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Abstract

Haar Wavelet Method for Solving Nonlinear Integral
Equations

By

Abdalaziz Jameel Salih Hamdan

In this thesis, the solutions of one , two and three-dimensional nonlinear integral equa-
tions have been investigated and simulated using Matlab software. Indeed, the method
of Haar wavelet is applied to approximate the solution of certain types of nonlinear
integral equations. This method transforms the integral equation to a square system
of nonlinear algebraic equations with the aid of collocation techiques. The present ap-
proach is based on the method introduced by Aziz, S. and Khan (2014) for solving
two-dimensional nonlinear Fredholm and Volterra integral equations.

Using the special properties of Haar functions, Algorithms for one, two, and three-
dimensional nonlinear integral equations are formed. Based on these algorithms no
intermediate numerical integration is needed, which leads to high accuracy even in the

case of a small number of collocation points.
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Chapter 1

Introduction

Integral equations has many applications in physics, biology, and engineering |44]. Mod-
eling a numerous phenomena and processes is based on them. Initial and boundary
value problems of differential equations can be reformulated to have integral equations,
where the solution of the integral equation satisfies the initial or boundary conditions
automatically [34].

Many analytical and numerical methods are developed to solve integral equations.
In [44], the author gathered many analytical methods to solve different types of integral
equations like the Adomian decomposition method, Laplace transform method, succes-
sive approximations method, and series solution method . In [2], the discrete Galerkin
method was employed to solve Fredholm integral equations numerically. In [3], Atkin-
son and Potra used Iterated projection methods for nonlinear integral equations.

In recent years, the wavelet methods have been employed widely to solve integral equa-
tions. Wavelets have been obtained by combination of pure and applied mathematics,
they are functions that satisfy a certain mathematical conditions and used to represent
functions [19]. It was first formulated in 1991 [1]. Then many types of wavelet func-
tions are used for solving integral equations like Daubechies [41//45], lagendre [22,31,/47],
coifman [16], cohen [30], Hermite-type trigonometric [13], Walsh [36], and Albert [20]
wavelets. Among them [31,/45,/47] are used for solving nonlinear integral equations.

There are almost 50 papers used wavelets for integral equations |27].



The simplest and oldest wavelet among all wavelets is Haar wavelet. It has been known
for hundred years by Alfred Haar and has been used in various Mathematical and phys-
ical fields [42,43]. Haar wavelet has been used to solve integral equations in 2004 by Ulo
Lepik and Enn Tamme. At that time, linear Fredholm, Volterra, integro-differential and
weakly singular integral equations are solved numerically using an efficient algorithm
based on the Haar wavelet [28]. In 2005 another method based on Haar wavelet for
solving linear Fredholm, Volterra integral equations of the second kind is produced [35].
In 2006, Ulo Lepik presented a method based on Haar wavelet applicable for nonlinear
Volterra, integro-differential equations [26]. In 2007 and 2009 there are two indepen-
dent numerical methods based on Haar wavelet approach were introduced for nonlinear

Fredholm integral equations [8},29].

In last four years, many authors used Haar wavelet to solve nonlinear integral equa-
tions. In 2013, Aziz and Siraj-ul-Islam [5] developed a new numerical method based on
Haar wavelet to approximate the solution of nonlinear one-dimensional Fredholm and
Volterra integral equations. In the same year, Siraj-ul-Islam, Aziz and Fayyz extended
the method of [5] to the integro-differential equations [6]. In [4], the authors improved
the methods in [5,/6] by providing Haar wavelet approximation of the kernel function.
Later in 2014, Haar wavelet was employed to the numerical solution of non-linear two-
dimensional Fredholm, Volterra and Volterra-Fredholm integral equations [7].

In the present work, the methodology presented in [7] is followed. In fact, the aim of
this thesis is to solve the three-dimensional nonlinear Fredholm and Volterra integral
equations of the second kind numerically using similar approach as in 7). On the other
hand, this method is applied to solve one-dimensional nonlinear integral equations.
The idea of the presented method is to approximate the Kernel function using Haar
wavelet functions. No intermediate numerical integration for the Kernel function is
needed. Instead, a square nonlinear system of algebraic equations is derived and solved

using Newton-Raphson method.



In chapter two, basic definitions and classifications of integral equations, wavelet trans-
form, Haar wavelet functions, Newton’s method, and steepest descent method are dis-
cussed in some details.

Chapter three contains an efficient theorem for approximating functions of one variable
by Haar wavelets. Also two algorithms for solving one-dimensional nonlinear Fredholm
and Volterra integral equations.

In chapter four, a new proof is proposed for the theorem in 5] which used Haar functions
to approximate functions of two variables. On the other hand, the numerical solution
of two-dimenstional nonlinear Fredholm and Volterra integral equations are introduced
with examples.

In Chapter five, a theorem for approximating functions of three variables is constructed
and proved. In addition, Haar wavelet method is applied for solving the three-dimensional

linear and nonlinear integral equations of the second kind.



Chapter 2

Preliminaries

2.1 Classification of Integral Equations

An integral equation is an equation in which the unknown function appears under one
or more integral signs [21], it was used for the first time by the German Mathematician
Paul Du Bois-Reymond in 1888 |15] . The most typical form of the integral equations
is [44]:

B(x)
h(z)U(z) = g(x)f(z) + )\/ k(x,t)U(t)dt (2.1)

a(z)

where U(z) is an unknown function called the solution of the integral equation, a(x)
and (x) are the limits of integration, A is a nonzero constant parameter, h(z),f(x) and
K(z,t) are known functions. K(x,t) is called the kernel or the nucleus of the integral

equation. K (xz,t) is also called degenerate or separable if it can be written in the form:

k

K(z,t) =Y Ay()Ba(t) (2.2)

n=1
also the Kernel function should satisfy the regularity conditions for each a < x < b,

and ¢ <t <d |21]:

o [P[NK (1) < oo



o [V|K(x,t)2dt < 0o

o [MK(x,t)]dr < 00
Such equations may be classified into two main types |21]:

1. Fredholm integral equation: the limits of integration in equation (1.1) are con-
stant. If hA(x) = 0, Fredholm integral equation is of the first kind. If h(z) = 1,
Fredholm integral equation is of the second kind. The function g(z) determines

the homogeneity of equation (1.1).

2. Volterra integral equation: at least one of the integration limits is variable. Also,

it can be characterized in a similar manner as in Fredholm integral equation.

If the integral equation has both derivatives and integrals of the unknown function,

then it is called integro-differential equation [44]:

B(z)
h(z)U™ (z) = f(z) + /\/( ) k(x,)U(t)dt, m=1,2,...,n (2.3)

where the power of U represents the m*" derivative.

The nonlinear integral equation has the following form [44]:

B(z)
h(z)U(z) = f(2) + A / Kz, ) F(U(L))dt (2.4)

a(x)

where F'(U(t)) is a nonlinear function of U(t) such as U?(t), and cos(U(t)).



For the n-independent variables © = (x1, x9, ..., z,,), the n-dimensional integral equation
is:

h(x)U(x) = f(x) —i—/GK(x,s)U(s)ds (2.5)

where z,s € R", G C R™.

2.2 The Need of Wavelets

The concept of Wavelets was derived in the early 1980’s by combination of pure and
applied Mathematics [19]. The Wavelets were used for the first time in geophysics
to analyze data from the seismic surveys [9]. Afterwards, it was used in the fields
of Mathematics, quantum physics, electrical engineering, and medical technology [19].
It is predicted to be used in diagnosing breast cancer, predicting the weather, DNA

analysis, fingerprints verification, and many other applications [24].

The word ”wavelet” comes from waving above and below the x-axis [43]. Wavelet
analysis like Fourier uses basic functions to expand a given function [27]. Namely, it
expands functions in term of wavelets which are functions obtained from two basic func-
tions: the scaling function ¢ called ”father wavelet”, and the wavelet 1 called ”mother

wavelet” [9,25]. For more details on Wavelet theory, see for example [24].

Fourier analysis is a good tool for studying a stationary data whose properties are
invarient over time, but it is not so for data with transient events that can not be

predicted from old data [24]. The Fourier transform of the function s = s(t) is [27]:

S(w) = /Oo s(t)e ™tdt (2.6)

—00

where w is the frequency, Fourier transform analyzing data over the whole domain, but



it does not characterize the motion in time. Consider the two signal functions:

x1(t) = sin3t + 0.8sinl0t  t € [0, 10] (2.7)
sin3t if t €10,5)
ra(t) =
sinbt if t € [5,10)

The Fourier transform of these signal functions are given in the following figure
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Fig. 2.1: Fourier transform of z1(t) and x2(t)

Time history and Fourier diagram for (a) x; = sin3t + 0.8sin10t for ¢ € [0, 10] and (b)
zy = sin3t for te [0,5]; xy = sinl0t for ¢ € [5,10]. Although the two signal functions
are absolutely different, the Fourier transform of both of them is similar [27].

When Fourier is used to transform signals from time domain to frequency domain, time



information is lost. However, In Wavelet transform, time information is not lost which

is very useful in some context [27].

2.3 Wavelet Transform

Special conditions should be satisfied to obtain wavelet functions. they are localized
waves functions defined in a finite domains used to represent functions. They vanish

outside their finite domains intead of oscilating forever [24].

Definition 2.1 24,25/ A mother wavelet is a function v that satisfies the following

conditions:

/ Tl = 0 (2.8)

/_OO WE2dE < o (2.9)
/OO W‘(;“‘)‘de < oo (2.10)

where ¥ (w) is the Fourier transform of ¥(t), (2.5) is called the admissibility condition.

A wavelet ¢, ,(t) is defined as:

1 t—0
P(—— ,beR,a#0. 2.11
) wbeRas (211)

where the parameters a is the scaling parameter decides the degree of compression,

VYap (t) =

and b is the tranlation parameter decides the time location of wavelet. \/1ﬂ is the
a

normalizing factor.



Definition 2.2 (The continuous wavelet transform) [14] Let f(x) be a square integrable
function, then the wavelet transform Wy fof the function f with respect to the mother

wavelet 1 is defined as:

W, f(a,b) = / T F@p (b (2.12)

1
Vial LT

where 1) is the conjugate of the function 1, it is clear that the contiuous wavelet trans-

form s a function in two variables.

If the continuous wavelet transform of the square integrable function f is given, then

the inverse wavelet transform is given by [17]:

o oo —b
f(x):/_oo /_OO CwaQWf(a,b)w(xa )dadb (2.13)
where A
Cyp = /OO |w|($|)‘2dw (2.14)

Example 2.1 (The discrete Wavelet Transform) Choose a = {279} ez, {b = k277}; kez,

then the mother wavelet becomes [17]:
bie = 254V — k) (2.15)
hence the discrete wavelet transform is :

= [ I (2.16)



2.3.1 Wavelet Series

Suppose that f(z) € L?*(R), then it can be represented as a wavelet series as follows
[14,/17]:
Fl@) = 3" < fje > i (2.17)
k

J
where j,k € Z, < f,0j >= cjp,Vjk = 2%@0(2% — k). Note that equation (2.12)
contains a double summation because wavelets have two parameters, which are the

translation and scale parameters.

2.3.2 Haar Scaling Wavelets

Haar wavelet is the simplest and the oldest kind of all wavelets. The Haar scaling

function ¢ is a box function whose figure is given as [9]:

}]
! 1
% ?
l
|
I
b
l
I
l
I
0 & ¢ 0 - X
0 1

Fig. 2.2: Graph of the Haar scaling function
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Definition 2.3 Haar scaling function is defined as [@:

1 ifzelo1l
P(z) = oy

0 otherwise

Any signal is approximated using the dilations and translations of the previous basic

function.

Example 2.2 [@/ The following two figures are the voltage from a faulty meter and

it’s approximation using the haar functions respectively.

i
] ¥

=]
W TTT[TT T[T TTT T T T[T T T[T TTTTT

[

o]
7]

|
°
h

b b b A e b laa

III\\IIILI\\IILII

—0.5

IIII\II\II\I\\lll\l|1|\||||\\

wllll\fl:lll

Fig. 2.4: Approximated voltage signal by Haar function.
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Definition 2.4 /9] let j be a nonnegative integer. The set V;, is the space of piecewise
constant functions of finite support with discontinuities contained in the Set.‘{%}kez, i.e

the space of functions spanned by {&(27x — k) }rez

Remarks:

1. A function of finite support means that the function vanishes outside a finite

interval.

2. If f € Vj, then f can be expressed as a finite sum as follows:
f=Y wé@z—k), acR (2.18)
k

3. VocVicVaC...CVioy CV; C Vi C .., ¢(4x) belongs to Vo but does not
belong to Vi since it has a discontinuity point at x = }l, so the containment is

strict.

4. The reason of selecting ¢(27x) instead of ¢(ax) is if V5 is defined as ¢(3z — k),

then V; is not subset of V5,

Theorem 2.1 [9] The set of functions {2%¢(2jx — k)} form an orthonormal basis of

Vi, jEZL.

2.3.3 The Mother Haar Wavelet

To decompose Vi as an orthogonal sum of Vj and its complement, we need to charac-
terize the orthogonal complement by a function 1 in which the following two conditions

must be satisfied [9]:

1. ¢ =), axp(2z — k), where the sum is finite, a;, € R
2. 1) is orthogonal to any element in Vj i.e f_oooow(x)gb(x —k)dr=0,Vke€Z

12



The simplest function v that satisfies the previous conditions is:

U(z) = ¢(22) — ¢(22 — 1)

The graph of function ¢ (x) is given as:

S —————————-8

Fig. 2.5: The Haar wavelet ¢ (x).

Definition 2.5 [35] The Haar wavelet function ¢(z) is defined as:

.

1 ifrel0,3)

b(x) =9 -1 ifze[i1)

0 otherwise
\

k J

(2.19)

Definition 2.6 [J] Let j be a nonnegative integer. W; is the space of functions that

spanned by the set {(22x — k)}rez, i.e if f(x) € W, then f can be expressed as:

flx) = Zak¢(2jx —k), k€Z,a,eR

k

13

(2.20)



Theorem 2.2 (9] W, is the orthogonal complement of V; in V.

Theorem 2.3 (9] The space L*(R) can be decomposed as an infinite orthogonal direct
sum i.e L*(R) =VooWoa W, & We & ...

Note that any f(z) € L*(R) can be expressed as an infinite sum as follows:

f@)=fo+ > w (2.21)

Where fy € V), wy € Wy

2.3.4 Haar Wavelet Family in [0, 1)

Let us restrict our work in the interval [0, 1). The Haar wavelet functions are [1828]:

1 ifxel0,1)
hi(r) =
0 otherwise
(
1 ifxe [Oél‘, 62>
0 otherwise.

\

Where o; = £ 8, = EE8 o = EEHL gy = 97§ = 0,1,2,...,J, determine the level of
wavelet, k =0,1,2,...,m — 1, k is the translation parameter, .J is the maximal level of
resolution. The index ¢ can be founded the relation ¢ = m + k + 1, which means that

the minimal level of ¢ is 2, the maximal level of 7 is [ = 27!,

Theorem 2.4 [45] The Haar wavelet family is an orthonormal basis for L*([0,1))

with the normalization factor 27.

/0 () (2) = 6, (2.23)

14



The set of the first eight Haar wavelet functions

2
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Figure 2.6:h4 ().
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Figure 2.8: hs(z).
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Figure 2.10: hs(z).
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Figure 2.7: hy(z)
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Figure 2.11: hg(z)
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Figure 2.12: hq(z). Figure 2.13: hg(x)

2.3.5 Integration of Haar Functions

The method that we will use to solve the nonlinear integral equations needs to integrate

Haar wavelet functions.

1 1 fori=1,
/ hi(t)dt = (2.24)
0 0 fori> 2.

Let P;; be the integral of the i Haar wavelet from 0 to z [27]

p

xr — oy ifx e [ai,ﬁi)

Pa= [ hdt =50 itxe () (225)

0 otherwise.
\

and in general for v = 1,2, 3, ...

Pani= [ Pt (2.26)
0

16



For evaluating P, o, P, 3, P, 4 see [27].
Now, divide the interval [0,1) into 2M subintervals of equal length where M = 27, then

the grid points are given by:
T, =——, p=12..2M. (2.27)

Set H; = 1, and suppose that H be the Haar coefficient 2M x 2M matrix such that
h(i,p) = h;(z,), the operational matrix of integration P, which is also 20 x 2M matrix

is defined by the equation [18]:
T
(PH); = / a8 dt (2.28)
0
Finally P is calculated using the following formula:
P=AH"! (2.29)

where A = PH , H~! is the inverse of Haar coeficient matrix that can be founded using
the formula [35]:
1

H—l — _HTD—I
2M

where D is a 2M x 2M diagnoal matrix such that:
1
Dj; = / h(z)dx, i€{0,1,2,..,2M}
0

Chen and Hsiao [12] provided a matrix equation for calculating the matrix P of order

2M which is:

Pomvy = — (2.30)

where O, is a square zero matrix of size M x M, P;=0.5.

17



8§ —4 -2 =2 1 1 1 1

4 0 =2 2 11 -1 -1
Example 2.3 [42] Py=+ , Hy=

11 0 0 11 0 0

1 -1 0 0 1 -1 0 0

2.4 Newton-Raphson Method

Newton-Raphson method is an iterative method for solving square system of algebraic
equations.

Consider the system:

fi(x1,$2,...,l'n> :O, 1= 1,2,...,71 (231)
This system can be written in matrix form as:
F(X) =0,

T T
where X = |:x1 To ... xnl , F= {fl fo fn} , O is the zero vector,

Newton’s method is based on constructing a sequence of vectors that converges to X
such that FI(X) = 0. Let F(X) be a continuously differentiable function, then it can

be approximated around the vector X(© using Taylor expansion as follows [38]:

FIXO L AX) = F(XO) 4 J(F(X9)AX, (2.32)
20(X0) B(XO) .. HxO)
9f2 (x(0)y  9f2 (X (0) 9fs ( x(0)
where J(F(X©)) = axl( ) ax"’( ) ax”< )
_%(X(o)) g—f;;(X(O)) %(X(O))

J is called the Jacobian. The vector X is founded such that F(X) = 0.

18




The following equation is obtained:
F(XO) 4+ J(F(XO))(X - XDy =0

Given that the Jacobian matrix is invertible at X°, the previous equation is solved for

A

X
X =XO _ JYFXONF(XO)

In order to avoid finding inverse, it is reliable to solve the linear system
J(F(X(O)))Y(O) — —F(X(O))

J(F(X©)), F(X©) are knowns. Once unknown vector Y is evaluated, the initial guess
is improved to X = X© 4+ y©),
In general:

J(F(Xr=U))y®=b — _ p(x®-b) (2.33)

Finally, X" = X(=1 1 y(=1) [46].

It is convenient to stop after a certain number of iterations, or when |F(X™)| < e.

Theorem 2.5 [38] Let F(X) be a continuously differentiable function in a neigh-
berhood of X, and the Jacobian matriz J(F(X)) is invertable, then Newton’s method
converges to X given that X(0) is close enough to X. Moreover the convergence rate 1s

quadratic i.e for large enough k, there exists ¢ such that:
[[XED = Xl2 < o[ X® = X3 (2.34)

0

In order to confirm that the initial guess X is close enough such that the sequence of

vector is coverging to X , Steepest descent teqnique is helpful.

19



2.5 Steepest descent algorithm

The Steepest descend method is converging linearly to the solution, but it is applicable
even for poor initial approximations [10]. To say that system (2.26) has a solution is

equivalent to the problem : ¢(X) = >"" | f7(X) has minimal value 0.

Definition 2.7 25/ let f : R* — R the gradient of f is denoted by 7 f(X), and it
15 defined as:

VIX) =2 X) LX) . 2(X) (2.35)

Definition 2.8 [25] The directional derivative of f in the direction of the unit vector

v is denoted by D, f(x), it is defined as:

D, f(z) = i TELIV TR i) (2.36)

The directional derivative of f in the direction of the unit vector v measures the change
in f with respect to the change in variable in the direction of v. Its maximum and
minimum values are attained when v is parallel to 57 f(X), and v. 7 f(X) = — v f(X)

respectively.

The goal is to minimize the value of the function g to reach zero value, so if we start
with the initial vector X(© it is reliable to move a way from X© in the opposite

direction of /g, so choose X such that [10]:

XU = X0 _a7gX?), a>o0. (2.37)

The constant « is choosen in a way such that minimizes the one-variable function:

h(a) = g(x") (2.38)
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Finding o requires the derivative of the function h, and then its critical points. in stead
of that, three numbers a4, s, asz are choosen to be close to where the minimal value of
h(a) occurs, then a quadretic polynomial P is constructed in the interval [a, a3] using
Newton’s forward divided-difference formula. Finally it is very easy to find the critical
value of P, let & be the value that minimizing the function P, then a new iterate is

obtained as follows:

X = XO _ 49X ) (2.39)

Since g(X©) is available, a; is coosen to be zero, then as is choosen such that h(as) <

h(an), and ap = ¢ . For Steepest descend algorithm see [10]
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Chapter 3

Haar Wavelet Method for Solving One-dimensional

Nonlinear Integral Equations

This chapter focuses on the numerical solution of one-dimensional nonlinear integral
equation of the second kind using Haar wavelet method. In section one, an impor-
tant and efficient theorem for approximating functions of one variable by Haar wavelet
functions is introduced. Section two, deals with solving Fredholm nonlinear integral
equation. In section three, the numerical solution of nonlinear Volterra integral equa-

tion is investigated.

3.1 One-dimensional Haar Wavelet System

Let f(z) € L*([0,1)), then it can be expressed as an infinite sum as follows [7]:

f(z) = Z a;hi(x) (3.1)

where 7 a;h;(x) converges to f uniformly (8], a; are real constants such that

o= [ s,
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a; = 2j/0 flz)hi(x)dx, i > 2. (3.2)

In matrix form:

fla)=a"h, (3.3)

where G = (a;);cn+s B = (hi);ens» G, b are infinite column vectors.

For numerical reasons the infinite sum in equation (3.1)) is truncated and i = 1,2, ...,
where [ is a power of 2 that indicates the number of nodes, hence f(z) can be written

as

!
filx) = Z a;h;(z). (3.4)

The nodes are defined as: [§]

p=12..1 (3.5)

If the nodes are substituted in equation (3.4]), the following linear system of size [ x [

is obtained:

In matrix form equation (3.6 is:

WhelreF:{f1 fo - fl],fi:f(xi),A:{al Ay - al]’
H = [hij]a hij:hi(Ij>,i, j:1,2,,l

The following theorem is efficient to find these coefficients.
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Theorem 3.1 5] If f(x) is known at the nodes x,, p =1,2,...,1, then the solution of
system 18:
l
1
=7 Z (3.8)

Z () Z () (3.9)

p=a; p=Bi+1

where 7; = 2oVl oy — (i — 1), py = L, v = pioy, B = pi(oi — 1) + 4, and

Substitute equations (3.8]) and (3.9 into equation to get:

F@) = 13 Fla@) + Z LS s 3 sw))ue e

p=1 i= =0y p=PBi+1

Example 3.1 Consider the following function f(x) = x — 1, for | = 2, and equation
(-) =4 w=13n=1o0=1 p=2 1%=2 0 =1a =1 the coefficients

of f(x) are: a; = _71, ay = _Tl.

Now, let g(x,y) be a function of two-variables defined on [0,1) x [0, 1), then g(x,y)

can be approximated using one-dimensional Haar wavelet functions as follows:
!
= Zai(x)hi(y) (3.11)
i=1

From equation (3.5)), g(z,y) becomes:

!
g(z,y,) Z a;(x (3.12)
=1

The variable coefficients a;(z), can be evaluated using the following corollary.
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Corollary 3.1 |7/ The unknown coefficients a;(x) in equation are given as

follows:

~|

aj(x) =

> gz, y) (3.13)

j=

Bi Vi
O DI CINE D ICE'S (3.14)

=a; p=Bi+1
where 7;, 05, pi, Vi, pi, Bi, and «; are defined as the same in theorem (3.1)).

Example 3.2 Consider the function g(z,y) = e**V. If | = 2, from equation (3.5),
Y1 = i, Yo = %, m=10,=1, pr =2, %o =2, 8o = 1,0 = 1. using corollary (3.1

eac+.25+6x+.75 ex+.25_em+.75
g, (1) = 5

the coefficients of g(x,y) are: a;(z) = 5 , a = 3

3.2 Haar Wavelet Method for Nonlinear Fredholm Integral

Equation

Consider the following one-dimensional nonlinear Fredholm integral equation of the

second kind [44]:

U(z) = f(z) + A /O K(z, (U (t))dt (3.15)

where f(x) and K(xz,t) are known real valued functions defined respectively in [0,1],

[0,1]x[0,1], ® is a nonlinear function.

Theorem 3.2 [/§] Let the function G(z,t,w) = K(z,t)®(w)be a continuous function
in the set, [0,1] x [0,1] x R and satisfies the Lipschitz condition with respect to w,

i.e |Gz, t,w) — Gz, t,we)| < klwy —wsl|, k > 0, then equation has unique
solution in [0,1] if |\ < 1/k.
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Now depending on Haar wavelets, the function AK (z,t)¢(U(t)) can be approximated

as:
l

AK (2, )p(U (1) ~ Y ai(x)hi(t). (3.16)

i=1

Substituting equation (3.16]) in equation (3.15)) to get the following equation:

U(z) = f(z) + Zai(:v)/o hi(t)dt. (3.17)

Using the properties of Haar wavelet functions under integral sign, equation (3.17)

can be written as:

U(z) = f(z) + ai(x). (3.18)

Substituting the value of a;(z) given in corollary (3.1)) implies that

Ulx) = f(x) +

~I>

> K(x,t)®(U(t,)) (3.19)

Finally, applying the collocation points given in equation ([3.5)), the following system

of nonlinear algebraic equations is produced:
A
Ulwr) = flor) + 7 > K(z, t,)@(U(t)), (3.20)

where rp =1, 2, ..., L.
The matrix form of the system (3.20)) is:

Uy i Ky Ko - Kyl |$

UQ f2 A KQI K22 e KQZ ®2
= —|—7 ,

|Un _fl_ | Ko Ko K| | @]
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where Uz = U(ZEl), f, = f(l'l), Kl = K([L’i,t]’), (I)Z = (I)(U(tl)), Z,] = 1, 2, ,l
The previous nonlinear system can be solved for U(x,),r = 1,2,...,] using New-

ton’s method. A maximum number of iterations 400, tolerance 107°,and Initial guess

f(z,),r=1,2,...,1 were used.

Remarks: To see the effectivity of the presented method, consider the following

equation.

Example 3.3 [29] Consider the following integral equation:

242

U(x):(l—ln2)x2+\/§+/o 1+$t

5 Wdt,x € [0,1), (3.21)

The exact solution is Ue,(z) = /2.

Using Haar wavelet approximation, the kernel function can be approximated as:

z?t? l
~ ; i(t). 22
= ) (3:22)
Then from equation((3.20)):
1
Uz) = (5 —In2)z” + ay(x)
1 1 x2t2
—(Z _ 2 2 - p
G =2+ 1D T )

. For [=2, the matrix form is:

Uy 0.487928| 1 |( P3?| | (3.23)
§)2 1 '
4 1+U3

1
4
Uy|  |o7sm380| 2 ()%

The solution of system (3.23)) is U(3) = 0.499574 and U (2) = 0.862193.
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Tab. 3.1: Error function for Example 3.3

[7 1T T~ RO |
0 2 3.8x1073 -
1 4 1.3x1073 1.5475
2 8 3.8x107* 1.7744
3 16 1.03x107% 1.8834
4 32 2.6x107° 1.8961

The precision of the results is measured using the error function [27]:

|-loc = Maz1<i<i|Uex(x:) — U(z)]

where Ue,(z;), and U(z;) are the excat and the approximate solutions of the integral
equation at x; respectively.
On the other hand, the experimental rate of convergence R.(l) is calculated [7].

E.(4
E.(1)

~—

R.(1) = logs(

) Ee(l) = [[-l]oc-

0.9

0.7F

06F

D4

02t Exact solution I

011 +  Approximate solution | |

U 1 1 1 1 1 1 1 1 1
0 01 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

D=x<1

Fig. 3.1: Comparison plot of Exact and Approximate solutions at [ = 32.
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3.3 Haar Wavelet Method for Nonlinear Volterra Integral

Equations

Consider the following one-dimensional nonlinear Volterra integral equation of the sec-
ond kind [44]:
U(x) = f(z)+ A / K (o, )0(U (1))t (3.24)
0
where K (z,t) is defined on the set D={(z,t),z€ [0,1], t€ [0,x)}, while the other
variables are the same as equation (3.15)).

Theorem 3.3 [/§] If G(z,t,w) = K(x,t)®(w) satisfies the Lipschitz condition with
respect to w,
i.e |G(z,t,wy) — Gz, t,w)| < klwe —wy| where k > 0, then equation has unique

solution in [0, 1] for any value of the parameter \.

The function AK (z,t)®(U(t)) is approximated using one-dimensional Haar wavelet

functions and and substituted in equation (3.24]), to have:

l
Ulz) = f(z) + Z a;(x) P (). (3.25)

Applying corollary (3.1]), substituting the nodes defined in equation (3.5)) to get:

-
Il
—

! pi Vi
+ 2 A( Y K t)2(U(t) = Y K, tp)ﬂD(U(tp)))a,l(ggr),

p=ay =05

(3.26)

where r =1,2,..,l,p=1,2,...,[, P,1(x) = fox hi(t)dt.
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The previous system is a [ x [ nonlinear system of algebraic equations, which can

be solved using Newton’s method. Writing the previous equation in the matrix form:

U=F +\T® (3.27)

T T
where U= [Ul Uy ... Ul} aF:[fl fa ... fz] :

K1
8

=
o
s

When |l =2, 4, T =

, repectively

S
=

()

(V)

W~
Sl A
= =

U.=Ul(z,), fr = f(z,), Krj = K(xp, ), 7, = 220 =23,..,1, r,j=1,2,..,1

Then [ x [ nonlinear system is solved for the unknowns U(z,), r = 1,2, ..., using
Newton’s method. Finally, the value of U(z) at any point other than the nodes that

defined in equation (3.4)) is obtained using theorem (3.1)).

Example 3.4 (/4] Consider the following integral equation:

UL % \ /Ox(a; _ O ()dt, (3.28)

The exact solution is U, (x) = cos(x).

Using one—dimensional Haar wavelet approximation for the Kernel function
l

(x = U () ~ Y ai(x)hi(x). (3.29)

i=1
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Depending on equation ([3.26)), the following form is given:

cos(2x, 2 1 1 :
! 1 ﬁz Vi
¢ (Ll - 3 -t
=2 P\ p=a p=Bi+1
T:1727 7l7 p:1727 7l
For [ = 2,
U (1)+cos(§) 1 1 11(1 3) ) 11(1 3)U2
L= sy 8§ B 8 244 4727241 1w
3. cos(®) 3 1 133 1_, 113 1 .,
L P L P L
In matrix form:
CFN I % I R B LS Y D I VS B 1254
=1 |G ], ali i, )

ol |l |o ol |02
Us fa

AN,

which implies that: Ui) = f(3) = 0.937985, U2) = f(3) + 1U*(}) = 0.694860,
the method is very more efficient when [ is changed to be larger.

Tab. 3.2: Error function for Example 3.4

[7 7 Te RO ]
0 2 3.7x1072 -

1 4 1x1072 1.8876
2 8 2.7x107% 1.8890
3 16 7.1x107* 1.9271
4 32 18x10~* 1.9798
5 64 4.5 x107° 2
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The following figure shows the numerical and the exact solution at | = 64

1 T T T T T T T T T
Exact solution
+  Approximate solution

0.95

0.9

0.85

075

0.7

0.65

1
0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 0.9 1

0_55 1 1 1 1
0

D=x=1

Fig. 3.2: Exact and Approximate solutions at | = 64.

Haar functions are defined in the interval [0,1]. If equation (3.15]) was defined on the

interval [a,b], then the following change of variable should be done [27]: & = =2, t=

t—a

b—a’
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Chapter 4

Haar Wavelet Method for Solving Two-dimensional

Nonlinear Integral Equations

In this chapter, Haar wavelet method was introduced for two-dimensional nonlinear in-
tegral equations of certain types. In first section, a theorem for approximating functions
of two variables depending on Haar wavelets is presented. In the second and third sec-

tions, Fredholm and Volterra nonlinear integral equations are solved numerically using

Matlab.

4.1 Two-dimensional Haar Wavelet System

Consider the following collocation points [7]:

2m — 1
m = 4.1
2 o0 (4.1)
2n—1
= 4.2
Y ol (4.2)

where m = 1,2, ..., 01, n = 1,2, ..., 1y, [ = 271+ [, = 272FL,

Any continuous real valued function of two variables defined on the set [0,1) x [0, 1)
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can be written as an infinite sum of Haar wavelet functions as follows:

Fle,y) =Y bishi(x)h;(y), (4.3)

i=1 j=1

where the coefficients b;;, 4,7 € N are real constants can be calculated by,

by = / / £, y) b (2)ha (y)dacdy,
by = 2 / / £, y) b ha (y) dacdy,
by = 2 / / £ (@, y)ha () () ey,

. — 9jiti2 A ) )
by = 2 / / £ (@, y)hi()hy (y)dady, (4.4)

where V7 > 2, k'l = 0,1, 2, 2J1 — 17 jl = 0,1,2,..,J1, 1= 2‘71 -+ kl + 1, ll = 2J1+1,
Vi>2 ke =0,1,2 22 1, jo=0,1,2,.,Jo, j =202 4+ hy+ 1, ly =27+,
The series in equation (4.3)) is uniformly convergent to f(z,y) [37]. The function f(z,y)

can be expressed by a finite sum as follows :

I lo

Fla,y) =) 0 byhi(x)hy(y). (4.5)

i=1 j=1

Also, equation (4.5)) can be expressed in matrix form as follows:

f(x,y) = h(z) Bh(y) (4.6)
T
Where h(z) = |hy(x) ha(z) ... hzl(x)] , hiy) = {hl(y) ha(y) - h,(y)|
B=1bj]l, i=1,2,...,04,j =1,2,3,.... ..
Substituting the collocation points defined in equations , , the previous equation
will be:

i 2

F@myyn) =D > bighi(wm)h(yn) (4.7)

i=1 j=1
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which gives a square linear system of size {1/, in which b;; are the unknowns.

To find the unknowns b;; the following theorem is needed.

Theorem 4.1 /5] Let F(x,y) be a real valued function of two-variables defined on
the set [0,1)x[0,1). If the value of F(x,y) is Known on the set of collocation points
(p,yq) where p = 1,211, p = 1,2,..., 1y, then F(x,y) can be approzimated using
Haar wavelet approximation as:
Lol
r,y) =YY bighi@)h(y)
i=1 j=1

with the real constant coefficients b;;, +=1,2,...,1;, 7 =1,2,..15.

i 12

b = lllQZZF%’yq

p=1 g=1
B1i l2 i
= (2 X rew - Y ZM,,,%)
2poc1ql p=pB1;+1 q=1
151 ﬁ?] A Y25
I 71 0 9 SLLERAED i) SRATAR)
P25\ p=1 g=as; p=1 q=P2;+1
Bii B2y B 72j
b = (2 Flew =3 Y P
PriP2; p=0; g=aj p=ai1; q=B2;5+1
V1i Ba; V1i V2j
PSP ICAAED VD L CHR)
p= ﬂlz“l‘lq Qa2j p= 611+1q 623+1

i=2.3 =23, .l
s = 2lloan(=1) 7, olten(-1)],
o1 =1 — Ti, O25 = J — Toj,

_ I _ _
P1i = - P25 = g Y1 = P1i01i, V25 = P25025,

7—12

Bri = pri(o — 1) + 5, Boj = pajloz; — 1) + %’

ay = pri(on — 1) + 1, and ag; = pa;(0; — 1) + 1.

35



Proof:  Fix y, and using one-dimensional Haar wavelet functions, the function F(z,y)

can be written as:

lh
= ai(y)(z) + Z a;(y)hi(z). (4.8)
i=2
From corollary (3.1]) and equation (4.8)), we have:

51 51 Bs Y14
F@@ﬁﬁ}mem+Zi(Zme—zjﬂ%@mmmm

i=2 Pri p=ai; p=PF1i+1

Also, for each collocation point x, , the function F(x,,y) can be approximated using

one-dimensional Haar wavelet functions as follows:

Flay) = Y ahy(y). (410)

If equation (4.10]) is substituted in (4.9)), then the following form is obtained:

I s

I B1i 2 Y1i l2
F(z,y) = % SO ayhiy)ha(z) +> + ( SN aghiy) - Y. > apjhj(y)) hi(z)

p=1 j=1 =2 Pri p=ai; j=1 p=p1:+1 j=1

(4.11)

Define I, I, and I3 such that:

15 lo
1
L = l_zzapjhj<y)hl(x)
L=t j=1
Iy 1 Bri 2
L = Zp_l Z Zapjhj(y)hz(x>
i=2 " p=ay; j=1
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h= 5 (S ah))ne
(

p=1 "2 g=1 = i P2\ oo
Y25
- Z F(xqu))hj(y)hl(ﬂ?)
q=PB2;j+1
1 i I 1 i s 1 Ba;
= o L Pl () 0% o (3 Pl
lllQ —1 g=1 ll - 5 p2J &
p = p=L1 q=a9
Y25
- Z F(xp7yq))hj(y)hl($)
q=P2;+1
1 & by b B
— o X () + 3 (XY Flm)
lly &~ = — lipo \ = <
p=ta= Jj= p=1 q=az;
I Y24
a Z Z F(xp7?/q)>hj(y)h1($)
p=1 g=P2;+1
Assume that:
L
bii = WZZF(%,%)
(L Rt
1 lh By I Yo,
by = -(ZZF(%’%)‘Z > F(wp,yq))
125 \ 21 =am; |

Substituting equations (4.13]), and (4.14) in equation (4.12)) implies that:

I = birhi(2)ha(y) + ibljhl(ﬁf)h]’(y)
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1= p=ay; j=1
Iy 1 Bii I 1 Bl
Z — Z aptha(y)hi(x) + Z — Z Zap]hj(y)hz(x)
=2 P p=ai; =2 Pri p=ay j=2
1 1 Bii 1 lo Iy 1 Bri o 1 B2;
)IED IS ICHANVIIEED DD BB Dt (D DELCHN
ime Plip—a, 2 =1 im2 Pl oy =2 P2\ oo,
Y23
> Flapa) ) istha)
q=p2;+1
I 1 B UL i I 1 Bri  Bej
Do 2 2 Flpydhwhi(a) + > — ( D D Flapy)
im2 P12 =g o i—2 j=2 PUP% \ p=gl g=au;
B1i V25

> > Flap) )b (116)

p=ai; q=P2;+1

I Y1i l2
1
d— DD ayhiyhi(x)
im2 Pl g =
Iy Y14 lo
1
Z — Z <ap1h1(y) + Z apih; (y)) hi(z)
im2 Pl oyl j=2
I Y14 I Y1i lo
1 1
Do D ah@hi@)+Y Y Y ayhi(y)hi(x)
i=2 Pri p=P1:+1 1=2 Pii p=PF1:+1 j=2
I 1 Y14 1 l2 I 1 Y14 l2 1 B2;
IO D WCHAINOIICRD ST SIS DS (D DELTAS
i=2 P10 p—pt1 72 =1 i=2 P10 ppiiq1 j=2 27 \ g=ay
'YQj
3 F(xp,yq>)hj<y>hi<x>
q=pP2;+1
I 1 Y1i l2 1 2 1 Y1i B2;
Z p1ils Z ZF(xp,yq)hl(y)hi(ﬂf) +ZZ ;01',02'( Z Z F(@p, yq)
i=2 % p=py;+1 g=1 i=2 j=2 " N p=py;+1 g=au;

Y14 V25

DS F(a:p,ya)hi(x)hj(y) (4.17)

p=P1:+1 q=PF2;+1
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Add equations (4.15)) with (4.16]) and then subtract equation (4.17]) will produce the

following;:

F(:I:,y) = b11h1 +Zbljh1

I

+ D, : (%i}?xmyq i ZFQ:pqu> z)h1(y)

= b \ T p=Prit1 g=1
i I B B2 B1i Y2j
E (X S Few- Y Y P
=2 j=2 P1iP2; p=ai; g=az; p=a1; q=F2;+1
Ti B2; Y1 V25
=Y Y Fwat XY Pl (119
p=B1:+1 qg=az; p=PB1i+1 q=PF2;+1
Assume that:
/817, 12 Y1i
b = l(zzp%,yg 3 Zmp,yq) (4.19)
PLi%2 \ 2o =1 p=P1i+1 ¢=1
B1i /82] B1i Y25
= (2 X P =3 Y P,
PriP2 p=ai1; g=az; p=a1; q=B2;+1
Y14 Ba; Y1i Y25
- Y Y Fas Y Y x,,,yq) (4.20)
p=PB1i+1 q=az; p=P1i+1 q=PF2;+1

Substituting equations (4.19)) and ( into equation (4.18) completes the proof. [J

Corollary 4.1 [7] Let F(x,y,s,t) be a real valued function of four variables defined
on the set [0,1)x[0,1)x[0,1)x[0,1), then F(z,y,s,t) can be approximated using two-
dimensional Haar wavelet approximation as:

Lol

F(z,y,s,t) = ZZ()U (x,y)hi(s)h;(t) (4.21)

=1 j=1
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where:

1 2
by = i ZZF T, Y, Spyty (4.22)
p=1 g=1
Bri 2 i
b = l(zzm,sp, DD DIATRAE) RS
P12 p=ai1; ¢=1 p=P1i+1 q=1
A BQ; 15 vY2j5
b= (X3 Fewst) =Y 3 Fewsa) G2
102 \ 51 gman; p=1 q=P2;+1
Blz ﬁg] /811 Y25
b = (2 X Pt =3 S Fepat)
PLiP2j \ =3 4= az; p=a1; q=P2;+1
Yii B2j Vi V25
— Y DY Flryspt)+ Y. Y. Flny, sp,tq)> (4.25)
p=P1i+1 g=0az; p=P1i+1 q=P2;+1

where o, Qgj, 511,523'7 Plis P25, Viiy V25, O1iy 025- and T, Ty are defined as the same

in theorem .

4.2 Two-dimensional Nonlinear Fredholm Integral Equations

Consider the following nonlinear Fredholm integral equation of the second kind [11]:

Ulx,y) = f(x,y)—{—)\/o /0 K(x,y,s,t,U(s,t))dsdt, (4.26)

where (x,y)€[0,1)x[0,1), f(z,y), and K(x,y,s,t,U(s,t)) are a continuous real valued
functions defined respectively on [0,1)x[0,1), [0,1)x[0,1)x[0,1)x[0,1)xR , U(z,y) is

the unknown function called the solution of two-dimensional integral equation,

Theorem 4.2 |32/ If the function K(x,y,s,t,U(s,t)) is a Lipschitz function of the
form |K(z,y,s,t,Us) — K (z,y,s,t,U1)| < LU, — Uy, and |\| < 1 then equation

has unique solution.
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Let’s approximate the kernel function using two-dimensional Haar wavelet approxima-
tion

K(x,y,s,t,U(s,t)) Zlibm (x,y)hi(s)h;(t) (4.27)

i=1 j=1

Substituting the approximation of the function K in equation (4.27), and using the
fact that: fol fol hi(s)h;(t)dsdt = 1, for 4, j = 1 and zero otherwise. Equation 1 can

be written as:

U(z,y) = f(z,y) +bu(z,y) (4.28)

The value of b1; which obtained in equation (4.22]), and the collocation points (z,, Yn),

m=1,2,....11, n=1,2,...,l5 are substituted,
1 2
U(J,’m,yn) = f(mm,yn l1l2 ZZK xmaynaspath(Sp? )) (429>

p=1 ¢g=1

which is a nonlinear system of size l;l; with unknowns U(z,,y,). Assume that the

function K can be represented as:
K(LL“, y,s,t,U(s, t)) = G(:E, Y5, t)(I)(U(S, t))

where ® is a nonlinear function, then the matrix form of the system (4.29) is:

U=F+ Mo (4.30)
such that:
T
U = [Uu Uiz Ui, Usi,Uso Ui, Ul1l2:|
T
¢ = {@11 D9 Dy, Do, Doy Dy, @11121
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Fo=fu fiz - fu, fa fo - fu

The solution U(x,y) of the nonlinear [1ly X ;15 system of algebraic equations at collo-
cation points (Z,,,y,) can be derived using Newton’s method with tolerance 10~° and
maximum number of iterations 400. Finally the solution at any point differ from the

collocation points is computed using theorem (4.1]).

Example 4.1 [11] consider the following two-dimensional nonlinear Fredholm integral

equation of the second kind:

1

U = 1 t)U (s, t)dsdt, 0,1]x0,1

) = it T (eI s s, () € 00,1

(4.31)
The exact solution is Ue,(z,y) = m
From equation (4.29)) we have:
1 x 1 S o
U(Zpm, Yn) = — m — " (1 t)U%(sp, o),
(Tm» Yn) (Zm + Yo+ 102 6(1+ yn) +l112§zl+yn( + 8p 1 1)U (sp, 1g)

(4.32)

where m,p=1,2,..,l1, n,q=1,2,...,15. Let [y =l = 2, then the Matrix form of the

system is:
vu| ] eun Gue Gua Guml| 03]
Uiz _ Ji2 L Grair Gioiz G G| |Up
Un Ja1 e Gor Gonz Guaor Gawnz| U3
_U22_ _f22_ _G2211 Gao12 Gazar G2222_ _U222_
_UH_ _0.41111_ | 0.3 0.4 0.4 0.5 | _U121_
Ui B 0.22619| | 0.21428 0.28571 0.28571 0.35714| |U%
Ua 0.15 " 0.9 1.2 1.2 1.5 U3
_U22_ _0.08857_ _0.64285 0.85714 0.85714 1.07142_ _U222_
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The solution of the previous system for U(x,,,y,), m = 1,2, n = 1,2 by Matlab
is:

Ull U12 U21 U22}= {0.44022 0.24699 0.23735 0.15096
The following table shows that when [;l; are increasing, the error of approximation

decreased.

Tab. 4.1: Error function for Example 4.1

[h & e R |

2 2 1.3x1072 -
4 4 46x1073 1.4988
8 8 1.4x1073 1.7162

The following figure shows the approximate solution at [y = I, = 8.

08—

064"t

0<y< 0 0<x<1

Fig. 4.1: Approximate solution of Example 4.1, for I; =y = 8.
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4.3 Two-dimensional Nonlinear Volterra Integral Equations

In this section, the numerical solution of two-dimensional nonlinear Volterra integral
equation was proposed using Haar wavelet method. A numerical example is discussed

to demonstrate the accuracy of the approximate solution.

Consider the following nonlinear Volterra integral equation of the second kind

Uz,y) = f(z,y) + /Oy /096 K(z,y,s,t,U(s,t))dsdt, (x,y)€[0,1)x[0,1), (4.33)

where f and K are a continuous real valued functions in [0,1]x[0,1],
D :={(x,y,s,t,U) : 0 < s <z <1, 0<t<y<1, U € R} respectively. If the
function K (z,y, s, t,u(s,t)) satisfies Lipschitz condition of the form: |K(z,vy,s,t,u;) —

K(z,y,s,t,us)| < Lluy — usgl, then equation (4.33) has unique solution [39].

The function K(z,vy,s,t,U(s,t)) is approximated using two-dimensional Haar wavelet

functions, then it’s approximation is substituted in equation (4.33).

i Iz

Ulz,y) = f(a.y) + Y > by, y)Pia(z) Pialy), (4.34)

i=1 j=1

where P;; = fo i(s)ds, and Pj; = fo ;(t)dt. The values of the coefficients b;; given in
corollary (4.1)), and the collocation points in equations (4.1)), and (4.2)) are substituted:

Pri(zm) P (Yn) o= 2
U@ ) = F(@mYn) + — 22BN N K (2, Y Spo g, U5 1))

l1ly o1 g1
1 P 1(&: P1 1 y 511 l2
_|_ Z l (Z ZK xmaynvsjhtan(Sp’ ))
i=2 P12 p=ai1; ¢=1
Y1
- Z ZK xmaynaspath(SP? )))
p=p1i+1 q=1
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2 p (x L&

I Z 1,1 m Jl y” (Z Z K xmaynaspvth(Sp? ))
=2 l1p2] p=1 qg=ag;
15 V2j

- Z Z K $m7yn75patQ’U<Sp,tq)))

p=1 q=PB2;+1

L& 1(z 1(y &
+ Z l m ] - (Z Z xmaynaspath(Sth))

1=2 .7:2 pllp2] P=0x15 g=Q2;
617, Y25 Y1i ﬁ?]
- E E K xmvyn78p7tq7U Spy E § K xm7yn78patq7U(sp7 ))
p=01i qg=P2;+1 p=P1i+1 g=02;

V14 V23

+ Z Z K(xm’yn’swtq’ U(sp,tq))>. (4.35)

p=P1i+1 q=PF2;+1

where m =1,2,....011, n=1,2,...,1s.
If the function K can be written as K(z,y,s,t,U(s,t)) = G(x,y,s,t)CI)(U(s,t)), then

the previous system can be written in a matrix form as:

U=F+To (4.36)
where:
r T
U= U, - Uu, Uy -+- Uy, Uz -+ Ul1l2:| )
- T
Fo=lf - Jus fao o fay o0 faooe- fl1l2:| )
- T
o = (&, .- By, Py oo Dy, oo Dy - cpllb} .
_GH -
Gun 0 0 0
Gi211  Gi212 0 0
Iflh=0=2T=] ° 16
Goa111 Ga121
8 0 16 0
Ga211 Gao212 G221 Ga222
| T4 8 8 16 |
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For l; = 2, l5 = 4, the following form of the matrix 7" is obtained:

Guun 0 0 0 0 0 0
Gi211  Gi212

2 2 0 0 0 0 0 0
Gi311 Gz Gisis

16 16 32 0 0 0 0 0
Gia11 Gia12  Giaiz Giaisa

16 16 16 32 0 0 0 0

T = ,

Goinn Go121

e 0 0 0 D 0 0 0
Ga211 Go212 Ga221  Gaz2o

8 16 O O 16 32 0 0
Ga311 Ga3iz Gasis 0 Gazo1  Gaosze  Gasis 0

8 8 16 16 16 32

Goa11 Goa12  Goa13  Goa1a  Goa21 Gaszz  Goaza  Goazs
L 8 8 8 16 16 16 16 32

for [y =4, ls = 2, T has the following form:

gun 0 0 0 0 0 0
Gi211 Gi212

i Gz g 0 0 0 0 0
2111 Ga121

g Gam g 9 0 0 0
Goonn Goziz Gazar G222

8 16 16 32 0 0 0 0

T =

G311 G3121 G3131

16 0 16 0 32 0 0 0
G3211 Ga212 G321 Ga2o2  Gs231 Ga2so 0 0

8 16 8 16 16 32
Gainn G121 G131 Ga141

16 0 16 0 16 0 32 0
Gao11  Gaz212 Gaoa1r Gazoz  Ga231 Gaozs Gazar Gaoan

8 16 8 16 8 16 16 32

In order to show the reliability of this method, consider following equation.

Example 4.2 (/0] Consider the integral equation:

T g oSy [V [T

U(x,y) :J}26y+—————+/ / (s*+e ) U?(s,t)dsdt, x,y€0,1], (4.37)
4 14 5 ) )

The ezact solution U, (x,y) = z%eV.
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Expand the function (s* +e72))U?(s, t) by two-dimensional Haar wavelet functions and

from corollary (4.1]) the following for is implied:

(s> + e U (s,t) lezbwh (4.38)

=1 j5=1

On the other hand, equations (4.35] and (4.2) give the following equation:

7 7 2yn 5 lh l2
Uy yn) = $2€yn+fli_z T 129 _$T,éyn+P11 anan Yn) ZZ (52 4+ e 20)U%(s. 1,)
152 p=1 ¢g=1
I i:le(xmpllyn<§l:is+e thUQ(S )
i=1 plzl2 p—ay; g=1 P
Vi L2
- Y e
p=p51i q=1
Iy P11(IE (y i B2y
v 3 DBl (573 (e 5t
Jj=2 192 p=1 q=a;
15 V25
- Z Z (3;2;+6_2tq)U2<3p7tq))
p=1 q=PB2;+1
+ 2122 zlxm ]lyn(%ﬁi + —92t UQ( )
(s, +e Sp,
i=2 j=2 1011:023 p=ay; og; b
Bii 2§ Y14 Baj
— Z Zs+e2tq YU (8p, ty) Z Zs + e MU (s, 1,)
p=ou; Boj+1 p=P1i+1 oz

* Z Z(S§+€_2t")U2(Sp>tq)) (4.39)

p=PB1;+1 Baj+1

The previous system of nonlinear algebraic equations can be solved using Newoton’s

method. For simplicity , choose l; = I, = 2, then the matix form system (4.39) is:

Un | 0.08019 ] -0.041814 0 0 0 U3
Uiz B 0.132158 0.083629 0.017852 0 0 U%
Ua - 0.704213 ' 0.083629 0 0.073064 0 U3
_Ugg_ _1.122020_ _0.167258 0.03570 0.146129 0.049102_ _U222_
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Solving the previous nonlinear system using Matlab program yields:

Un U Un U22:| = {0.080471 0.133008 0.745346 1.286137}

For larger values of 1, [y, the error will decrease, as the following table shows.

Tab. 4.2: Error function for Example 4.2

[ e R |
2 2 95x1072 -

4 4 64x107? 0.57
8 8 25x107? 1.3651

The following figure shows the approximate solution at [ =l = 8

0=y=<1 0<% <1

Fig. 4.2: Approximate solution of Example 4.2 at I; = lo = 8.
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Chapter 5

Haar Wavelet Method for Solving

Three-dimensional Integral Equations

In this chapter, three-dimensional functions were approximated using Haar wavelet
functions. Moreover, some results concerning Haar wavelet method for the numerical
solution of three-dimensional linear, and nonlinear Fredholm, and Volterra integral

equations are given.

5.1 Three-dimensional Haar Wavelet System

For Haar wavelet approximations, the following collocation points are considered:

2p —1
= =1,2,...,1 5.1
'rp 211 y P ) 4y s U1, ( )
29 —1
= =1,2,..,1 5.2
yq 2l2 y 4 ) 5 02, ( )
2r — 1
= r=1.2 .1 5.3
AT 3 (5:3)

Let f(z,y,z) be a real valued function of three variables z,y, z defined in the domain

D = {(z,y,z) € [0,1) x [0,1) x [0,1)}, then f can be written as an infinite sum of
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Haar wavelet functions as follows:

(o olNe o lNe o]

f(z,y, z Zzz%kh Y)he(2), (5.4)

i=1 j=1 k=1

where ¢;j, are real constants can be founded using the orhogonality proberty of Haar
wavelet functions. In order to approximate three-dimensional functions, equation (|5.4)

is truncated to get:

1 I

fla,y, 2 ZZZCWJL (y)hi(2), (5.5)

i=1 j=1 k=1

such that:

Vi>2 k=0,1,..., 20 =1, i=2" 4k +1, 1 =0,1,2,...,J1, [ =27
Vji>2ky=0,1,..., 22 -1, j=224ko+1, jo=0,1,....,.J0, I, =272

Vk>2ks=0,1,..., 2% -1, j =22 4 kg +1, js=0,1,..., J5, I3 =25T!

If collocation points in equations (5.115.3)) are substituted in equaion(s.5)), the fol-

lowing l1l5l3 X [1l5l3 linear system is obtained:

i b2

f(2p,yq, 2r) Z Z Z Cijehi(wp) P (yg) e (2:). (5.6)

i=1 j=1 k=1

To calculate the unknowns c;j;;, the following theorem is needed.

Theorem 5.1 Let F(x,y, z) is a real valued function of three-variables defined on the
set [0,1)x[0,1)x[0,1). If the value of F(x,y, z) is Known on the set of collocation points
(Tp, Yq, 2r) where p = 1,2, .11, p=1,2,....015, r =1,2,....13, then F(z,y,z) can be

approximated using Haar wavelet approximation as follows:

i Iz

F(z,y,z ZZZCWJL Y)he(z).

i=1 j=1 k=1
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With the real constant coefficients cijr, @ = 1,2,..,l1, 3 =1,2,...,0s, k =1,2,...13,

such that:

l2

1
F( v)
Ci11 = l1l2l3 Zlqz xphyq: z

1 r=1

Bii 2 Vi 2
Ci11 = ,01zl2ls<z ZZFIpquer - Z ZZFxpayq72r>

p=a1; ¢=1 k=1 p=PF1:+1 ¢=1 r=1

i B2 s I Y25
C1j1 = l1p2 I; (Z Z ZF Ty Yqy 2r) Z Z ZF Tpy Yqs 2r )

p=1 g=az; r=1 p=1 g=pP2;+1 r=1
J = 27 37 . 7127
i o PBak Iy 2 Y3k
Ciik = .1 < g E E Ip;yqazr E E E x;myqa Zr )
14203k p=1 g¢=1 r=ag p=1 ¢q=1 r=33;+1
k= 2a 37 BET) l37
Bii B2 s Bui V23
Cijl l < E E E F xp7yq72r E § E F xp7yqaz7“
Prip2;ts p=ai; g=ag; r=1 p=ai; g= 523-‘:-1 r=1
Y1i B2j 3 Y1i Y2j5
§ § E F(vayqaZr E E E F xP Yq» Zr )
p=P1;+1 g=ag; r=1 p=PF1i+1 q=pF2;+1 r=1

i =23, 0, 1=23, .1,

Bri l2 PBak Bri 2 Y3k
7 OID ID DRICHSSED S5 i) IR CHAES
P1it2P3k p=0o1; g=1 r=ag p=a1i q=1 r=PF3+1
i lo Bak Y1 la Y3k
)DIDID IRICHTSSERD SIS DD DI T I) |
p=B1i+1 q=1 r=as p=B1i+1 q=1 r=PB3,+1

1= 2,3, ceey lla k == 2,3, ...,lg,
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i B2 Bsk Ll B2 Y3k

Cijk = l1p2jp3k (Z Z Z xp,yq,zr Z Z Z «pryq,Zr

p=1 g=a; r=asg p=1 g=0a; r=P3x+1
I V25 B3k I V25 Y3k
_ E E E F(xp,yq, 2r) + E E 5 F(xp,yq,z,,)),
p=1 q=P2;+1 r=ask p=1 q=P2;+1 r=pF3,+1

i =23, 0o, k=23, .15

Bri B2 Bk Bri B2 Y3k
Cijk = ( E E E xp??/qa Z?‘ E E E xp>yqa Zr
PriP2jP3k p=ai; g=Q2; T=03k p=a1; g=az; 7=LF3;+1
B1i Y24 B3k i B2j  Bak
- E E E F(xP7yquzT - § § E I}hyqu'zT
p=ai; q=PB2j+1 r=agzg p=PL1i+1 g=az; r=azy
Bui V25 Y3k Vi B2; Y3k
+ E E E F(xPayqyzr) + E E E F(xpayqur)
p=a1i g=P2;+1 r=PF3r+1 p=P1i+1 g=az; r=PF3r+1
Y1i Y25 B3k Vi V25 Y3k
+ E : E : E :F(xpquvzr - E E E xpayqazr )
p=PB1i+1 q=P2;+1 a3k p=P1i+1 q=p2;+1 r=33;+1

7,- == 2,3, -'-7l17 ] == 2,3, ...,lg, Iﬂ == 2,3, ...,lg.

Proof: Fix z and approximate the function F(z,y,z) using two-dimensional Haar

wavelet functions as follows:

lo l1
F(z,y,2) = bi(2)ha(x)ha(y) + Y by (2)ha(@)h(y) + > bin(2)hi(2)ha(y)
= = (5.7)

i=2 j=2

In order to make the calculations as simple as possible, equation ([5.7)) is partitioned to

four parts.
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One-dimensional Haar functions are used to approximate the functions of one-variable

F(xp,yg2), p=1,2,...,011, ¢ =1,2,..., 15 as follows:

I, = l 0y Zzzakpqhk hl )hl( )

p=1 ¢g=1 k=1

lo

Ll I
= l1l2 Z Z alpthl hl lllg Z Z akpqhk hl )hl <y>

p=1 ¢g=1 p=1 g=1 k=2

The values of ay,, are substituted using one-dimensional Haar wavelet functions, and

then the summations are reordered:

1 2 l1 lQ l3 53k
1 1
L= lily Zzlg ZF Tps Ygr 2r) 1 (2)ha (2)ha (y) + il _( Z F(xp, g, 2r)

p=1 ¢g=1 p=1 q=1 k=2 P r=a3})
Y3k
S F(xp,yq,z»)hk(z)m(x)hl(y)

r=B3r+1

h b li l2 Bsk
= lllzl3 ZZZF Tp, Ygs 2r)h1 () h1(y) R (2 +Zl 52p3k< Z (Tp, Yq» 2r)

H
1
Q
@
ES]

p=1 ¢g=1 r=1 p=1 q=

l2 Y3k

S F(xp,yq,zr>>h1<x)h1(y)hk<z>

=1 g=1 1=y +1

Define c¢111, ci11x, k = 2,3, ..., 13 as follows:

111 = MQZSZZZF Tp, Yqg» Zr) (5.10)

p=1 ¢g=1 r=1

1 la Bsk
e = (zzz i s 20)

l l2p3k p=1 ¢g=1 r=aszy

Y3k

- ZZ Z xl’7yq7z7“)h1(x)hl(y)hk(z) (5.11)
p=1 q=1 r=03,+1

Substituting equations ([5.10} |5.11]) into equation (5.9) to get:

I = ci11hy () )+ chlkhl (y)he(2). (5.12)
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Let I, = 222:2 bij(2)hi(z)h;i(y), then from (4.14) I becomes:

Iy Bej I Y25
I = 2 (Zzﬂxp,yq,z)—z > Flapun) )ty

l1p2j pp— - q:62j+1
l1 /BQJ l1
= Zl > > Flag g 2)n(x Z LS S Flap i a()hs(y)
1szp 1 g=an, 1,02p ! gt
l1 62] 13
— Z ;i Z Z (alpth ) + Zakpqhk(2)>h1(l‘)hj(y)
1P2j 3,27 = azj k=2
L V25 I3
- Z Z Z (alpth(g)+Zakpqhk(2))h1($)hj(y)
fipaj p=1 q=(;+1 2
ll /BQJ 13
= Zl 221 ZF T, Yoy 2 ha(2) P ()5 ()
1P2] p=1 g=a; r=1
la Lo B2y 13 B3k Y3k
* Zl Z Z Z ( Z F(:Ep,yq,zT) - Z F(%;yq,Zr))hk(Z)hﬂx)hj(y)
1P2j p=1 q=ag; k=2 P3k r=asg r=f3,+1

I V25

— Z Z Z ZF Tps Yq, 2r hl( )hl( )h()
p=1 g=2; +1 r=1

I Y25 B3k Y3k
- Z DY Z (Z (T Y 2) = D F(wp,yq,zn)hk( Vha()h; ().

[
1p2‘7 p=1 g= ﬁgj-f—].k? 2 pgk r=Q3k r=0B3+1

llng

Rearrange the above summation to reach the following form for Is:

i B2 s A Y25
I - 2 030 39 W TRRSES 3D 'S ZF:cp,yq,zr)hm Jhs(y)h (=)

lpojl3 p=1 g=ag; r=1 p=1 g=p2;+1 r=1
l2 L B2 Bak i P2y Y3k
5 35 SN 0 3) D SYIEHANED 3 Sl i TS
j=2 k=2 J p=1 q=az; r=asy p=1 q=az; r=F3,+1
I V24 B3k I V25 Y3k
Y S S Faprea) Y S Y Flapue )hlmhj(y)hk(z).
p=1 q=PB2;+1 r=asy p=1 q=PB2;+1 r=F3;+1

(5.13)
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Define ¢yj1, ciji, j=2,3,....1s, k=2,3,...,[3 as follows:

b B2 13 i 72
cij1 = l1p23l3(z Z ZF Ty Yqs Zr) Z Z xp,yq,zr> (5.14)

p=1 q=ag; r=1 p=1 q=PB2;+1
i B2 B i B2 Y3k
= o (XY Fan) - 3 S Flana)
p=1 g=ag; r=azy p=1 q=az; r=B3+1
I V2j B3k I V2j Y3k
— Z Z Z (Tp, Yq» 2r) +Z Z Z (Tp, Ygs 21 > (5.15)
p=1 g=PB2j+1 r=aszk p=1 q=p2;+1 r=03;+1

Substitute (5.14]) and ( into equation ([5.13] - to get:

ZQ l2
]2 = Z Cljlhl( + Z Z Cljkhl hk( ) (516)
j=2 j=2 k=2
Now, let I3 be as follows:

Is = Z bir (2)ha(2)hy ().

Substituting the value of the coefficient b;;, i = 2,3, ...,[; in equation (4.19)),

I Bri 12 Y1i
I3y = thlg(ZZF%’yq’ Z Zpr,yq, ) ()hl(y>

p=ai; ¢=1 p=PF1;+1 q=1
Bii 1o Y1i
= Z ZZF Tp,Yq, 2 Z Z ZFxpayqu ] )hl(y)
P1z2pa1q1 p112p5l+1q1

Substituting the approximation of the one-variable function F'(z,,y,, z) as follows:

Bri 2
Zm B Z Z (alpth "’Zakpqhk > z)hi(y)
p=o; q=1
V14
Zﬂl I Z Z (alpth +Zakpqhk ) z)hi(y).
i=2 P12 pgi 11 ¢=1
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Substituting the value of the constant coefficients ay,,, k =1,2,...,[3, using equations

(-8 gives:

Bii o
1
Iy = Zpl L ZZBZFxp,yq,zr i (2)hi()n ()
=2 p=ai; q=1
Bri lo 1 B3k Y3k
+ Z Y >y (X Pl = 3 Pl ()
2 = P3k R
ay; g=1 k=2 r=os3g r=B3,+1
1%
- Z > Z LS Fap e ()
011227 Brit+1 q=1 Iy =
l2 B3k Y3k
_ Zpl I Z Zzp3k< Z xp??/qazr) - Z F($p,yq,ZT))hk(z)hi(aj)hl(y)_
p=P1i+1 q=1 k=2 r=osg Bapt1

Collecting the similar terms, and reordering the summations in order to have the fol-

lowing form:

Bri L2 Bii L2
( )IDIDIITHISIED ) 3) YL tAme )hi<x>h1<y>h1<z>

l1
Iy = Z
=2 p12l2l3 p=aq; g=1 r=1 p=a1; ¢=1 r=1
Lo I3 Bii  la Bak Bri 2 Y3k
P (XS Pl - 23 S Flana)
i=2 k=2 ilapar p=a1; g=1 r=agy p=a1i q=1 r=PB3+1
V1 la Bsk Y14 la 3k
- Z Z (Tp, Ygs 2r) Z Z Z (p, Yqs 2r )hi(x)hl(y)hk(z)'
1i+1 ¢=1 r=agy p=PB1i+1 q=1 B3x+1

(5.17)

Defining ¢;11, cig, ¢ = 2,3, ..., 11, k=2,3,...,13 as follows:

Bii 2 Bii 2
cill = l2l3( Z ZZF Tpy Yqy 2r) Z ZZF Tpy Yq» Zr ) (5.18)

p=a; g=1 r=1 p=an; ¢=1 r=1
Bii b Pk Bui - b sk
.71 O 3D DIV CRSED 3) vl wip Lt
P1it2P3k p=ay; q=1 r=asy p=a1; g=1 r=F3+1
Y14 la  Bsk 1% b2 sk
_ Z Z Z F(xp, yq, 2r) + Z Z Z (Tp, Yq> 2r ) (5.19)
p=P1i+1 ¢=1 r=aszy p=P1i+1 q=1 B+1
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Substituting equations ([5.18} [5.19)) in equation to have:

Iy i I3

L= cuhi(x) )+ D> cinhi(@)ha (y)ha(2) (5.20)
=2 i=2 k=2
Let I, be defined as follows:

1
14_22% (y).

=1 j=2

Substituting the value of the variable coefficients b;;(2),7i = 2,3,....,l1, j = 2,3, ..., 2,

using equation (4.20))

L 2 Bi1i B2 Bii Y25
2D D) Ml OIDILCNZEED D IRITA:
=2 j=2 P1iP2j p=0a1; =02 p=a1i q=B2;+1
Yii B2 Yii V25
- Z Z F(2p, yq, 2r) + Z Z (Tps Ygs 2 )hi(m)hj@/)'
p=Pri+1 q=az; p=Pri+1 g=F2;+1

Estimating the value of the one-variable function F(z,,y,,2), using one-dimensional

Haar wavelet functions,

Iy Bii  B2j B1i V25
L= Z ( D D (anpghi(2) + Zakmhk =2 D (aph(z
P1iP2i T
1=2 .] 2 P=a1 g=Q2; pP=Q15 q=— 62]+1
I3 Y1i 523 I3
+ Z Wopqhir (2 Z Z (a1pgha(2) + Z Wepg i (2))
k=2 p=P1:+1 g=az; k=2

V1i V25

l3
t Z Z (alpth (2) + Z a/{,‘pqhk<z))>.

p=P1i+1 q=PF2;+1

Substituting the value of the constant coefficient agp,, & = 1,2, ...,l3 using equations

B8 B9

Ll Bii B2 I3
-2 QPM > X1 ZFy () i)y (9)
? Jj= p=a1i q=02j
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Iy

lh I3 B P2 3 (Bsk

D 5) SELES 5B 3D DR (b DY TRS

12j20102

p=ai; g=az; k=2 r=oaggk
Y3k
-y F<scp,yq,zr>)hk<z>h@-<x>hj<y>
=03k
I lo B1i V2j

—ZZ

2 j=2 P1iP2;

Z Z ZF‘Tpayqur hl( )h< )h( )

p=a1; q= 52]-1—1 r=1

Iy Iy Bii V25 B3k
S 5) SELED DD SIb DR (b SETERP

i=2 j=2 plsz

p=a1; q=P2;+1 k=2 r=o3g
Y3k
S F(xp,yq,z»)hk(z)m(x)hj(w
r=B3r+1
lh 12 Y1i B2 l3

- ZZ Z Z ZF‘rpqu’Zr hl( )h< )h< )

i=2 j= 2p1“023p5+1q ag; S r=1

i 12 Y14 B2 3 B3k
SD DI D DD BB Bew (D BELCHIES

i=2 j=2 P1iP2;4

p=B1:+1 q=az; k=2 r=agyg
Y3k
=Y Pl )
r=B3r+1

Y1i Y25

> Zmp,yq,mumhu

p=P1i+1 g= 52]+1 r=1

l1 1o i Y24 Bak
+ ZZ > D Zpgk(z (Tps Ygs 2r)

i=2 j=2 P1iP24

Pyy

i=2 j=2 P1iP2;

p=p1i+1 q=p2;+1 k=2 r=ask
Y3k
-y F(xp,yq,zT>)hk<z>m<x>hj<y>,
r=P3r+1
ll ﬁlz 182] l3 /Blb V25
= ZZ l (Z DD Flapyez) =D, D ZF%Wr
7,2j2php23 p=a; qg=ag; r=1 p=a1; qg=F2;+1 r=1
[3 J 7 2]
Y1i B2 I3 Y1i
Y S Y Ferme s 3 S Y Fans )l 2
p=P1i+1 g=ag; r=1 p=PB1i+1 q=P2;+1 r=1
i I Bri B2 Bk Bri  B2j Y3k
+ ZZ (Z DD Flnupz) = D0 > D0 Flopugz)
i=2 j=2 k=2 P1iP2;P3; p=ai; g=o0; r=agy p=ai; g=ag; r=PB3,+1
Bii V2; B3k Y14 B2;  Bak
= > D D Flrwes)— Y X Y Flanugz)
p=ai; q=P2j+1 r=asy p=P1i+1 g=02; r=ask
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Bii V2; Y3k Y14 B2; Y3k

- Z Z Z F($P7yq7zr)+ Z Z Z F(zPyyq7ZT)

p=a1; q=P2;+1 r=F3+1 p=PB1:+1 qg=a2j r=PB3;+1
Y14 V25 PBsk i V25 Y3k
D DD SID S THAES D SHD DD I ) (NI
p=PF1i+1 q=P2;+1 a3k p=PF1i+1 q=P2;+1 r=F3,+1
(5.21)
Defining c;ji, ciji, ¢ = 2,3,.... 1, 7=2,3,...,1o, k=2,3,..., 13 as follows:
B B2 I3 B4 V2;
O 3 D) ST Sl ol yrataas
pl p2 3 P=a1; g=Q25 1= 1 pP=Q1i g= B2j+1T 1
Y1i B2; I3 Yii
Y Y Y e Y Y Y s ) (52
p=PF1i+1 g=ag; r=1 p=pP1:+1 qg=B2;+1 r=1
Bii B2 Bk Bii  Bej Y3k
7 93D V) SELATEED O i ST
P1iP2;Ps; P=Q1; =Q2; r=Qagg p=a1i g=agj r=35+1
B4 V25 B3k Y1i B2;  Bak
= D 2 D Flmen) = D Y Y Flapygs)
p=a1; q=P2j+1 r=azg p=p1:+1 g=azj r=agzg
Bii V23 3k Y14 B2; Y3k
2L D X Flpuez)t Y D D Flapugs)
p=a1i g=P2;+1 r=PF3+1 p=P1i+1 qg=az; r=PF3,+1
i Y25 Bsk i V25 Y3k
XY Y Fmma) - X Y D Flowu) 629
p=PB1i+1 q=P2;+1 ask p=PB1i+1 q=P2;+1 r=B3+1
Substituting equations ([5.22 [5.23)) into equation ((5.21)) to obtain:
l1 12 ll l2 3
I4 = Z Zciﬂhi(m) —|— Z Z chkh hk( ) (524)
i=2 j=2 i=2 j=2 k=2
where:
Ty = 2Llog2(i*1)J’ Toj = 2[1092(1‘*1)J, Tap = Qtlogz(kfl)J’
Ol = 11— T, 025 =] — Toj, O3k = J — T3k,
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[y lo lo

Pri = — P25 = —H P3k = —)
T1i T2j T3k
Y = P1i01i, V25 = L2025, Y3k = P3k0 3k,
Bu = pulou—1)+ %, Baj = paj(og; — 1) + %7 Bar = pax(oz — 1) + %7
a, = pulou—1)+1, agj = paj(os; — 1) + 1, az, = pse(ose — 1) + 1.
Adding Equations (5.12)), (5.16)), (5.20)), and (5.24]) completes the proof. O

Example 5.1 Consider the function f(x,y,z) = xy? + 25, if ly = Iy = I3 = 2.

from equations the collocation points are: s1 =1t = w; = 1, So =ty = Wy =

fori, g,k = 2 the following holds , Tio = Tog = T3o = 1, 019 = 099 = 032 = 1, p1o = pog =

= 0o

Y

P32 =2, Y2 ="Yo2 =Y32 = 2, Bra = Paa = P2 =1, a2 = gy = a3z = 1.
From the theorem (5.1) the coefficients of the function F(x,y, z) are:

_ 3 _ 13 _ -1 _ =5 _ 1 _ — —
Ci11 = gy C112 = 5z C121 = g, C211 = 3y 5 €221 = 15, C122 = C212 = C222 = 0.

For three-dimensional integral equations, Haar wavelet method is based on approx-
imating the Kernel function which is a six-variable function, the following corollary is

helpful for that purpose.

Corollary 5.1 Let K(z,y, z,s,t,w) The real valued function of siz-variables defined on
the set D := [0,1)5. Then K(x,vy, 2, s,t,w) can be approvimated using three-dimensional

Haar wavelet approximation as:

i la I3

Fz,y,z,s,t,w) =Y > Y cinl,y, 2)hi(s)hy(t) hi (w), (5.25)

i=1 j=1 k=1

with the variable coefficients c;jp, @ = 1,2,...0L, 7 = 1,2,..,ls, k = 1,2,...,l3, such

that:

lh l2 I3

ci1 = llllglg ZZZK(w,y,z,SP,tq,wr),

p=1 ¢g=1 r=1
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p=a1 q=1 k=1 p=PB1;+1 ¢=1 r=1

Bri o Y1i l2
Cilg = . Mg(Z ZZK T,Y, 2, Spy Ly, Wy ) — Z ZZK .Y, 2, sp,tq,wr)>

p=1 g= 062]7"1 p=1 ¢q= 52]+1T1

L B2y s Iy Y25
cij1 = l1p2]l3<z Z ZK T, Y, 2, Sp, tg, Wy) Z Z ZK T, Y, 2, Spy Ly, Wy), )

J :273a' 7l27
L o Bsk L b Y3k
7 03D 9D SE VSRR 35 i) DI TP}
19203k p=1 q=1 r=agy p=1 q=1 r=p3,+1
k= 2»37‘ 7l37
Bii B2 3 B1 Y24
T OIDID W CTETEABED DS S K225t )
P25

p=ai; g=ag; r=1 palQ52] +1r=1

Y1 B2; I3 1 V25

Z Z ZK<$?y>Z73P7tqawr Z Z ZK €r,Y, =z, Sp,tq,wr))

p=p1;+1 g=az; r=1 p=PB1;+1 q=P2;+1 r=1

1= 2, 3, '-'7l1a j == 2, 3, ceey 12,

B lo Psk Bii o Y3k
Citk = (

Z Z Z fE y,z,sp,tq,wr) B Z Z Z K(-Tay7zyspatq>wr)

p=a1; ¢=1 r=ask p=0o1; =1 r=8B3;+1
Y14 la B3k

Y14 Y3k
Z Z Z K(z,y,z, sp,ty, w,) + Z Z Z (x y,Z,Spytq,wr))

p=PF1i+1 q=1 r=az p=PF1i+1 q=1 r=PF3;+1

p1l2,03k

i=2,3.. 01, k=23, .1,

li B2 B3

i B2y Y3k
CLjh = 7——— (Z Z Z (,y, 2, Sp, ty, Wy) — Z Z Z K(z,y, 2, sp, g, wy)
1P25P3k

p=1 g=ag; r=agz p=1 g=a2; r=S3,+1
Iy V23 B3k I Y25 Y3k

—Z Z ZK(x,y,z,sP,tq,wr)%—Z Z Z K(:z:,y,z,sP,tq,wr)),

p=1 q=PB2;+1 r=asy p=1 q=P2;+1 r=03,+1

§=23 .l k=23 .1,
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Bri B2 Bsk Bri  Bej Y3k

= (3N 3 Kamnsatpw) = 3 3 3 Koy tyn)
pl P2jP3k p=ai; =g r=agg p=ai1; q=ag; r=LF35+1
Bri V25 B3k i B2j  Bak
- Z Z Z K(x7y7Z7SP7tqaw7")_ Z Z Z K(x7yazasp7tqaw7‘)
p=a1; q=P2;+1 r=aszy p=PB1i+1 qg=azj r=aszy
Bri V24 Y3k Y1i B2 Y3k
+ Z Z Z K(x,y,z,sP,tq,wr)+ Z Z Z K(:U7yvz7sP7tq7wr>
p=a1; g=P2;+1 r=PF3,+1 p=P1i+1 g=azj r=PF3+1
i V25 PBak Y1i V25 Y3k
D JHD DD STYESASESD SHD S S T aTS)
p=P1i+1 q=P2;+1 ask p=P1i+1 g=P2;j+1 r=L3+1

i=23,.0, =23 .l k=23, .1

Example 5.2 Consider the function F(x,y,z,s,t,w) = s’cos(zy) + (wt)sin(z), as-
sume that ly =l =13 = 2.

From equations , we have: s1 =1t = wy = i, So =1ty = wy = %, fori,j, k=2
the following holds , Tio = Too = T30 = 1, 019 = T99 = 039 = 1,p12 = P22 = P32 =
2, 2=702="2=2, fa=[Pr=0=1, ap=an=ap=1.

From the previous corollary the coefficients of the function F(x,y, z,s,t,w) are:

5cos(zy)+4sin(z) —cos(zy) —sin(z) —sin(z) o

= — 15 C11 = 2 G121 = —g - €12 = —g - C221 = C212 = Co22 =
_ sin(z)
0, c1o2 = =5~

5.2 Three-dimensional Fredholm Integral Equation

The aim of this section is to derive a numerical solution of three-dimensional non-linear
integral equation using Haar Wavelet method, and then some illustrative examples will

be solved using the presented method.

Consider the following three-dimensional non-linear Fredholm integral equation

Ulz,y,2) = f(z,y, 2 / / / K(x,y, 2,8, t,0,U(s, t,w))dsdtdw,  (5.26)

where (x,y,z)€[0,1]x[0,1]x[0,1], f(x,y, z), K(x,y, 2, s,t,w) are continuous functions. If
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the Kernel function is non-linear in U, then equation (5.26) is called non-linear, other-
wise it is called linear.

From corollary (5.1)), the function K(z,y, z,s,t,w,U(s,t,w)) can be approximated as

bl 1
K(x,y,z,s,t,w,U(s,t,w) ZZZ Ciji(x,y, 2)hi(s)h; () by (w). (5.27)
i=1 j=1 k=1

Note that:

1 i i=j=k=1
/// (w)dsdtdw =

0 if i>1,0rj>1,ork>l.
Substituting equation ([5.26]) in equation ([5.26):
U(C(Z,y,Z) :f($,y72’)+0111(l’,y72). (528>

Substituting the collocation points defined in equations (5.1H5.3)), and the value of the
variable coefficient ¢111(x,y, z) which is given in corollary (/5.1)) the following equation

is derived:

i b I3

1
U(Zons Yny 20) = (T, Yn, 20) + Ll ZZZK (Tms Yns 205 Sps tg W, Usp, tg,wy)),

p=1 ¢=1 r=1

(5.29)
where m, p=1,2,....011, n, ¢q=1,2,....05, v, r=1,2,...,13,
equation ([5.29) gives an lilsl3 X l1l5l3 system of non-linear algebraic equations can be
solved using Newoton’s method. Assuming that the function K can be decompsed to

the form:

K(:C7 y? Z’ 87 t? w7 U) = G(x7 y? 27 87 t? w)®<U(S7 t? w)) (5'30)
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then the system ([5.29)) can be represented in matrix form as follows:

U=F+-——M® (5.31)

l1l2l3
Gin Gy G Gi Gon Gaip Gon Gop
Giui Gi3 Giat Gy Goi Gais Goi G
Gt Gif; Gio1 G, Goh Galy Gayi Gogy
Gl Gifs Gl Gz Goft Gafs Gyt Goj
G Ghy Gh Glyn Gin G Goyn Goy

212 212 212 212 212 212 212 212
Glll G112 G121 G122 G211 G212 G221 G222

Forl1:l2:l3:2, M =

221 221 221 221 221 221 221 221
Glll G112 G121 G122 G211 G212 G221 G222

222 222 222 222 222 222 222 222
_Glll G112 G121 G122 G211 G212 G221 G222_

T
U= |:U111 Uiz Uizr Uiae Usin Uziz Usy U222} s Unino = U T, Yn» 20)

T
F= |:f111 fuz fizn fize for faiz fom fzm} s S = F(Tms Yns 20),

m,n,v =1, 2. The solution at any point other than (z,,,y,, z,) can be approximated

using theorem ({5.1)).

Example 5.3 Consider the following integral equation:

1 1 1 1 1
Ulx,y,z) = W—l—/{) /0 /0 (xs—{—yth)U(s,t, w)dsdtdw, (z,y,z) € |0, 1]]0, 1][0, 1].

(5.32)

The exact solution is Uey(z,y, 2) = = + yz.

K(:v, Y, 2,8, t,w, Uls, t, w)) = (ws +yzt*)U(s,t,w), then from equation (5.29) we have:

lh Iz 3
1

_ 2
U Ty Yny 20) = [ (@ Ynsy 20) + Tl Z Z Z(a:msp + Ynzoty ) U (5p, tg, wy).  (5.33)

p=1 g=1 r=1

64



For [} = I, = I3 = 2, we have:

2 2 2

13z, + 14yp2z, 1

U(gjm’yn7zv) — 21 —+ gZZZ(xmsp+ynzvt2)U(sp,tq,wr),
p=1 ¢g=1 r=1

the previous form can be expressed as a matrix form as U = F' + %M U, where:

F =10.179687 0.268229 0.268229 0.533854 0.450520 0.539062 0.539062 0.804687

-0.066406 0.066406 0.097656 0.097656 0.191406 0.191406 0.222656 0.222656-
0.074219 0.0742187 0.167967 0.167969 0.199219 0.199219 0.292969 0.292969
0.074219 0.0742187 0.167967 0.167969 0.199219 0.199219 0.292969 0.292969
0.097656  0.097656 0.378906 0.378906 0.222656 0.222656 0.503906 0.503906
0.191406 0.191406 0.222656 0.222656 0.566406 0.566406 0.597656 0.597656
0.199219 0.199219 0.292969 0.292969 0.574219 0.574219 0.667969 0.667969
0.199219 0.199219 0.292969 0.292969 0.574219 0.574219 0.667969 0.667969

10.222656  0.222656  0.503906 0.503906 0.597656 0.597656 0.878906 0.878906 |
IU=F+iM
(I — $M)U = F, which implies that U = (I — g M) F,

T
U =10.301071 0.421609 0.421609 0.783223 0.782674 0.903212 0.903212 1.264827

The Matlab program is used for larger [y, s, 3. The following table shows the absolute

maximum error at various values of [y, s, 3.

Tab. 5.1: Error function for Example 5.3

o~
—_

o~
[\

L e R |
2 4.8x1072 -

4 15x107% 1.7807
8 4.3x107% 1.8026

OO =~ DO
OO =~ D
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5.3 Three-dimensional Volterra Integral Equations

Consider the following integral equation:

Ulx,y,z) = f(x,y,2 / / / K(z,y,2,8,t,w,U(s, t,w))dsdtdw (x,y,2) € [0,1]>.
(5.34)

Then, using the Haar wavelet approximation which described previously, equation

((5.34])) becomes:

12

U(l’,y, ) I Y, 2 + ZZZCZ]szl (y)Pk,l(Z) (535>

i=1 j=1 k=1

Also, from equations ((5.145.3)) and the expressions of the variable coefficients ¢;;; which
are given in corollary (5.1)), equation ({5.35|) can be expressed as follows:

U(‘ITTUyn?ZU) - f(xTTUy’n?ZU)

P () Pra(yn)Pra(zy) h b
o Pl Paln) Palz) ZK%WMMMMWMM
p=1

lllQlB qg=1 r=1
P " P » P ; 1 l2 133k
+z“@””k”(zzz (s Y Zos 591 tas U5yt 01))
k=2 ll2p3k p=1 g=1 r=agzy

l2 Y3k

I
CEE S Kl ot

p=1 q=1 r=p3,+1

! LB !
N Poa@n) P () Pia(2) [ xS o O
+ Z Z Z ZK xm’yn?zv’sp?th(Sp?tqawr))

l1pa;l
j=2 1p23 p=1 g=az; r=1

151 V2j
B Z Z ZKxmaymz’uvspﬂtq?U(Sp’tqur)))

p=1 g=p2;+1 r=1

l1

Bii 12
I Z P1,1(13m)P11 Z/n P11 Zv ( Zl ZZK nyn,zv,sp,tq,wr,U(Sp,tq,wr))

i—2 prilals

p=a1; ¢=1 r=1

Vi l2
- Z ZZK xmaymzvvsp’tq?wr’U(Sp’tq’wr>))

p=P1;+1 q=1 r=1

66



2 Pll xm jl yn Pkl ZU < & e
ZZ (Z Z Z K xm,yn,zv,sp,tq,wT,U(sp,tq,wT))

[

J=2 k=2 1P2jP3k p=1 q=aw; r=asy

L B2y Y3k

§ g E K(xmaymzwspatmwraU<Sp7tqawr>)
p=1 g=a2j r=P3p+1

l V2j B3k

E E E K(xmaymzvasputmwmU(Sp’tqawr))
p=1 q=P2;+1 r=aszy

! 725 Y3k

E E E K(xm7ynyzv78p7tqawT7U<Sp7tQ7w7')>)
p=1 q=P2;+1 r=PB3r+1

I lo

Pia () Pra(yn) Pra (20 i l2 - Os
ZZ ( Z Z Z mm’y"’zv’sp’tqawmU(Spatqawr))

l
i=2 k=2 P1it23k p=ai1; =1 r=agzg

Bii Y3k
E g E K(xmuymzmspatq,wraU(Spatqywr>)
p=ai; q=1 r=p3,+1
Y14 la B3k
E E E K(xmayn»ZmSpatq,wraU(Spatqawr))
p=PB1i+1 g=1 r=as
Y1i lo Y3k

Z Z Z K(xm,yn,zv,sp,tq,wr,U(sp,tq,wr))>

p=p1i+1 q=1 r=33;+1

i " y P 5 Bui B2 3
11 m jl n 11 v 2 : 2 : j :
ZZ l K CC'm7y ZUﬂSp7tq7w7‘7U(Sp7tq7wr))
i—2 j—2 P1ipP25t3 o gy 1
ﬁlz V23

Z Z ZKny 2y, 8py by Wr, U(8p, tg, wy))

p=au1; q=P2;+1 r=1
i B2; 13

Z Z ZK(wm,y,,Zv,Sp,tq,wr,U(Sp,tq,wr))

p=P1i+1 q=az; r=1
Y1i Y25

> D Zme,y 2 8 lgs W, U (8,1, 12)))

p=pF1i+1g= ,32]+17’ 1

< & zl xm ]1 yn Pkl Zv 2 & &l
Sy U030 Y 3 ot e Ul )

i—2 =2 k=2 P1iP2;5 P3k s Gy ey

Bri  Bej Y3k

ST ST K (@ Yns 2o Spets wn, Ulsp, tg,wy))

p=01; q=Q2j; r=03+1
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Bii V25 B3k

B Z Z ZK(x’mymzva5p7tqvme(5pvtqawr)>

p=ai; qg=P2;+1 r=ask

Y14 B2;  Bsk

_ Z Z Z K(I‘m7ynyzmsp7tq7w7"7U(8P7tq7wr)>

p=P1i+1 qg=ag; r=aszy

Bii V2j Y3k

+ Z Z Z K(Im,yn,2v78p7tq,wr,U(Spyt(pr))

p=a1i q=P2;+1 r=B3+1

Y1i B2; Y3k

+ Z Z Z K(ImaymzvasmtqawraU(Spatmwr))
p=PB1i+1 qg=0a2; r=LB3,+1
i V2; B3k

+ 5 E § K<xm7ynazvasp7tqaw7‘vU(Spatqvwr)>
p=PB1i+1 q=P2;+1 r=asy
Y14 V2j Y3k

_ Z Z Z K(xm,yn,zv,sp,tq,wr,U(sp,tq,wr))), (5.36)

p=P1i+1 q=P2;+1 r=B3,+1

which is an lyl5l3 X l1l5l3 non-linear system if the Kernel function is nonlinear in U or

linear system if not. If the function K can be written as:
K(z,y,z,s,t,w,U(s, t,w)) = G(x,y, z,s,t,w)P(U(s, t,w)), (5.37)
then the matix form of the system of equation is:
U=F+Td (5.38)

FOI'llle:lg:Z,

T
U= U Une Ui Uiy Uy Usg Usy U222:| y Unino = U@, Yn» 20),

T
F= fir fuz fizn fize four faiz fom f222} » Jmnv — f(xm,yn, Zv),
r T

Q=D Drp iy Pizo Doy Do Pony q)zzz] ’q)mnv:q)(U(xm’ymzv))’
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Giii  Gli3
S o o 0 0 0 0
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m,n,v=1 2. T =
32 64

Gii  Giid Giii  G3i3
16 32 0 0 32 64 0 0
Git Gi%i G3h G35
16 0 32 0 32 0 64 0
Gl G Gt G613 G G GRSt G

L8 16 16 32 16 32 32 64

Example 5.4 (/9] Consider the integral equation:

ZE33

z pry prx
Ulz,y,z) = xcosz— sinz—i—/ / / StZUz(s,t,w)dsdtdw, (x,y,2) €[0,1]x[0,1]x[0, 1]
o Jo Jo
(5.39)

The exact solution is U,, = xcosz.

Solution: Approximating the function st?U?(s, t,w) using three-dimensional Haar func-

tions using corollary ([5.1)) and choosing I; = Iy = I3 = 2 implies that:

3 3

myn

U(ZmyYn, 20) = Tmcos(zy) sin(zy,)

2 2 2
P mP nP v
n 11 (Tm) 11?J 1,1(20) ZZZspt2U2 Sps tgs W)

p=1 ¢g=1 r=1

2
P, m P n P v
. 11('r ) 1,1 y 21 “ Zzspt2U2(3patq7w1)

(pzl g=1
2 2
- ZZspt2U2 Sp, tg, W )
p=1 ¢=1
P1,1(Im)P21 Yn) P11 (2 (izs 2U(
- pY1 Spatlvwr)

=1 r=1

hS]

2 2

- Z Z sptaU?(8p, ta, W)

p=1 r=1
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2
_ P2,1($m)P1,;(yn)P1,1(2v)(Zzslta (51, 8, w,)
qg=1 r=1
2 2
— ZZSQtU SQ,tq,wr>
q=1 r=1
Piy (2m) Pay (yn) P 2 2
+ 1.1(7m) Po. yn 21(% (Zs t1U?(sp, t1,wy) Zs t1U? (s, t1, ws)
p=1 =1
2 2
— Y s B3U(sp, ta,wn) + ZspthQ(spatQ,WQ)) + PM(ZUm)Pl’;(yn)Pz’l(Zv)
p=1 p=1
2 2 2
(Zsth sl,tq,wl Zsth Sl,tq,wg ZSQtQ Sg,tq7w1)
q=1 q=1 q=1
2 Poa (@) Poa(ya) Pra(2) (
+ 82t2 827t,w2)+ 21\ om)s 2\ L1 ( sltUsl,tl,wr
; 0 tw2) g ; )
2 2 2
- Zsltz (81,12, w;) ZSQt U(s2,t1,w;) +ZSQt§U(SQ,t2,wT)>
r=1 =1 r=1
+ PQ,l(-CEm)PZl(yn)PZl(Zv) Slt%U(Sl, tl, wl) - Slt%U(Sl, tl, U}Q)

8
— SQt%U(SQ, tl, U}l) — SQt%U(SQ, tl, U)l) + Slth(Sl, tg, wg)

+ Sgt%U(Sg, tl, UJQ) + SthU(SQ, tg, ’LU1) — SthU(SQ, tQ, wz)) s

(5.40)

where m,n,v = 1,2. The previous 8 X 8 non-linear system is solved using Newoton’s

method. It can be written in a matrix form as follows:

U=F+Ta, (5.41)

T

where: U = [Uln Ui Uiar Uiaa Usii Uaiz Usar Usaa|

F= [0.242221 0.182904 0.242047 0.182423 0.726503 0.548267 0.721792 0.535287
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(0000244 0 0 0

0

0.000488 0.000244 0 0 0

0.000488 0 0.002197 0 0

T 0.000977 0.000488 0.004394 0.002197 0
0.000488 0 0 0 0.000732

0.000977 0.000488 0 0

implies that:

U= 10.242281 0.183067 0.242698 0.184220 0.727154 0.550061 0.728965 0.555087

The Matlab program is used for larger [y, [5, 3. The following table shows the absolute

maximum error for several values of [1, 5, 3

Tab. 5.2: Error function for Example 5.4

= 2 2 2 2 2 2 2 2
® Ulll U112 U121 U122 U211 U212 U221 U222

0.000977 0 0.004394 0 0.001465

T

~
—_
o~

2 Iz || ]leo

Fe|

2 6.3x1073

1.0704

OO | D

2
4 4 3x107°
8§ 8 1x107°

1.5850
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0.001465 0.000732

0

0

0.006592

0

0.001953 0.000977  0.00879  0.004394 0.002930 0.001465 0.013184 0.006592 |

, solving the non-linear system

T



Conclusion

In this thesis, the method of Haar wavelet functions is employed to the numerical
solutions of one, two and three-dimensional nonlinear integral equations of the second
kind.

Some algorithms are produced theoretically alongside the numerical solutions. These
algorithms approximate the Kernel function using Haar wavelets. There is no need
to solve any linear system for evaluating Haar coefficients. After that, the collocation
points are applied for the variables of the unknown function. The Numerical solutions
of such equations were obtained using Matlab software, and compared with the exact
solutions. High accuracy is noticed even in the case of small number of collocation
points.

As a future work, one can employ this method to the first kind of Volterra and Fredhilm

integral equations, and to systems of integral equations.
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