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Abstract

Methods for Solving Fuzzy Linear Programming Problem

By

Anwaar Issam Thaher

In this thesis, some methods are used for solving fuzzy linear programming problem

which are: Ranking function method,Alpha- cut method and Linear system method.Each

method is introduced in details and some examples on them. These methods converting

the fuzzy linear programming problem to crisp linear programming Problem which can

be easily solved with many ways specially simplex method.
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Chapter 1

Introduction

The concepts of fuzzy sets and numbers was first introduced by Zadeh [30]. Linear

programming plays an important role in operations research techniques and it has many

real-word applications such as: agricultural economics, assignment problems, banking

and finance, environment and management. For more applications we refer the reader

to [11,24].

The well-known crisp linear programming problem is defined by:

Optimize Z = CX

s.t

AX {≤,≥,=} b (1.1)

X ≥ 0

where C and b are constant vectors of size 1 × m and n × 1 respectively, A is the

coefficient matrix of size n×m and X is an m× 1 solution of the problem.

Crisp linear programming has been investigated by many authors and they introduced

many methods for solving these [8, 10,16,18,27].

In this work, we will deal with fuzzy linear programming problem(FLPP) and fully
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fuzzy linear programming (FFLPP), so some or all of the matrices and vectors A, c, b

will be replaced by matrices whose entries are fuzzy numbers. Thus, the fuzzy linear

programming problem can be formulated as follows:

Optimize Z =
m∑
i=1

ĉi ⊗ x̂i

s.t
m∑
j=1

âij ⊗ x̂j {≤,≥,=} b̂i, i = 1..., n (1.2)

x̂j ≥ 0, j = 1, ...,m.

where ĉi, b̂i, x̂j and âij are fuzzy numbers.

Fuzzy linear programming problem is a problem whose at least one of it’s compo-

nents(variables, coefficients of constraints, coefficients of the objective function and

right hand sides) is a fuzzy number. This type of problem is proposed by Bellman and

Zadeh [14].

Many methods are developed for solving fuzzy linear programming problem. In [7, 9],

the solution of the fuzzy linear programming problem is introduced in which the tech-

nical coefficients and right hand sides are fuzzy numbers. But in [28], the solution was

introduced when the coefficients of the constraints and the coefficients in the objective

function are fuzzy numbers. The solution of linear programming problem in which de-

cision variables, cost coefficients and right hand sides are fuzzy numbers in [29]. The

Penalty Method [20] solves the fuzzy linear programming when the right hand sides are

fuzzy numbers. In [17, 21], they used the simplex method for solving the fuzzy linear

programming problem.

If all of the components of the linear programming problem are fuzzy numbers then it is

called Fully Fuzzy Linear Programming Problem. A method called Bound and Decom-

position is illustrated in [11] to solve the fully fuzzy linear programming problem and
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it is also solved in [1] by another methods. In [3] the fully fuzzy linear programming

problem has solved with LR fuzzy numbers. [25] has solved the triangular fully fuzzy

linear programming problem. The trapezoidal fully fuzzy linear programming problem

was solved in [12,13,31].

Besides the current chapter, this thesis consists of five chapters. First chapter is the

introduction. In the second chapter, some basic notion in the theory of fuzzy sets

and number are introduced. Further, the definitions of triangular, trapezoidal, hexag-

onal and octagonal fuzzy numbers are presented.In fact, we have applied the theory

introduced and generalized in [23] in solving such problems. Further, we were apple

to extend this theory to octagonal fuzzy numbers. In chapter four, the ranking func-

tion method has been used to solve fuzzy linear programming problem with the fourth

fuzzy numbers. And finally in chapter five, another method was introduced, which is

an alpha-cut method for solving fuzzy linear programming problem.
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Chapter 2

Fuzzy Sets And Fuzzy Numbers

In this chapter, some basic definitions about fuzzy numbers and fuzzy sets are intro-

duced.

This chapter consists of two sections.The first section is talking about fuzzy set and its

definition . And the second section talking about fuzzy numbers and it consists of five

subsections, first subsection is about the definition of the fuzzy number and the rest

subsections are about the definitions of each type and some operations on them.

2.1 Fuzzy Set

We start with some definitions on fuzzy set.

Definition 2.1.1 [15] Membership function

For a set A,we define a membership function by

µA(x) =

 1,

0,

x ∈ A

x /∈ A.
(2.1)

Definition 2.1.2 Fuzzy Set [15]

A fuzzy set is a nonempty set which maps each element belongs to a nonempty set; X

to [0, 1] by membership function
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µA : X −→ [0, 1]

Definition 2.1.3 Normal Set [15] A fuzzy set A is called normal if there is at least

one point x belongs to X such that µA(x) = 1.

Definition 2.1.4 Convex Set: A fuzzy set A is convex if for any x1, x2 belong to X

and λε[0, 1]we have:

µA(λx1 + (1− λ)x2) ≥ minµA(x1), µA(x2)

Now ,we will use the above definitions to define the fuzzy number.

2.2 Fuzzy Numbers

Here, we will talk about the definition of fuzzy numbers and the definition of each type

.

Definition 2.2.1 Fuzzy Number [15] A fuzzy set A is a fuzzy number if it is satisfying

the following conditions:

(i) Convex fuzzy set

(ii) Normalized fuzzy set

(iii) The membership function is piecewise continuous

(iv) The membership function defined on the set of real numbers.

Definition 2.2.2 A fuzzy number A is called positive (negative) denoted by A > 0(A <

0) if it’s membership function µA(X) satisfies µA(X) = 0,∀x ≤ 0(∀x ≥ 0).

Now, we will mention some fuzzy numbers about there definitions and some arithmetics

on them.
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Fig. 2.1: Triangular Fuzzy Number

2.2.1 Triangular Fuzzy Number

Here in this subsection we will introduce the definition of triangular fuzzy number in

two ways and some operators on them.

Definition 2.2.3 [22]Triangular Fuzzy Number

A fuzzy number A = (a, b, c) is a triangular fuzzy number which interpreted as mem-

bership function and holds the following condition:

(i) a to b is increasing function

(ii) b to c is decreasing function

(iii) a ≤ b ≤ c with

µA(x) =


0,

x−a
b−a ,

c−x
c−b

otherwise

a ≤ x ≤ b

b ≤ x ≤ c

(2.2)

Arithmetic operations:

Let A = (a, b, c) and B = (e, f, g) be two triangular fuzzy numbers. Then:

(i) A+B = (a+ e, b+ f, c+ g)
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(ii) −A = (−c,−b,−a)

(iii) A−B = (a− g, b− f, c− e)

(iv) B ≥ 0 if and only if e ≥ 0, f ≥ 0, g ≥ 0

(v) for any B ≥ 0,

A×B =


(ae, bf, cg)

(ag, bf, cg)

(eg, bf, ce)

a ≥ 0

a < 0, c ≥ 0

c < 0

(2.3)

But, if we use another definition of triangular fuzzy number using left and right shift

, the triangular fuzzy number A = (a, α, β) is a triangular fuzzy number whose mem-

bership function is

µA(x) =


1− a−x

α
,

1− x−a
β
,

0,

a− α ≤ x ≤ a

a ≤ x ≤ a+ β

otherwise

(2.4)

where a is the mean value of A, α and β are left and right spreads respectively.

Definition 2.2.4 [26]Non-negative Triangular Fuzzy Number

A fuzzy number is non-negative if and only if µA(x) = 0, ∀x < 0 . Then, a triangular

fuzzy numberA = (a, α, β) is non-negative if a− α ≥ 0.

Here some operations on triangular fuzzy numbers in this shape :

LetA = (a, α, β),B = (b, γ, δ) be two triangular fuzzy numbers then:

(i) A+B = (a+ b, α + γ, β + δ)

(ii) A−B = (a− b, α + δ, β + γ)
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Fig. 2.2: Trapezoidal Fuzzy Number

(iii) If λ is scaler then,

λA =

 (λa, λα, λβ),

(λa, λβ, λα),

λ ≥ 0

λ ≤ 0
(2.5)

(iv) A ·B = (ab, aα + bα, aδ + bβ)

(v) A is symmetric if α = β

2.2.2 Trapezoidal Fuzzy Numbers

This is the second subsection in this section which talking about trapezoidal fuzzy

number.

Definition 2.2.5 [2]Trapezoidal Fuzzy Number

A trapezoidal fuzzy number A = (a, b, c, d) is a fuzzy number which has a membership

function as:

µA(x) =



0

x−a
b−a ,

1,

x−d
c−d

x ≤ a, x ≥ d

a < x < b

b ≤ x ≤ c

c < x < d

(2.6)
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Definition 2.2.6 [17]Trapezoidal Fuzzy Number With Left And Right Shift

A trapezoidal fuzzy number A = (m,n, α, β) is a fuzzy number defined by it’s corre-

sponding membership function which is:

µA(x) =



1− m−x
α
,

1

1− x−n
β
,

0

m− α ≤ x ≤ m

m ≤ x ≤ n

n ≤ x ≤ n+ β

otherwise

(2.7)

where α, β are left and right shift respectively

Some arithmetic operations on trapezoidal fuzzy numbers: Let A = (m,n, α1, β1) and

B = (p, q, α2, β2) be two trapezoidal fuzzy numbers and cεR. Then :

(i) If c ≥ 0 , then cA = (cm, cn, cα1, cβ1)

(ii) If c < 0, then cA = (cn, cm, cβ1, cα1)

(iii) A+B = (m+ p, n+ q, α1 + α2, β1 + β2)

(iv) A ·B = (mp, nq,mα2 + pα1, nβ2 + qβ1)

Now, the definition of hexagonal fuzzy number will be introduced with it’s usual defi-

nition and with left-right shift definition and mention some arithmetics on them.

2.2.3 Hexagonal Fuzzy Number

In this current subsection, we will talk about the definitions of hexagonal fuzzy number

and some operations on them.

Definition 2.2.7 [6] A fuzzy numberA is a hexagonal fuzzy number denoted by A =

(a1, a2, a3, a4, a5, a6) where it’s components are real numbers and it’s membership func-
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Fig. 2.3: Hexagonal Fuzzy Number

tion µAis given by:

µÂ(x) =



0

1
2
( x−a1
a2−a1 )

1
2

+ 1
2
( x−a2
a3−a2 )

1

1− 1
2
( x−a4
a5−a4 )

1
2
( a6−x
a6−a5 )

0

x < a1

a1 ≤ x ≤ a2

a2 ≤ x ≤ a3

a3 ≤ x ≤ a4

a4 ≤ x ≤ a5

a5 ≤ x ≤ a6

x > a6

(2.8)

Now, using α and β the definition become:

Definition 2.2.8 Let m ≤ n, α1, β1, α2,and β2 such that α1 ≥ α2, β1 ≥ β2. A

non zero hexagonal fuzzy number denoted byA = (m,n, α1, β1, α2, β2) is a fuzzy number
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whose membership function‘n is

µÂ(x) =



0

1
2
(x−m+α1

α1−α2
)

1 + 1
2
(x−m
α2

)

1

1− 1
2
(x−n
β2

)

−1
2
(x−n−β1
β1−β2 )

0

x < m− α1

m− α1 ≤ x ≤ m− α2

m− α2 ≤ x ≤ m

m ≤ x ≤ n

n ≤ x ≤ n+ β2

n+ β2 ≤ x ≤ n+ β1

x > n+ β1

(2.9)

Let B = (p, q, α21, β21, α22, β22) be hexagonal fuzzy number, then A·B =(mp, nq,mα21+

pα1, nβ21 + qβ1,mα22 + pα1, nβ22 + qβ2)

The last fuzzy number we will talk about is an Octagonal fuzzy number.

2.2.4 Octagonal Fuzzy Number

The octagonal fuzzy number can be defined as follows:

Definition 2.2.9 Octagonal Fuzzy Number [5] A fuzzy number is an octagonal fuzzy

number denoted by (a, b, c, d, e, f, g, h) where a, b, c, d, e, f, g are real numbers and it’s

11



membership function is given by:

µA(x) =



0,

k(x−a
b−a ),

k

k + (1− k)(x−c
d−c )

1

k + (1− k)(f−x
f−e )

k

k(h−x
f−e )

x ≤ a, x ≥ h

b ≤ x ≤ c

c ≤ x ≤ d

d ≤ x ≤ e

e ≤ x ≤ f

f ≤ x ≤ g

g ≤ x ≤ h

(2.10)

Now, when we do some calculations we can define the octagonal fuzzy number using

left and right shift as follows:

Definition 2.2.10 Octagonal Fuzzy Number

A fuzzy number A = (d, e, α1, β1, α2, β2, α3, β3) is an octagonal fuzzy number if it’s

12



membership function given by:

µA(x) =



k
α3−α2

(x− d+ α3)

k

1 + x−d−k(d−x)
α1

1

1 + (k−1)(x−e)
β1

k

− k
β3−β2 (x− e− β3)

d− α3 ≤ x ≤ d− α2

d− α2 ≤ x ≤ d− α1

d− α1 ≤ x ≤ d

d ≤ x ≤ e

e ≤ x ≤ e+ β1

e+ β1 ≤ x ≤ e+ β2

e+ β2 ≤ x ≤ e+ β3

(2.11)

Aα =


α(α3−α2)

k
+ d− α3,

α(β3−β2)
k

− e− β3

(α−1)α1

k+1
+ d, (α−1)β1

k−1 + e

0 < α ≤ k

k ≤ α ≤ 1

(2.12)

In the following chapters, we introduce various methods to optimize the solution of

problem (1.2) with triangular, trapezoidal, hexagonal and octagonal fuzzy numbers.
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Chapter 3

Fully Fuzzy Linear Programming with Equality

Constraints

In this chapter, we introduce some concepts that have been studied . These concepts will

be used to optimize fully fuzzy linear programming with equality constraints. Since the

coefficient matrix of the constraints need not be invertible, the method of generalized

inverse is one of the useful technique to approximate the inverse of such matrices.

3.1 Generalized Inverse

Definition 3.1.1 If A is an m × n matrix, and G is an n × m matrix then G is a

generalized inverse of A if it satisfies the property AGA = A.

When A is a square invertible matrix then G = A−1.

The following algorithm describes the process of finding the Generalized inverse of a

non-square matrix A.

1. Choose any non-singular sub-matrix H of size k.

2. Calculate (H−1)T .

3. In A, replace the elements of sub-matrix H by the elements of (H−1)T and the

rest entries by zeros to get new matrix Ã.

14



4. The generalized inverse G = (Ã)T .

From the above algorithm, the generalized inverse is not unique since it depends on the

choice of the sub matrix H.

3.2 Fuzzy Linear System For Solving Triangular Fully Fuzzy

Linear Programming Problem

As mentioned in chapter two, A⊗B = (mn,mα2 + nα1,mβ2 + nβ1) where,

A = (m,α1, β1) and B = (n, α2, β2) are triangular fuzzy numbers.

Let

(aij ⊗ xj) + ...+ (ain ⊗ xn) = bi

be a linear system of triangular fuzzy numbers then it can be written as :

Σ((aij, αij, βij)⊗ (xj, yj, zj)) = (bi, gi, hi)

By using product of two triangular fuzzy numbers:

∑
(aijxj, aijyj + αijxj, aijzj + βijxj) = (bi, gi, hi)

So

Σaijxj = bi

Σ(aijyj + αijxj) = gi

Σ(aijzj + βijxj) = hi

(3.1)

This can be written as a system of equations:

15



AX = B

AY +MX = g

AZ +NX = h

This can be written by a block matrix S as:

S =


A 0 0

M A 0

N 0 A



X

Y

Z

 =


b

g

h


Then the solution is:

X = A−1b

Y = A−1(g −MA−1b)

Z = A−1(h−NA−1b)

where, A = (aij), X = (xj), Y = (yj), M = (αij) and N = (βij)

Definition 3.2.1 The linear system SX = C where S =


A 0 0

M A 0

N 0 0

 X =


x

y

z



, C =


b

g

h

 is called associated linear system of the fuzzy linear system A⊗X = B. So,

16



the solution is: X =


A−1b

A−1(g −MA−1b)

A−1(h−NA−1b)


where, A = (aij), M = (αij), N = (βij), x = (x1, ..., xn)T , y = (y1, ..., yn)T , z =

(z1, ..., zn)T , b = (b1, ..., bn)T , g = (g1, ..., gn)T and h = (h1, ..., hn)T Note: The last

solution exists only if A is invertible.

For more, read in [19].

Let OptZ = CX

subject to

AX = b

X ≥ 0

be fully fuzzy linear programming problem where, C is triangular fuzzy vector, X is

fuzzy variable and A, b are fuzzy matrix and vector respectively.

We will solve the linear system AX = b by the solution which we are mentioned and

then substituting the solution (values of X) in the objective function to get the value

of Z.

If A is singular, we can’t use the previous method. We will approximate the solution

of the linear system using the generalized inverse , so the solution will be:

X =


Gb

G(g −MGb)

G(h−NGb)


where G is the generalized inverse of A.

And then put the solution in the objective function to get the value of Z.

Now, we will take the case of non-square coefficient matrix.

Here, the matrix A will be non-square.
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
A 0 0

M A 0

N 0 A



x

y

z

 =


b

g

h


Definition 3.2.2 The vector x that minimizes ‖AX − b‖ is the solution to the normal

equation ATAX = AT b. So, X = (ATA)−1b

The vector x is the least square solution to AX = b

If (ATA)−1 exist, then the solution is given by:
x

y

z

 =


(ATA)−1AT b

(ATA)−1AT (g −M(ATA)−1AT b)

(ATA−1)AT (h−N(ATA)−1AT b)


But, if ATA is singular then:
x

y

z

 =


GAT b

GAT (g −MGAT b)

GAT (h−NGAT b)


where G is the generalized inverse of ATA.

3.2.1 Applications

Here in this section we will introduce some examples on using the previous method.

Example 3.2.1 maxZ = (1, 4, 6)x1 ⊕ (3, 4, 5)x2

subject to

(3, 6, 2)x1 ⊕ (4, 6, 1)x2 = (7, 8, 9)

(0, 1, 2)x1 ⊕ (5, 1, 6)x2 = (5, 7, 1)

x1, x2 ≥ 0

Let A = (aij) =

3 4

0 5

, M = (αij) =

6 6

1 1

,
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N = (βij) =

2 1

2 6

, b = (7, 5)T , g = (8, 7)T and h = (9, 1)T .

|A| = 15 6= 0 so, A is invertible.

A−1 =

1/3 −4/15

0 1/5

,

A−1b =

1

1


A−1(g −MA−1b) =

−8/3

1

, A−1(h−NA−1b) =

58/15

−7/5


The solution is:

X =


A−1b

A−1(g −MA−1b)

A−1(h−NA−1b)

 Therefore, x1 = (1,−8/3, 58/15), x2 = (1, 1,−7/5)

and Z = (4, 26/3, 160/15)

Example 3.2.2

maxZ = (1, 2, 3)x1 ⊕ (0, 1, 2)x2

s.t

(6, 8, 3)x1 ⊕ (7, 9, 2)x2 = (5, 7, 1)

(5, 8, 1)x1 ⊕ (9, 11, 5)x2 = (4, 5, 6)

(6, 9, 2)x1 ⊕ (5, 7, 1)x2 = (1, 2, 3)

x1, x2 ≥ 0

A = (aij) =


6 7

5 9

6 5

, M = (αij) =


8 9

8 11

9 11

, N = (βij) =


3 2

1 5

2 1

, b = (bi) =


5

4

1

,
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g = (gi) =


7

5

2

 and h = (hi) =


1

6

3


ATA =

 97 117

117 155

, |ATA| = 1346 6= 0

(ATA)−1 =

 .12 −.09

−.09 .07

. So, (ATA)−1b =

−.12

.28


(ATA)−1AT (g −M(ATA)−1AT b) =

.19

.03

, (ATA)−1AT (h−N(ATA)−1AT b) =

−.12

.25



X =


(ATA)−1AT b

(ATA)−1AT (g −M(ATA)−1AT b)

(ATA−1)AT (h−N(ATA)−1AT b)


. Then, x1 = (−.12, .19,−.12), x2 = (.28, .03, .25) and

Z = (−.12, .33, .02)

3.3 Fuzzy Linear Systems with Trapezoidal Fuzzy Numbers

This section uses the product of two trapezoidal fuzzy numbers defined in chapter one

to solve the fuzzy LPP.

This section consists of two parts :first part when the constraints and the right hand

sides are square (size n×n), and the second part when the size is m×n.

As we defined before,

A×B = (mp, nq,mα2 + pα1, nβ2 + qβ1)where A = (m,n, α1, β1) and B = (p, q, α2, β2)

n∑
j=1

(aij × xj) = (bi, gi, hi, ki)

n∑
j=1

(aij, bij, αij, βij)× (xj, yj, zj, wj) = (bi, gi, hi, ki)
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n∑
j=1

aijxj = bi

n∑
j=1

bijyj = gi

n∑
j=1

(aijzj + αijxj) = hi

n∑
j=1

(bijwj + βijyj) = kj.

This will lead to the following equations:

Ax = b

By = g

Az +Mx = h

Bw +Ny = k

where A = (aij), B = (bij), M = αij, N = (βij).

The block representation of the equation is:



A 0 0 0

0 B 0 0

M 0 A 0

0 N 0 B





x

y

z

w


=



b

g

h

k



Theorem 3.3.1 The block matrix S =



A 0 0 0

0 B 0 0

M 0 A 0

0 N 0 B


is invertible if and only if A and B are invertible

If A and B are invertible matrices, then the unique solution of

Ax = b is x =



A−1b

B−1g

A−1(h−MA−1b)

B−1(k −NB−1g)


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Thus, for solving the FFLPP with trapezoidal fuzzy numbers, we will solve the con-

straints using the previous method and then substitute the values of xis in the objective

function to get the value of z as we can see in the next subsection. Now we will take

the case in which the block matrix is singular. So we will use the generalized inverse of

A and B. The solution is:

x = G1b

y = G2g

z = G1(h−MG1b)

w = G2(k −NG2g)

where A, B, M , N are square matrices and G1, G2 are the generalized inverses of A

and B respectively.

And to solve the FFLPP of trapezoidal fuzzy numbers of the form:

OptZ = c1x1 + ...+ cnxn

subject to

AX{≤,≥,=}b

X ≥ 0

where A = (aij) is n× n trapezoidal fuzzy matrix.

b = (bi) n× 1 trapezoidal fuzzy vector.

x = (xj) trapezoidal fuzzy vector.

and c1, ..., cn trapezoidal fuzzy numbers.

We use the values of xj which we obtained by solving the FFLS and subsitute them in

the objective function. FFLPP which associated coefficients matrices A, B, M , N are

m× n matrices will be studying here.

If (ATA)−1, (BTB)−1 exist, then the solution is:

x

y

z

w


=



(ATA)−1AT b

(BTB)−1BTg

(ATA)−1AT (h−M(ATA)−1AT b)

(BTB)−1BT (k −N(BTB)−1BTg)


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Otherwise, if at least one of the matrices ATA,BTB is singular then the solution is:

x

y

z

w


=



G1A
T b

G2B
Tg

G1A
T (h−MG1A

T b)

G2B
T (k −NG2B

Tg)


where G1 the generalized inverse of ATA and G2 the generalized inverse of BTB.

3.3.1 Some Applications

Also this section consists about some examples on the previous method which are:

Example 3.3.1

maxz = (4, 6, 2, 3)x1 + (5, 6, 3, 4)x2

s.t

(2, 3, 1, 4)x1 + (3, 4, 2, 6)x2 = (10, 11, 3, 4)

(4, 6, 2, 9)x1 + (6, 8, 5, 8)x2 = (9, 12, 3, 5)

x1, x2 ≥ 0

A =

 2 3

4 6

 , B =

 3 4

6 8

 ,M =

 1 2

2 5

 , N =

 4 6

9 8

,

b =

 10

9

 , g =

 11

12

 , h =

 3

3

 andk =

 4

5


|A| = 0, |B| = 0⇒ B ⇒ A and B are singular

G1 =

 1
4

0

0 0

 the generalized inverse of A

G2 =

 1
3

0

0 0

 the generalized inverse of B
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G1b =

 5
2

0

,

G2g =

 11
3

0



G1(h−MG1b) =

 1
8

0

, G2(k −NG2g) =

−32/9

0


Then, x1 = (5/2, 11/3, 1/8,−32/9), x2 = (0, 0, 0, 0) and Z = (10, 22, 11/2,−31/3)

3.4 Fuzzy Linear System For Solving Hexagonal Fully Fuzzy

Linear Programming Problem

We studied before the definition of hexagonal fuzzy numbers with left and right shift

and the product of two hexagonal fuzzy numbers.

Let A = (m,n, α11, β11, α12, β12), B = (p, q, α21, β21, α22, β22) be two hexagonal fuzzy

numbers then:

1. A⊕B = (m+ p, n+ q, α11 + α21, β11 + β21, α12 + α22, β12 + β22)

2. A⊗B = (mp, nq,mα21 + pα11, nβ21 + qβ11,mα22 + pα12, nβ22 + qβ12)

Let AX = B be FFLS such that A = (aij), B = (bj) are hexagonal fuzzy numbers

where,

aij = (aij, bij, αij, βij, γij, δij)

xj = (xj, yj, zj, wj, uj, vj)

and bj = (bj, gj, hj, kj, lj, tj) then:

aijxj = (aijxj, bijyj, aijzj + αijxj, bijwj + βijyj, aijuj + γijxj, bijvj + δijyj)

Let AX = B
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(aijxj) + ...+ (ainxn) = bj

Σaijxj = bj

Σbijyj = gj

Σ(aijzj + αijxj) = hj

Σ(hijwj + βijyj) = kj

Σ(aijuj + γijxj) = lj

Σ(bijvj + δijyj) = tj

So, it become:

Ax = b

By = g

Az +Mx = h

Bw +Ny = k

Au+ Tx = l

Bv + Uy = t

where A = (aij), B = (bij), M = (αij), N = (βij), T = (γij), U = (δij) and t =

(t1, ..., tn)

S =



A 0 0 0 0 0

0 B 0 0 0 0

M 0 A 0 0 0

0 N 0 B 0 0

T 0 0 0 A 0

0 U 0 0 0 B


, X =



x

y

z

w

u

v


, C =



b

g

h

k

l

t


If A and B are invertible, then the solution of SX = B is:
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X =



A−1b

B−1g

A−1(h−MA−1b)

B−1(k −NB−1g)

A−1(l − TA−1b)

B−1(t− UB−1g)


If A and B are singular matrices,then:

X =



G1b

G2g

G1(h−MG1b)

G2(k −NG2g)

G1(l − TG1b)

G2(t− UG2g)


where, G1, G2 are the generalized inverses of A and B respectively. And the solution

of the hexagonal FFLPP is given by substituting the values of x which obtained from

solving the FLS in the objective function to get the value of Z.

If the matrices A, B, M , N , V and T are non-square matrices, then we will look at the

singularity of ATA and BTB.

If ATA and BTB are non-singular then:

X =



(ATA−1) AT b

(BTB)−1BTg

(ATA)−1AT (h−M(ATA)−1AT b)

(BTB)−1BT (k −N(BTB)−1g)

(ATA)−1AT (l − T (ATA)−1AT b)

(BTB)−1BT (t− U(BTB)−1BTg)


is the solution of the FLS AX = B

And if (ATA) and (BTB) are singular, then the solution is:
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X =



G1A
T b

G2B
Tg

G1A
T (h−MG1A

T b)

G2B
T (k −NG2B

Tg)

G1A
T (l − TG1A

T b)

G2B
T (t− UG2B

Tg)



3.4.1 Some Examples

Simillerly, here are two examples about the method.

Example 3.4.1

maxZ = (1, 2, 3, 4, 5, 6)x1 ⊕ (7, 8, 0, 10, 11, 12)x2

s.t

(8, 9, 6, 7, 5, 6)x1 ⊕ (4, 7, 3, 2, 2, 1)x2 = (11, 12, 13, 14, 15, 16)

(5, 10, 4, 3, 3, 2)x1 ⊕ (3, 4, 2, 4, 1, 3)x2 = (1, 2, 3, 5, 7, 8)

x1, x2 ≥ 0

A =

8 4

5 3

, B =

 9 7

10 4

, M =

6 3

4 2

, N =

7 2

3 4

, T =

5 2

3 1

, U =

6 1

2 3


|A| = 4 6= 0 and |B| = −4 6= 0

Since A and B are invertible, then the solution is:

X =



A−1b

B−1g

A−1(h−MA−1b)

B−1(k −NB−1g)

A−1(l − TA−1b)

B−1(t− UB−1g)


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where b =

11

1

, g =

12

2

, h =

13

3

, k =

14

5

, l =

15

7

 and t =

16

8


A−1 =

 3/4 −1

−5/4 2

 and B−1 =

−1 7/4

5/2 −9/4


A−1b =

[
29/4 −47/4

]
, B−1g =

−17/2

51/2


A−1(h−MA−1b) =

 87/2

175/16

, B−1(k −NB−1g) =

−976/2

1647/8


A−1(l − TA−1b) =

 75/16

−141/16

, B−1(t− UB−1g) =

−1053/8

1757/8


The solution is:

x1 = (29/4,−17/2, 87/2,−976/2, 75/16,−1053/8),

x2 = (−47/4, 51/2, 175/16, 1647/8,−141/16, 1757/8)

Z = (−75, 87, 36.06, 1019.5,−230, 1748.75)

Example 3.4.2

maxZ = (2, 5, 7, 9, 10, 11)x1 ⊕ (0, 1, 2, 3, 4, 5)x2

s.t

(5, 7, 8, 9, 10, 11)x1 ⊕ (3, 4, 5, 6, 7, 8)x2 = (0, 1, 2, 3, 4, 7)

(5, 7, 8, 11, 13, 14)x1 ⊕ (3, 4, 6, 8, 10, 12)x2 = (3, 5, 8, 9, 10, 11)

x1, x2 ≥ 0

A =

5 3

5 3

, B =

7 4

7 4

, M =

8 5

8 6

 N =

 9 6

11 8


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T =

10 7

13 10

, U =

11 8

14 12

, b =

0

3

, g =

1

5

, h =

2

8


k =

3

9

, l =

 4

10

, t =

 7

11


|A| = |B| = 0

G1 =

0 1/3

0 0

, G2 =

0 1/4

0 0


G1b

1

0

, G2g =

5/4

0


G1(h−MG1b) =

0

0

, G2(k −NG2g) =

−9/16

0


G1(l − TG1b) =

−1

0

, G2(t− UG2g) =

−3/18

0


x1 = (1, 5/4, 0,−9/16,−1,−13/8) x2 = (0, 0, 0, 0, 0, 0)

Z = (2, 25/4, 7, 135/16, 8, 35/8)

3.5 Solving Octagonal Fully Fuzzy Linear Programming

Problem using Fully Fuzzy Linear System

In chapter two we talked about the definition of octagonal fuzzy number using left and

right spread and the product of two octagonal fuzzy number which is:

A⊗B = (am, bn, aγ1 +mα1, bδ1 + nβ1, aγ2 +mα2, bδ2 + nβ2, aγ3 +mα3, bδ3 + nβ3)

where

A = (a, b, α1, β1, α2, β2, α3, β3)

B = (m,n, γ1, δ1, γ2, δ2, γ3, δ3)

consider the fuzzy linear system
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A ⊗ X = B such that each entry of A = (aij) and B = (b1, ....., bn)T is an octagonal

fuzzy number and the unknown X = (x1, ..., xn)T

Xj = (xj, yj, zj, wj, uj, vj, kj, lj)

bj = (bi, gi, hi, ti,mi, ni, oi, pi)

aij = (aij, bij, αij, βij, γij, δij, ζij, λij)

Then the equation AX = B become:

(aij ⊗ xj) + ...+ (ain ⊗ xn) = bi

n∑
j=1

(aijxj) = bi

n∑
j=1

((aij, bij, αij, βij, γij, δij, ζij, λij)⊗ (xj, yj, zj, wj, uj, vj, kj, lj)

n∑
j=1

(aijxj, bijyj, aijzj + xjαij, bijwj + βijyj, aijuj + xjγij, bijvj + yjδij, aijkj + xjζij, bijlj +

yjλij)

So, the system become:

n∑
j=1

aijxj = bi

n∑
j=1

bijyj = gi

n∑
j=1

aijzj + xjαij = hi

n∑
j=1

bijwj + yjBij = ti

n∑
j=1

aijuj + xjγij = mi

n∑
j=1

bijvj + yjγij = ni

n∑
j=1

aijkj + xjζij = oi

n∑
j=1

bijζj + yjλij = pi
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we get the following algebraic linear system:

AX = b

By = g

Az +Mx = h

Bw +Ny = t

Au+ Tx = m

Bv + Uy = n

Ak + V x = o

Bl +Qy = p

where A(aij), B = (bij),M = (αij), N = (βij), T = (γij), U = (δij), V = (ζij),

Q = (λij), b = (b1, . . . , bn)T , g = (g1, . . . , gn)T , h = (h1, . . . , hn)T , t = (t1, . . . , tn)T ,

m = (m1, . . . ,mn)T , n = (n1, . . . , nn)T , o = (o1, . . . , on)T and p = (p1, . . . , pn)T

And we can write it using matrices as:

S =



A 0 0 0 0 0 0 0

0 B 0 0 0 0 0 0

M 0 A 0 0 0 0 0

0 N 0 B 0 0 0 0

T 0 0 0 A 0 0 0

0 U 0 0 0 B 0 0

V 0 0 0 0 0 A 0

0 Q 0 0 0 0 0 B



,
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X =



x

y

z

w

u

v

k

l



, C =



b

g

h

t

m

n

o

p


Solving FFLS with n× n matrix:

FLS with invertible coefficient matrix:

The matrix S is invertible iff A and B are invertible

If S is invertible, then the unique solution of

Opt(z) = cx

subject to

SX = B is given by:

X =



A−1b

B−1g

A−1(h−MA−1b)

B−1(t−NB−1g)

A−1(m− TA−1b)

B−1(n− UB−1g)

A−1(o− V A−1b)

B−1(p−QB−1g)


This solution of the FFLS we use it for solving the FFLPP by substituting the value of

each x in the objective function to get the value of each x in the value of z

Now, if A and B are singular then:
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X =



G1b

G2g

G1(h−MG1b)

G2(t−NG2g)

G1(m− TG1b)

G2(n− UG2g)

G1(o− V G1b)

G2(p−QG2g)


A, B, M , N , T , U , V and Q are non-square matrices:

In this case we will look at ATA and BTB.

If ATA and BTB are non-singular then:

X =



(ATA)−1AT b

(BTB)−1BTg

(ATA)−1AT (h−N(ATA)−1AT b)

(BTB)−1BT (t−N(BTB)−1BTg)

(ATA)−1AT (m− T (ATA)−1AT b)

(BTB)−1BT (n− U(BTB)−1BTg)

(ATA)−1AT (o− V (ATA−1AT b)

(BTB)−1BT (p−Q(BTB)−1BTg)


then we substitute the value of each x in the objective function to get the value of Z.

And if the matrices (ATA) and (BTB) are singular then:
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X =



G1A
T b

G2B
Tg

G1A
T (h−MG1A

T b)

G2B
T (t−NG2B

Tg)

G1A
T (m− TG1A

T b)

G2B
T (n− UG2B

Tg)

G1A
T (o− V G1A

T b)

G2B
T (p−QG2B

Tg)



Example 3.5.1 maxZ = (1, 3, 4, 6, 8, 9, 10, 11)x1 ⊕ (0, 2, 4, 6, 8, 10, 12, 13)x2

subject to

(8, 9, 6, 7, 5, 6, 3, 4)x1 ⊕ (4, 7, 3, 2, 2, 1, 3, 5)x2 = (11, 12, 13, 4, 5, 6, 7, 8)

(5, 10, 4, 3, 3, 2, 1, 5)x2 ⊕ (3, 4, 2, 4, 1, 3, 5, 6)x2 = (4, 6, 8, 10, 12, 13, 14, 15)

x1, x2 ≥ 0

A =

8 4

5 3

, B =

 9 7

10 4

, M =

6 3

4 2


N =

7 2

3 4

, T =

5 2

3 1

, U =

6 1

2 3


V =

3 3

1 5

, Q =

4 5

5 6


b =

11

4

, g =

12

6

, h =

13

8


t =

 4

10

, m =

 5

12

, n =

 6

13

, o =

 7

14

 and p =

 8

15


|A| = 4, |B| = −34

x1 = (17/4,−3/17, 47/4,−1.459,−8.56,−.53, 6.875, 1.97)
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x2 = (−23/4, 87/17,−75/4,−4.101, 15.94,−.115,−10.88,−8.89)

Z = (17/4, 9.71,−28,−33.356, 59, 04,−5.92,−61.86,−93.44)
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Chapter 4

Ranking Function Method For Solving Fully Fuzzy

Linear Programming Problems

The aim of the current chapter is to solve fully fuzzy linear programming problems

using the ranking function method. More precisely, the ranking function method is

applied on triangular, trapezoidal, hexagonal and octagonal fully fuzzy linear program-

ming problems.

4.1 Ranking Functions

Ranking fuzzy numbers has a great advantage in the decision problems that deal with

fuzzy numbers, because ordering fuzzy numbers are completely different than the case

of crisps.

The ranking function is a function maps the set of fuzzy numbers into the set of real

number and denoted by R(Â). Many researchers have been introduce various types of

ranking functions to solve linear programming problems with fuzzy parameters. in this

chapter, we focus on the following definition of ranking function.

Definition 4.1.1 [3] A ranking function is a function R : F (R) −→ R where F (R)

is a set of fuzzy numbers defined on set of real numbers which maps each fuzzy number
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into the real line, where a natural order exists.

In order to use the ranking function we need the following properties about the using

of ranking function:

1. a > b if and only if R(a) > R(b)

2. a < b if and only if R(a) < R(b)

3. a = b if and only if R(a) = R(b)

Here are some shapes of ranking functions of the fuzzy numbers:

Definition 4.1.2 [22] If A = (a, b, c) a triangular fuzzy number , then the ranking

function of A is R(A) = a+2b+c
4

Definition 4.1.3 Ranking Function Of Trapezoidal Fuzzy Number [17]

If A = (a, b, c, d) trapezoidal fuzzy number ,then the ranking function of Ais: R(A) =

a+ b+ .5(d− c)

Definition 4.1.4 [6]Ranking Function of Hexagonal Fuzzy Number

Let A = (a1, a2, a3, a4, a5, a6) be a hexagonal fuzzy number. The ranking functions of A

are defined as follows:

1. R(A) = a1+2a2+a3+a4+2a5+a6
4

2. R(A) = a1+a2+a3+a4+a5+a6
4
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3. R(A) = a1+a2+a3+a4+a5+a6
6

And the last definition in this section is about the ranking function of octagonal fuzzy

number.

Definition 4.1.5 Ranking Function OF Octagonal Fuzzy Number [5]

If A = (a, b, c, d, e, f, g, h) an octagonal fuzzy number ,then:

R(A) = 2a+3b+4c+5d+5e+4f+3g+2h
28

( 7
28

) is the ranking function of A

4.2 Ranking Function Method

This section introducing the solution of fully fuzzy linear programming problems.

Namely, the vectors Ĉ = [ĉj]1×n, b̂ = [b̂i]m×1 are fuzzy numbers, A = [âij]m×n is a

matrix whose entries are fuzzy numbers. And the solution vector X = [x̂j]1×n is of a

fuzzy vector. Thus, problem(1.2) will have the following form:

Optimize Z =
n∑
j=1

(pj, qj, sj, ...)⊗ (xj, yj, zj, ...)

s.t
n∑
j=1

(aij, bij, cij, ...)⊗ (xj, yj, zj, ...) ≤ (bi, gi, hi), i = 1, ...m

x̂j ≥ 0, j = 1, ...,m.

By definition(4.1.1), the objective function is

OptZ = R(
n∑
j=1

(pj, qj, rj, ...)⊗ (xj, yj, zj, ...))
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On the other hand, the constraint can be simplified as follows:

n∑
j=1

(aij, bij, cij, ...)⊗ (xj, yj, zj, ...) ≤ (bi, gi, hi, ...)

(
n∑
j=1

aijxj,

n∑
j=1

bijyj,

n∑
j=1

cijzj, ...) ≤ (bi, gi, hi, ...).

The components comparison will give the following crisp linear programming problem:

Optimize Z = R(
n∑
j=1

(pj, qj, sj, ...)⊗ (xj, yj, zj, ...))

s.t
n∑
j=1

aijxj ≤ bi

n∑
j=1

bijyj ≤ gi

n∑
j=1

cijzj ≤ hi

.

.

.

xj ≥ 0, yj ≥ 0, zj ≥ 0, ..., j = 1, ...,m.

And then we solve it using simplex method.

4.3 Applications on Ranking Function

In the previous section, the ranking function method was presented. And in this section,

some examples will be taken using this method.

First example is about solving Triangular FFLPP.

Example 4.3.1 Let ĉ1 = (1, 2, 3), ĉ2 = (7, 8, 9)b̂1 = (4, 5, 7), b̂2 = (6, 9, 11)
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â11 = (1, 2, 5), â12 = (1, 3, 4), â21 = (2, 4, 6), â22 = (1, 2, 3).

Then problem has the following form: maxZ = (x1+7x2+4y1+16y2+3z1+9z2)
4

subject to

x1 + x2 ≤ 4, 2y1 + 3y2 ≤ 5, 5z1 + 4z2 ≤ 7

2x1 + x2 ≤ 8 , 4y1 + 2y2 ≤ 9 , 6z1 + 3z2 ≤ 11.

By simplex method, the solution of this problem x̂1 = (0, 0, 0), x̂2 = (4, 1.66, 1.7)

and the optimum solution is Ẑ = (1, 2, 3)⊗(0, 0, 0)⊕(7, 8, 9)⊗(4, 1.66, 1.7)=(28, 13.28, 15.3)

Now, we will move to the next example which using the ranking function of trapezoidal

fuzzy numbers.

Example 4.3.2 Solving Trapezoidal FFLPP Using Ranking Function Method

To solve the trapezoidal FFLPP we will use the same steps as we used in the previous

section but the ranking function will be changed as we can see in the following:

maxZ = (1, 2, 3, 4)x1 ⊕ (7, 8, 9, 10)x2

s.t

(1, 2, 5, 7)x1 ⊕ (1, 3, 4, 5)x2 ≤ (4, 5, 7, 9)

(2, 4, 6, 8)x1 ⊕ (1, 2, 3, 4)x2 ≤ (6, 9, 11, 14)

x1, x2 ≥ 0.

Let x1 = (x1, y1, z1, w1) , x2 = (x2, y2, z2, w2)
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maxZ = (1, 2, 3, 4)⊗ (x1, y1, z1, w1)⊕ (7, 8, 9, 10)⊗ (x2, y2, z2, w2)

subjectto

(1, 2, 5, 7)⊗ (x1, y1, z1, w1)⊕ (1, 3, 4, 5)⊗ (x2, y2, z2, w2) ≤ (4, 5, 7, 9)

(2, 4, 6, 8)⊗ (x1, y1, z1, w1)⊕ (1, 2, 3, 4)⊗ (x2, y2, z2, w2) ≤ (6, 9, 11, 14)

(x1, y1, z1, w1), (x2, y2, z2, w2) ≥ 0.

By using addition of trapezoidal fuzzy numbers we get:

maxZ = (x1, 2y1, 3z1, 4w1)⊕ (7x2, 8y2, 9z2, 10w2)

subjectto

(x1, 2y1, 5z1, 7w1)⊕ (x2, 3y2, 4z2, 5w2) ≤ (4, 5, 7, 9)

(2x1, 4y1, 5z1, 8w1)⊕ (x2, 2y2, 3z2, 4w2) ≤ (6, 9, 11, 14)

(x1, y1, z1, w1), (x2, y2, z2, w2) ≥ 0.

By the multiplication we get:

maxZ = (x1 + 7x2, 2y1 + 8y2, 3z1 + 9z2, 4w1 + 10w2)

s.t

(x1 + x2, 2y1 + 3y2, 5z1 + 4z2, 7w1 + 5w2) ≤ (4, 5, 7, 9)

(2x1 + x2, 4y1 + 2y2, 5z1 + 3z2, 8w1 + 4w2) ≤ (6, 9, 11, 14).
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Using R(A) = a+ b+ .5(d− c)

maxZ = x1 + 7x2 + 2y1 + 8y2 + 2w1 + 5w2 − (3/2)z1 − (9/2)z2

s.t

x1 + x2 ≤ 4

, 2y1 + 3y2 ≤ 5

, 5z1 + 4z2 ≤ 7

, 7w1 + 5w2 ≤ 9

2x1 + x2 ≤ 6

, 4y1 + 2y2 ≤ 9

, 5z1 + 3z2 ≤ 11

, 8w1 + 4w2 ≤ 14.

Using simplex method to get:

x1 = 0, x2 = 4

y1 = 0, y2 = 1.66

z1 = 0, z2 = 0

w1 = 0, w2 = 1.8.
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So, x1 = (0, 0, 0, 0)

x2 = (4, 1.66, 0, 1.8)

Z = (1, 2, 3, 4)⊗ (0, 0, 0, 0)⊕ (7, 8, 9, 10)⊗ (4, 1.66, 0, 1.8)

= (28, 13.33, 0, 18).

Example 4.3.3 Solving FFLPP with Hexagonal Fuzzy Numbers using Ranking Func-

tion Method

maxZ = (1, 2, 3, 4, 5, 6)x1 ⊕ (7, 8, 9, 10, 11, 12)x2

subject to.

(1, 2, 5, 7, 9, 11)x1 ⊕ (1, 3, 4, 5, 6, 8)x2 ≤ (4, 5, 7, 9, 10, 12)

(2, 4, 6, 8, 10, 12)x1 ⊕ (1, 2, 3, 4, 6, 8)x2 ≤ (6, 9, 11, 14, 17, 20)

x1, x2 ≥ 0.

Convert to a standard form:

maxZ = (1, 2, 3, 4, 5, 6)x1 ⊕ (7, 8, 9, 10, 11, 12)x2

subjectto

(1, 2, 5, 7, 9, 11)x1 ⊕ (1, 3, 4, 5, 6, 8)x2 ⊕ (1, 1, 1, 1, 1, 1)s1 ≤ (4, 5, 7, 9, 10, 12)

(2, 4, 6, 8, 10, 12)x1 ⊕ (1, 2, 3, 4, 6, 8)x2 ⊕ (1, 1, 1, 1, 1, 1)s2 ≤ (6, 9, 11, 14, 17, 20)

x1, x2, s1, s2 ≥ 0.
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Using the ranking function(1):R(A) = a1+2a2+a3+a4+2a5+a6
4

maxZ = 7x1 + 14x2

subjectto

9x1 + 9x2 + 2s1 = (4, 5, 7, 9, 10, 12)

9x1 + 8x2 + 2s2 = (6, 9, 11, 14, 17, 20)

x1, x2, s1, s2 ≥ 0.

By simplex method:

x1 = (0, 0, 0, 0, 0, 0)

x2 = (.44, .55, .77, 1, 1.1, 1.3)

Z = (6.2, 7.7, 10.8, 14, 15.5, 18.6).

Now,we will use the second ranking function :R(A) = a1+a2+a3+a4+a5+a6
4

:

maxZ = (21/4)x1 + (57/4)x2

s.t

(35/4)x1 + (27/4)x2 + (3/2)s1 = (4, 5, 7, 9, 10, 12)

(21/2)x1 + 6x2 + (3/2)s2 = (6, 9, 11, 14, 17, 20)

x1, x2, s1, s2 ≥ 0.
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then the solution become:

x1 = (0, 0, 0, 0, 0, 0)

x2 = (.5, .7, 1.03, 1.3, 1.4, 1.7)

and Z = (8.4, 10.5, 14.7, 19, 21.1, 25.3).

And the last ranking function will give the values of x1,x2,Z as:

x1 = (0, 0, 0, 0, 0, 0)

x2 = (8/9, 10/9, 14/9, 2, 20/9, 8/3)

and Z = (76/9, 95/9, 133/9, 19, 190/9, 76/3).

4.3.1 Ranking Function Method For Solving Octagonal Fuzzy

Linear Programming Problem

In the current subsection, the solution of Octagonal FLPP will be introduced.

Let

Optimize Z = CX

s.t

AX {≤≥=} b (4.1)

X ≥ 0

be a fuzzy linear programming problem where C = [cj] crisp row vector,A = [aij] is
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an m× n octagonal fuzzy matrix, b = (b1, ..., bm) is an m-dimensional octagonal fuzzy

number and X = (x1, x2, ...) is an n-dimensional vector. Then,we can write the previous

FLPP as:

OptZ = CX

s.t

ai1x1 + ai2x2 + ...+ aimxn ≤ bi

x1, ..., xn ≥ 0

i = 1, ...,m.

where: ai1 = (ai11 , ai12 , ..., ai18), ..., ain = (ain1, ..., ain8) and bi = (bi1 , ..., bi8).

By using the ranking function the problem become:

OptZ = c1x1 + ...+ cnxn

s.t

2(ai11xn + ...+ ain1x1) + 3(ai12x1 + ...+ ain2xn) + 4(ai13x1 + ...+ ain3xn)

+5(ai14x1 + ...+ ain4xn) + 5(ai15x1 + ...+ ain5xn) + 4(ai16x1 + ...+ ain6xn)

+3(ai17x1 + ...+ ain7xn) + 2(ai18x1 + ...+ ain8xn)

≤ 2bi1 + 3bi2 + 4bi3 + 5bi4 + 5bi5 + 4bi6 + 3bi7 + 2bi8

x1, ..., xn ≥ 0

i = 1, ...,m.

Now, it will be converted to a crisp linear programming problem which can be solved

using simplex method.
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Example 4.3.4

maxZ = 5x1 + 7x2

s.t

(1, 3, 4, 5, 7, 9, 10, 12)x1 ⊕ (1, 2, 3, 4, 5, 6, 7, 8)x2 ≤ (11, 12, 13, 14, 15, 16, 17, 18)

(2, 4, 6, 8, 10, 12, 14, 16)x1 ⊕ (0, 2, 5, 8, 11, 14, 17, 20)x2 ≤ (20, 22, 23, 26, 27, 28, 30, 32)

x1, x2 ≥ 0

Using the ranking function to get the following crisp linear programming problem:

maxZ = 5x1 + 7x2

s.t

2(x1 + x2) + 3(3x1 + 2x2) + 4(4x1 + 3x2) + 5(5x1 + 4x2) + 5(7x1 + 5x2)

+4(9x1 + 6x2) + 3(10x1 + 7x2) + 2(12x1 + 8x2) ≤ (22 + 36 + 52 + 70 + 75 + 84 + 91 + 36)

2(2x1 + 0x2) + 3(4x1 + 2x2) + 4(6x1 + 5x2) + 5(8x1 + 8x2) + 5(10x1 + 11x2) +

4(12x1 + 14x2) + 3(14x1 + 17x2) + 2(16x1 + 20x2)

≤ (40 + 66 + 92 + 130 + 135 + 112 + 90 + 64)

x1, x2 ≥ 0.
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maxZ = 5x1 + 7x2

s.t

177x1 + 126x2 ≤ 466

252x1 + 268x2 ≤ 729

x1, x2 ≥ 0.

By simplex method:

x1 = 0, x2 = 2.7 and Z = 18.9
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Chapter 5

Alpha-Cut Method For Solving Fuzzy Linear

Programming Problem

This chapter is devoted to solve FFLPP using α-cut method. The idea of the current

method is to convert the given problem into a crisp by replacing the fuzzy numbers by

their α-cuts and then the intervals inequality technique.

5.1 Alpha-Cut

In this section, the definition of alpha-cut denoted by α -cut is introduced and then we

present the general formulas of α-cuts of the fuzzy numbers that mentioned in chapter

two.

Definition 5.1.1 [15] The alpha cut or alpha level set of a fuzzy set is a crisp set

defined as follows: Aα = {x : ∀x ∈ X,µA(x) ≥ α}.

The α-cut of the fuzzy numbers are:

1. If A = (a, b, c) triangular fuzzy number, the α-cut of A is:

Aα = [a+ (b− a)α, c− (c− b)α]
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2. Let A = (a, b, c, d) trapezoidal fuzzy number, then :[Aα = a+α(b−a), d−α(d−c)]

is the alpha-cut of A

3.

Aα =


2α(α1 − α2) +m− α1,−2α(β1 − β2) + n− β1,

2α2(α1 − 1) +m,−2β2(α− 1) + n

α ∈ [0, 0.5]

α ∈ [0.5, 1]

(5.1)

where A = (m,n, α1, β1, α2, β2) hexagonal fuzzy number.

4. The α-cut of an octagonal fuzzy number = (d, e, α1, β1, α2, β2, α3, β3)

Aα =


α(α3−α2)

k
+ d− α3,

α(β3−β2)
k

− e− β3,
(α−1)α1

k+1
+ d, (α−1)β1

k−1 + e

0 ≤ α ≤ k

k ≤ α ≤ 1
(5.2)

5.2 Interval Linear Programming Problem

In the current section, we introduce some arithmetic concepts related to the intervals

and linear programming with interval coefficients.

5.2.1 Interval Arithmetics

The operations on intervals can be defined as follows:

Definition 5.2.1 [4] Let A = [a, b], B = [c, d] be two intervals, then:

1. A+B = [a+ c, b+ d]
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2. A−B = [a− d, b− c]

3. A.B = [min(ac, ad, bc, bd),max(ac, ad, bc, bd)]

4. A
B

= [min(a
c
, a
d
, b
c
, b
d
),max((a

c
, a
d
, b
c
, b
d
)]

5. kA = [ka, kb]

5.2.2 Interval Linear Programming Problem

This subsection will illustrate the interval method for solving the FLPP.

Solving Interval Linear Programming Problem(ILPP) with ≥ constrains

Theorem 5.2.1 [2] For the interval inequality

n∑
j=1

[aj, āj] ≥ [b, b̄] where ∀j,
n∑
j=1

ájxj ≥ b,
n∑
j=1

a′′jxj ≥ b̄ are the largest and Smallest feasible

regions respectively,

where

áj =

 āj,

aj

xj ≥ 0

xj ≤ 0
(5.3)

a′′j =

 aj,

āj

xj ≥ 0

xj ≤ 0
(5.4)
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Theorem 5.2.2 [2] for ILPP:

minz =
n∑
j=1

[cj, c̄j]xj

s.t
n∑
j=1

[aj, āj]xj ≥ [b, b̄]

the best and worst optimum obtain by solving the following problems respectively :

minz =
n∑
j=1

ćjxj

s.t
n∑
j=1

ájxj ≥ bi, i = 1, 2, ...,m

minz =
n∑
j=1

ćjxj

s.t
n∑
j=1

áijxj ≥ b̄i, i = 1, 2, ....,m

where:

áij =

 āij,

aij

xj ≥ 0

xj ≤ 0
(5.5)

a′′j =

 aij,

āij

xj ≥ 0

xj ≤ 0
(5.6)
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ćj =

 cj,

c̄j

xj ≥ 0

xj ≤ 0
(5.7)

c′′j =

 c̄j,

cj

xj ≥ 0

xj ≤ 0
(5.8)

Theorem 5.2.3 [2]

If the objective function is change to max, then the best and worst optimum values

obtain by the following:

maxz =
n∑
j=1

c′′jxj

s.t
n∑
j=1

áijxj ≥ bi, i = 1, 2, ....,m

maxz =
n∑
j=1

ćjxj

s.t
n∑
j=1

a′′ijxj ≥ b̄i

Solving ILPP with ≤ constants

Theorem 5.2.4 [2]
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For ILPP:

minz =
n∑
j=1

[cj, c̄j]xj

s.t
n∑
j=1

[aij, āij]xj 6 [bi, b̄i]

The best and worst optimum values optains by solving the following:

minz =
n∑
j=1

ćjxj

s.t
n∑
j=1

a′′ijxj ≤ b̄i

minz =
n∑
j=1

c′′jxj

s.t
n∑
j=1

áijxj ≤ bi, i = 1, 2, ....,m

ćj,c
′′
j , áij and a′′ij are as before.

Theorem 5.2.5 [2]

If the objective function is changed to max.
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Then the best and worst optimum values obtained by:

maxz =
n∑
j=1

c′′jxj

s.t
n∑
j=1

a′′ijxj ≤ b̄i

maxz =
n∑
j=1

ćjxj

s.t
n∑
j=1

áijxj ≤ bi

Now, consider the following FLPP

opt(z) =
n∑
j=1

cjxj

s.t

n∑
j=1

aijxj ≤ bi,
n∑
j=1

aijxj ≥ bi, xj ≥ 0

where cj, aij, bi are fuzzy number numbers, then we can use the alpha-cut of each fuzzy

number to convert the FLPP to an Interval Linear Programming Problem(ILPP) and

using the previous theorems to convert it to crisp linear programming problem which

can be solved by simplex method as we can see in the next section
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5.3 Applications on Alpha-cut Method

This section consists of four examples about the method which are:

Example 5.3.1

maxz = (1, 2, 3)x1 + (7, 8, 9)x2s.t

(1, 2, 5)x1 + (1, 3, 4)x2 ≤ (4, 5, 7)

(2, 4, 6)x1 + (1, 2, 3)x2 ≤ (6, 9, 11)

x1, x2 ≥ 0

α = 0.5

α(1,2,3) = [1.5, 2.5], α(7,8,9) = [7.5, 8.5], α(1,2,5) = [1.5, 3.5], α(1,3,4) = [2, 3.5], α(4,5,7) =

[4.5, 6], α(2,4,6) = [3, 5], α(1,2,3) = [1.5, 2.5] and α(6,9,11) = [7.5, 10]

The problem become:

maxz = [1.5, 2.5]x1 + [7.5, 8.5]x2

s.t

[1.5, 3.5]x1 + [2, 3.5]x2 ≤ [4.5, 6]

[3, 5]x1 + [1.5, 2.5]x2 ≤ [7.5, 10]

x1, x2 ≥ 0

using interval method we get:
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The best optimum solution :

maxz̄ =
n∑
j=1

c′′jxj

s.t
n∑
j=1

a′′ijxj ≤ b̄i

where

a′′j and c′′jare as said before

maxz̄ = 2.5x1 + 8.5x2

s.t

1.5x1 + 2x2 ≤ 6

3x1 + 1.5x2 ≤ 10

x1, x2 ≥ 0

using simplex method we get:

x1 = 0, x2 = 3

z = (21, 24, 27)
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And the worst optimum solution is:

maxz =
n∑
j=1

ćjxj

s.t
n∑
j=1

áijxj ≥ bi

where a′j and c′j are as mentioned before.

maxz = 1.5x1 + 3.5x2 ≤ 4.5

s.t

3.5x1 + 3.5x2 ≤ 4.5

5x1 + 2.5x2 ≤ 7.5

x1, x2 ≥ 0

Therefore, x1 = 0, x2 = 1.28 and z = (8.96, 10.24, 11.52)

The next example is about trapezoidal fuzzy number

Example 5.3.2

maxz = (1, 2, 3, 4)x1 + (7, 8, 9, 10)x2

s.t

(1, 2, 5, 7)x1 + (1, 2, 3, 4)x2 ≤ (4, 5, 7, 9)

(2, 4, 6, 8)x1 + (1, 2, 3, 4)x2 ≤ (6, 9, 11, 14)

x1, x2 ≥ 0

using α = 1
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since α = 1:

α(1,2,3,4) = [1 + α, 4 − α] = [2, 3], α(7,8,9,10) = [7 + α, 10 − α] = [8, 9], α(1,2,5,7) =

[2, 5], α(1, 3, 4, 5) = [3, 4], α(4,5,7,9) = [5, 7], α(2, 4, 6, 8) = [4, 6], α(1,2,3,4) = [2, 3] and

α(6,9,11,14) = [9, 11]

By substituting these intervals and using the previous theorems the best and worst

optimum solutions are: The best optimum solution is:

maxz̄ = 3x1 + 9x2

s.t

2x1 + 3x2 ≤ 7

4x1 + 2x2 ≤ 11

x1, x2 ≥ 0

Hence,x1 = 0, x2 = 2.333 and z = (16.331, 18.664, 20.997, 23.33)

And the worst optimum solution is:

maxz = 2x1 + 8x2

s.t

5x1 + 4x2 ≤ 5

6x1 + 3x2 ≤ 9

x1, x2 ≥ 0

And hence, x1 = 0, x2 = 1.25,

z = (8.75, 10, 11.25, 12.5)
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By using α = 0.5, the solution is:

The best optimum solution is, x1 = 0, x2 = 4 =⇒ z = (28, 32, 36, 40)

And the worst optimum is:x1 = 0, x2 = 1.25 =⇒ z = (2.75, 10, 11.25, 12.5)

Example 5.3.3

maxz = (1, 2, 3, 4, 5, 6)x1 + (7, 8, 9, 10, 11, 12)x2

s.t

(1, 2, 5, 7, 9, 11)x1 + (1, 3, 4, 5, 6, 8)x2 ≤ (4, 5, 7, 9, 10, 12)

(2, 4, 6, 8, 10, 12)x1 + (1, 2, 3, 4, 6, 8)x2 ≤ (6, 9, 11, 14, 17, 20)

x1, x2 ≥ 0

using α = 1

since α = 1:

α(1,2,3,4,5,6) = [6(0) + 1, 2(6)(0) + 2] = [1, 2], α(7,8,9,10,11,12) = [7, 8], α(1,2,5,7,9,11) = [1, 2],

α(1,3,4,5,6,8) = [1, 3], α(4,5,7,9,10,12) = [4, 5], α(2,4,6,8,10,12) = [2, 4], α(1,2,3,4,6,8) = [1, 2] and

α(6,9,11,14,17,20) = [6, 9].

since the problem is maximum and the constraints ≤ then:
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The best optimum solution:

maxz = 2x1 + 8x2

s.t

x1 + x2 ≤ 5

2x1 + x2 ≤ 9

7x1, x2 ≥ 0

x1 = 0, x2 = 5, z = (35, 40, 45, 50, 55, 60)

And similarly, the worst optimum solution is: x1 = 0, x2 = 4
3

z = (28
3
, 32

3
, 12, 40

3
, 44

3
, 16)

And the last example about octagonal fuzzy number:

Example 5.3.4

maxz = (1, 2, 3, 4, 5, 6, 7, 8)x1 + (9, 10, 11, 12, 13, 14, 15, 16)x2

s.t

(2, 4, 6, 8, 10, 12, 14, 16)x1 + (3, 6, 9, 12, 15, 18, 21, 24)x2 ≤ (4, 5, 7, 8, 10, 11, 12, 13)

7(0, 1, 3, 4, 5, 7, 8, 9)x1 + (1, 2, 3, 7, 8, 9, 10, 12)x2 ≤ (4, 6, 7, 9, 12, 14, 16, 17)

7x1, x2 ≥ 0

using α = 1,k = 0.6

α(1,2,3,4,5,6,7,8) = [1, 2], α(9,10,11,12,13,14,15,16) = [9, 10], α(2,4,6,8,10,12,14,16) = [2, 4], α(3,6,9,12,15,18,21,24) =

[3, 6], α(4,5,7,8,10,11,12,13) = [4, 5], α(0,1,3,4,5,7,8,9) = [0, 1] α(1,2,3,7,8,9,10,12) = [1, 2] and α(4,6,7,9,12,14,16,17) =

[4, 6]
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The best optimum solution: x1 = 0, x2 = 5
3

and z = (15, 16.6, 18.3, 20, 21.6, 23.3, 25, 26.6)

And the worst optimum solution is: x1 = 0, x2 = 2
3
, z = (6, 6.6, 7.3, 8, 8.6, 9.3, 10, 10.5)
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Conclusion

In this thesis, we studied three methods for solving fuzzy linear programming problem.

The first method is about solving fully fuzzy linear programming problem with equality

in constraints which we are used the method explained in [23] for solving the constraints

and then used the solution of constraints to give the value of Z. Second method is the

ranking function method. In this method, the ranking function of each fuzzy number is

deduced to convert each fuzzy equation to a crisp equation and then solving it by simplex

method. The last method is”Alpha-Cut Method’ which converting the fuzzy linear

programming problem to an interval linear programming problem and then converting

it to a crisp linear programming problem as in [2] which can be solved using simplex

method.

63



References

[1] T. Ahmad, M. Khan, I. U. Khan, and N. Maan, Fully fuzzy linear program-

ming (fflp) with a special ranking function for selection of substitute activities in

project management., International Journal of Applied, 1 (2011).

[2] M. Allahdadi and H. M. Nehi, Fuzzy linear programming with interval linear

programming approach, Advanced Modeling and Optimization, 13 (2011), pp. 1–12.

[3] T. Allahviranloo, F. H. Lotfi, M. K. Kiasary, N. Kiani, and L. Al-

izadeh, Solving fully fuzzy linear programming problem by the ranking function,

Applied Mathematical Sciences, 2 (2008), pp. 19–32.

[4] I. Alolyan, Algorithm for interval linear programming involving interval con-

straints, in IFSA World Congress and NAFIPS Annual Meeting (IFSA/NAFIPS),

2013 Joint, IEEE, 2013, pp. 1274–1278.

[5] D. Chandrasekaran and G. Gokila, Juno saju,“ranking of octagonal fuzzy

numbers for solving multi objective fuzzy linear programming problem with simplex

method and graphical method, International Journal of Scientific Engineering and

Applied Science (IJSEAS)–Volume-1, Issue-5, (2015).

[6] K. Dhurai and A. Karpagam, Fuzzy optimal solution for fully fuzzy linear

programming problems using hexagonal fuzzy numbers, International Journal of

Fuzzy Mathematical Archive, 2 (2016) 117, 123.



[7] S. Effati and H. Abbasiyan, Solving fuzzy linear programming problems with

piecewise linear membership function, Applications and Applied Mathematics: An

international Journal, 5 (2010), pp. 1601–1630.

[8] T. S. Ferguson, Linear programming: A concise introduction, Website. Available

at http://www. math. ucla. edu/˜ tom/LP. pdf, (2000).
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