5+a6
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3. R(A) — a1+a2+a3—é—a4+a5+a6

And the last definition in this section is about the ranking function of octagonal fuzzy

number.

Definition 4.1.5 Ranking Function OF Octagonal Fuzzy Number [5]

If A= (a,b,c,d,e, f,g,h) an octagonal fuzzy number ,then:

R(A) = 2“+3b+4c+5d;%5e+4f +3g+2h(%) is the ranking function of A

4.2 Ranking Function Method

This section introducing the solution of fully fuzzy linear programming problems.
Namely, the vectors C = [¢i]1xn, b = [l;i]mxl are fuzzy numbers, A = [G;j|mxn 1S &
matrix whose entries are fuzzy numbers. And the solution vector X = [Z;];x, is of a

fuzzy vector. Thus, problem(|1.2)) will have the following form:

Optimize Z = Z (pja 455 55> ) ® ($j7ijzj7 )
j=1
s.t

D (i big, igy ) @ (25,95, 25, ) < (biy gin ha), i =1,..m
j=1
3,20, j=1,..m

By definition(4.1.1)), the objective function is

OptZ = R(

J

> (457 ) © (25,452 )
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On the other hand, the constraint can be simplified as follows:

Z (aij, bij, Cijs ) @ (T, Y5, 255 ) < (bis Gy by -

J=1

(Z ;5 5, Z bijyja Z CijZj, ) S (b“ 9i, hi7 )
j=1 j=1 j=1

The components comparison will give the following crisp linear programming problem:

n

Optimize Z = R(Z (P} @5, Sjs ) @ (24, Y5, 2, ...))

Jj=1
s.t

n
Z aijry < b
j=1

n
> by < g
j=1

n

Z cijzi < hy

j=1

r; >20,y;, 20,2, 20,...,5=1,...,m.

And then we solve it using simplex method.

4.3 Applications on Ranking Function

In the previous section, the ranking function method was presented. And in this section,
some examples will be taken using this method.

First example is about solving Triangular FFLPP.

Example 4.3.1 Let ¢, = (1,2,3),6é = (7,8,9)b, = (4,5,7), by = (6,9,11)
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aAll = (1,2,5),0&2 - (1,3,4),@51 - (2747 6)7aA22 = (17273)

Then problem has the following form: maxZ = (xl+7I2+4yl+j6y2+3zl+gz2) subject to

Ty + 22 <4, 2y; + 3y <5, Sz +42 <7
2[E1+I2 §8 5 4y1—|—2y2 §9 5 6Zl+322 S 11.
By simplex method, the solution of this problem &1 = (0,0,0), T = (4,1.66,1.7)

and the optimum solution is Z = (1,2,3)®(0,0,0)&(7,8,9)®(4, 1.66, 1.7) =(28,13.28, 15.3)

Now, we will move to the next example which using the ranking function of trapezoidal

fuzzy numbers.

Example 4.3.2 Solving Trapezoidal FFLPP Using Ranking Function Method

To solve the trapezoidal FFLPP we will use the same steps as we used in the previous

section but the ranking function will be changed as we can see in the following:

maxZ = (1,2,3,4)x; ® (7,8,9,10)x,
s.t
(1,2,5,7)x1 @ (1,3,4,5)xs < (4,5,7,9)
(2,4,6,8)z1 @ (1,2,3,4)zs < (6,9,11, 14)

x1,x9 2 0.

Let xy = (21,41, 21, w1) , Ta = (T2, Yo, 22, W2)
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max/ =

subjectto

(17 2a 374) X (371791, Zl7w1) SP (778797 10) X (x27y27 227w2)

(17 27 577) ® (wlayla Zlawl) S (173747 5) X <x27y27z27w2) S (47 57 77 9)
(2,4,6,8) & (.Z'l,yl, zl,wl) ) (1, 2,3,4) & (iL'Q,’!/Q,ZQ,’wQ) S (6,9, 11, 14)

(1,91, 21, w1), (T2, Y2, 22, wa) > 0.

By using addition of trapezoidal fuzzy numbers we get:

maxZ = (x1,2y1,3z21,4w;) & (T2, 8y, 922, 10ws)

subjectto

(.lel, 2y1, 521, 711)1) ) (.TQ, 3y2, 422, 5’11]2) S (4, 5, 7, 9)
(2'r17 41/17 5217 8’11]1) SV (SCQ, 2927 3227 4w2) S (67 97 117 14)

(21,91, 21, w1), (T2, Y2, 22, wa) > 0.

By the multiplication we get:

maxZ

s.t

= (ZL’I + 7[)32, 2y1 + 8y2, 321 + 92’2, 4w1 + 10’(1]2)

(@1 + 22, 2y1 + 3y2, 521 + 429, Twy + dws) < (4,5,7,9)

(221 + x2, 4y1 + 2yo, 521 + 329, 8wy + 4ws) < (6,9,11,14).
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Using R(A) =a+ b+ .5(d — ¢)

maxZ = w1+ Txy+ 2y + 8y + 2wy + dwy — (3/2)21 — (9/2) 29
s.t
T+ 29 < 4
; 2y1 +3y2 <5
) 521 +429 <7
, Twy + dwy <9
201 + 29 <6
; dy1 +2y2 <9
, 5z1 + 329 <11

, 8wy + 4wy < 14.

Using simplex method to get:

I1:0,$2:4
U1 :O,yg = 1.66
2120,2220

wy, = O,U}Q =1.8.
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So, x1=1(0,0,0,0)
s = (4,1.66,0,1.8)
Z =(1,2,3,4) ® (0,0,0,0) & (7,8,9,10)  (4,1.66,0, 1.8)

= (28,13.33,0,18).

Example 4.3.3 Solving FFLPP with Hexagonal Fuzzy Numbers using Ranking Func-
tion Method

maxZ = (1,2,3,4,5,6)x; ® (7,8,9,10,11, 12)z,
subject to.
(1,2,5,7,9,11)z, ® (1,3,4,5,6,8)zy < (4,5,7,9,10,12)
(2,4,6,8,10,12)z; & (1,2,3,4,6,8)xs < (6,9,11, 14,17, 20)

x1, 29 2 0.

Convert to a standard form:

maxZ = (1,2,3,4,5,6)x; ® (7,8,9,10,11,12)xs
subjectto
(1,2,5,7,9,11)x1 ® (1,3,4,5,6,8)xs & (1,1,1,1,1,1)s; < (4,5,7,9,10,12)
(2,4,6,8,10,12)x1 & (1,2,3,4,6,8)z2 & (1,1,1,1,1,1)s2 < (6,9,11, 14,17, 20)

X1,T2, 51,52 Z 0.
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. : . . _ ai1+2a2+az+as+2a5+a
Using the ranking function(1):R(A) = #=12185704 1205106

maxZ = Tx,+ ldxzs
subjectto
9z + 929 + 251 = (4,5,7,9,10,12)
9z + 8x9 + 259 = (6,9, 11, 14,17, 20)

T1,T2,S51,S2 Z 0.

By simplex method:

21 = (0,0,0,0,0,0)
xy = (.44, .55,.77,1,1.1,1.3)

Z = (6.2,7.7,10.8, 14, 15.5, 18.6).

Now,we will use the second ranking function :R(A) = @teatastoitastae .

maxZ = (21/4)xy + (57/4)x,
s.t
(35/4)21 + (27/4)2s + (3/2)s1 = (4,5,7,9,10,12)
(21/2)1 + 625 + (3/2)82 = (6,9, 11,14, 17, 20)

x1,T2,S51,S52 2 0.
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then the solution become:

21 = (0,0,0,0,0,0)
zo = (.5,.7,1.03,1.3,1.4,1.7)

and 7 = (8.4,10.5,14.7,19,21.1,25.3).

And the last ranking function will give the values of x1,x2,7 as:

T = (07 07 07 07 07 O)
zo = (8/9,10/9,14/9,2,20/9,8/3)

and  Z = (76/9,95/9,133/9,19,190/9,76/3).

4.3.1 Ranking Function Method For Solving Octagonal Fuzzy

Linear Programming Problem

In the current subsection, the solution of Octagonal FLPP will be introduced.

Let

Optimize Z = CX
s.t
AX {<>=} b (4.1)
X > 0

be a fuzzy linear programming problem where C' = [¢;] crisp row vector,A = [a;;] is
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an m X n octagonal fuzzy matrix, b = (by, ..., b,,) is an m-dimensional octagonal fuzzy

number and X = (x1, z, ...) is an n-dimensional vector. Then,we can write the previous

FLPP as:
Optz = CX
s.t
;171 + i9T9 + ... + ATy S bz
Ty ey Ty > 0
1=1,....,m.
where: a;; = (aill,am, ...,CLz‘lg), vy Qg = (Cbml, ...,aing) and bz = (biﬂ -~-,big>~

By using the ranking function the problem become:

OptZ = cix1+ ...+ cpxy
s.t
2(ai, n + oo+ a;,,21) + 3,11 + o+, xn) + 4@, + o+ GG T)
+5(aiy, 1 + oo+ i, Tn) F 5(05,01 F oo F Qs Ty) + A5 F o+ G T)
+3(ai, 1 + oo+ @i xn) + 2(a5,501 + oo F G Ty)
< by, + 3by, + Abs, + 5by, + by, + by, + 3bi, + 20y,
L1,y @y >0

1=1,....m.

Now, it will be converted to a crisp linear programming problem which can be solved

using simplex method.
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Example 4.3.4

max/ = bxi+ Txo
s.t
(1,3,4,5,7,9,10,12)x; & (1,2,3,4,5,6,7,8)zy < (11,12,13,14, 15,16, 17, 18)
(2,4,6,8,10,12,14,16)x; & (0,2,5,8,11,14,17,20)z, < (20, 22,23, 26, 27, 28, 30, 32)

x1,22 >0

Using the ranking function to get the following crisp linear programming problem:

maxs = 5xi+ Txo
s.t
2(x1 + 22) + 3(3z1 + 2x2) + 4(4x1 + 322) + 5(5x1 + 4a2) + 5(T21 + 522)
+4(9z1 + 6x9) + 3(10x1 + Txo) + 2(1221 + 8x9) < (22+ 36+ 52+ 70+ 75+ 84 + 91 + 3
2(2z1 + O0x2) + 3(4x1 + 229) + 4(6x1 + b)) + 5(81 + 8x2) + 5(10z1 + 1129) +
4(12x + 14x9) + 3(14xy + 172) + 2(1671 + 20z2)
< (40 4 66 + 92 + 130 + 135 + 112 + 90 + 64)

x1,xe = 0.
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maxZ

By simplex method:
r1=0,29=27and Z =18.9

s.t

o1 + Txo

177x; + 12622 < 466

25271 4 26872 < 729

xy, w9 > 0.
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Chapter 5

Alpha-Cut Method For Solving Fuzzy Linear

Programming Problem

This chapter is devoted to solve FFLPP using a-cut method. The idea of the current
method is to convert the given problem into a crisp by replacing the fuzzy numbers by

their a-cuts and then the intervals inequality technique.

5.1 Alpha-Cut

In this section, the definition of alpha-cut denoted by « -cut is introduced and then we
present the general formulas of a-cuts of the fuzzy numbers that mentioned in chapter

two.

Definition 5.1.1 [15] The alpha cut or alpha level set of a fuzzy set is a crisp set
defined as follows: A, = {x : Vo € X, pa(zx) > a}.

The a-cut of the fuzzy numbers are:

1. If A= (a,b,c) triangular fuzzy number, the a-cut of A is:

A, =la+ (b—a)a,c— (c—b)a]
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2. Let A = (a,b, ¢, d) trapezoidal fuzzy number, then :[Aa = a+a(b—a),d—a(d—c)]

is the alpha-cut of A

2a(ag — ag) +m —aq, —2a(fy — f2) +n— P, «a€[0,0.5]
Ay = (5.1)

20a(c; — 1) +m, =205 (a— 1) +n a € [0.5,1]

where A = (m,n, o, b1, ag, f2) hexagonal fuzzy number.

4. The a-cut of an octagonal fuzzy number = (d, e, aq, f1, g, B2, a3, 53)

a(agfaz) a(ﬁS*ﬁQ)
=2 b d—ag, B2 —e— 3, 0<a<k
k ’ k )
A, = X X (5.2)
(aclor 4 g lolb ¢ k<a<l

5.2 Interval Linear Programming Problem

In the current section, we introduce some arithmetic concepts related to the intervals

and linear programming with interval coefficients.

5.2.1 Interval Arithmetics
The operations on intervals can be defined as follows:

Definition 5.2.1 [/ Let A = [a,b], B = [c,d] be two intervals, then:

1. A+ B=[a+c,b+d
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2. A—-B=la—d,b—(

3. A.B = [min(ac, ad, bc, bd), max(ac, ad, be, bd)]

5. kA = [ka, kb]

5.2.2 Interval Linear Programming Problem

This subsection will illustrate the interval method for solving the FLPP.

Solving Interval Linear Programming Problem(ILPP) with > constrains

Theorem 5.2.1 (2] For the interval inequality

>olaj, a;] > [b,0] where Y, Y- djx; > b, > alx; > b are the largest and Smallest feasible
j=1—" J=1 J=1
regions respectively,

where

aj =< — (5.4)
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Theorem 5.2.2 (2] for ILPP:

minz = ;. 5l
=1
s.t

j=1

the best and worst optimum obtain by solving the following problems respectively :

n
minz = E C;Tj
Jj=1

s.t

n

> djry > bi=1,2,...

J=1

n
minz = E ijj
j=1

s.t

n

Z(I;jl’j Z 1_7172 = 1,2, ey,

i=1
where:
.
) aij, x; >0
aij =
atj w; <0
[ 4
.
o aij, x; >0
j o —_
a;; ;<0
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Theorem 5.2.3 7]

If the objective function is change to max, then the best and worst optimum values

obtain by the following:

n

o ",

marz = E i
j=1

s.t

n
E a;ja:j > [_)Z,’l = 1,2, R
J=1

n
maxrz = E ¢
j=1

s.t

n
E n 7
J=1

Solving ILPP with < constants

Theorem 5.2.4 |9/
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For ILPP:

n
mine = Y ey
=1
s.t

n

Z[%u a_lj]x] < [Z—)m Bl]

j=1

The best and worst optimum values optains by solving the following:

n
minz = E c;xj
j=1

s.t

Za;jxj < bpi =1,2,...

j=1

4 /! ’ "
¢j,c}, aij and aj; are as before.

Theorem 5.2.5 7]

If the objective function is changed to max.

o4



Then the best and worst optimum values obtained by:

n

_ E : ",

marz = Cj.T]
j=1

s.t

n
§ " 7
=1

n
maxrz = E G,
j=1

s.t

n
E a;jz; < b;
=1

Now, consider the following FLPP

opt(z) = Z CiT;
j=1
s.t

n
Yo ar; < by agr; > bi,x; >0
1

n
7=1 j=

where ¢;, a;;, b; are fuzzy number numbers, then we can use the alpha-cut of each fuzzy
number to convert the FLPP to an Interval Linear Programming Problem(ILPP) and
using the previous theorems to convert it to crisp linear programming problem which

can be solved by simplex method as we can see in the next section
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5.3 Applications on Alpha-cut Method

This section consists of four examples about the method which are:

Example 5.3.1

maxz = (1,2,3)x; + (7,8,9)x9s.t
(1,2,5)21 + (1,3,4)22 < (4,5,7)
(2,4,6)z, + (1,2,3)25 < (6,9, 11)
T1,2o > 0

a=0.5

CX(17273) = [15,25], 04(7,8,9) = [75,85], Oé(l’275) = [15,35], ()Z(173,4) = [2,35], CY(47577) =
[45,6], (2,4,6) = [3, 5}7 ¥(1,2,3) = [15, 25] and ¥6,9,11) = [75, ]_0]

The problem become:

mazz = [1.5,2.5]x1 + [7.5,8.5]xs
s.t
[1.5,3.5)z1 + [2,3.5]z2 < [4.5, 6]
13, 5]z, + [1.5,2.5)z5 < [7.5, 10]

1,22 >0

using interval method we get:
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The best optimum solution :

n
- ",
marz = E ¢,
J=1

s.t

n
§ " 7
J=1

where

a;»’ and c"f are as said before

maxz = 2.5z + 8.5x9
s.t
1.521 + 229 <6
31 + 1.5xy <10

x1,T2 > 0

using simplex method we get:
r = O, To = 3

2 = (21,24,27)
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And the worst optimum solution is:

3

marz = E cxj

=1

.

s.t

n
E a;jr; > b,
j=1

where a} and c;- are as mentioned before.

marz = 1.5x1 +3.5z9 < 4.5
s.t
3.5x1 + 3.522 < 4.5
bri 4+ 2.529 < 7.5

1,72 > 0

Therefore, 1 = 0,25 = 1.28 and z = (8.96, 10.24,11.52)

The next example is about trapezoidal fuzzy number

Example 5.3.2

maxz = (1,2,3,4)z; + (7,8,9,10)z,
s.t
(1,2,5,7)x1 4 (1,2,3,4)25 < (4,5,7,9)
(2,4,6,8)x; + (1,2,3,4)z5 < (6,9, 11,14)

L1, T2 2 0

using o =1
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since v = 1:
0(1,2,34) = 1+ a,4—al = [2,3], 0(7,8,9,10) = 7+ o, 10 — o] = [8,9], apzs7 =
[2,5], 06(1,3,4, 5) = [3,4], A(4,57,9) = [5,7], @(2,4, 6,8) = [4,6], ((1,2,34) = [2,3] and

¥(6,9,11,14) = [9a 11]
By substituting these intervals and using the previous theorems the best and worst

optimum solutions are: The best optimum solution is:

maxz = 31+ 9x
s.t
201 4+ 319 <7
4oy + 229 < 11

x1,22 >0

Hence,x1 = 0,29 = 2.333 and z = (16.331, 18.664, 20.997, 23.33)

And the worst optimum solution is:

marz = 2x1+ 8x9
s.t
Sr1 +4xe <5
6x1 + 315 <9
T1,To > 0

And hence, 1 = 0,25, = 1.25,

z = (8.75,10,11.25,12.5)
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By using a = 0.5, the solution is:
The best optimum solution is, x; = 0,29 = 4 = z = (28, 32, 36, 40)

And the worst optimum is:x; = 0,20 = 1.25 = z = (2.75,10,11.25,12.5)

Example 5.3.3

maxz = (1,2,3,4,5,6)x; + (7,8,9,10,11,12)x,
s.t
(1,2,5,7,9, 11)z1 + (1,3,4,5,6,8)z5 < (4,5,7,9,10,12)
(2,4,6,8,10,12)z1 + (1,2,3,4,6,8)zs < (6,9,11, 14, 17, 20)

1,72 >0

using o =1

since o« = 1:
aa23456 = 16(0) +1,2(6)(0) + 2] = [1,2], 0(7,8,9,10,11,12) = 7,8, aa257911) = [1,2],
((1,3,4,5,6,8) = [1,3], ((4,5,7,9,10,12) = [4, 5], ((2,4,6,8,10,12) — [2,4], ((1,2,3,4,6,8) = [1,2] and

(6,9,11,14,17,20) = [6,9].

since the problem is maximum and the constraints < then:
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The best optimum solution:

maxz = 21+ 8xy
s.t
T+ 29 <5
201 + 29 <9
Tx1,20 >0

1 = 0,29 =5, z = (35,40, 45, 50, 55, 60)

And similarly, the worst optimum solution is: z; = 0,z = %

__ (28 32 40 44
z= (?7?7127?)3716)

And the last example about octagonal fuzzy number:

Example 5.3.4

mazrz = (1,2,3,4,5,6,7,8)x; + (9,10,11,12,13,14,15,16)x
s.t
(2,4,6,8,10,12,14,16)x; + (3,6,9,12,15,18,21,24)z, < (4,5,7,8,10,11,12,13)
7(0,1,3,4,5,7,8,9)x; + (1,2,3,7,8,9,10,12)x5 < (4,6,7,9,12,14, 16, 17)

73:173:2 Z 0

using a = 1,k = 0.6

0(1,2,3,4,5,6,7,8) — [17 2]7 ©(9,10,11,12,13,14,15,16) — [9, 10]7 0(2,4,6,8,10,12,14,16) = [2,4], (3,6,9,12,15,18,21,24) —

[3, 6]> ((4,5,7,8,10,11,12,13) — [4> 5]7 ©(0,1,3,4,5,7,8,9) — [07 1] ((1,2,3,7,8,9,10,12) — [1, 2] and ((4,6,7,9,12,14,16,17) —

[4,6]
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The best optimum solution: x; = 0, x5 = g and z = (15, 16.6, 18.3, 20, 21.6, 23.3, 25, 26.6)

And the worst optimum solution is: z; = 0,25 = %, z=(6,6.6,7.3,8,8.6,9.3,10, 10.5)
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Conclusion

In this thesis, we studied three methods for solving fuzzy linear programming problem.
The first method is about solving fully fuzzy linear programming problem with equality
in constraints which we are used the method explained in [23] for solving the constraints
and then used the solution of constraints to give the value of Z. Second method is the
ranking function method. In this method, the ranking function of each fuzzy number is
deduced to convert each fuzzy equation to a crisp equation and then solving it by simplex
method. The last method is” Alpha-Cut Method’ which converting the fuzzy linear
programming problem to an interval linear programming problem and then converting
it to a crisp linear programming problem as in [2] which can be solved using simplex

method.
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