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Abstract

Local Fractional Fourier Series Method for Solving Local
Fractional Fredholm Integral Equation

By

Hind Khalid Mohammad Sweis

In this thesis, the solution of the local fractional Fredholm integral equation is studied
using the local fractional Fourier series. For that purpose, we present some definitions
and theorems on local fractional calculus. Also, the one and two-dimensional local
fractional series are studied extensively and some examples as well, which are solved in
detail. Finally, we solved some examples on the two types of local fractional Fredholm
integral equations through integrating the one and two-dimensional local fractional
Fourier series in the integral equations.
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Chapter 1

Introduction

Local fractional calculus or fractal calculus is a branch of mathematical analysis which
deals with derivatives and integrals of arbitrary orders.The theory of local fractional cal-
culus is important to solve the fractal and continuously non-differential functions [1-4].
It can be used to solve many problems in many disciplines, such as physics, biology,
engineering, chemistry, economics, control theory, image processing, fractal elasticity,
fractal release equation, geophysics and relaxation [3,|5]. Also, the local fractional cal-
culus plays a vital role in solving many problems in applied mathematics. For example,
fractal wave equation [6),7] ,fractal signal [5,8], fractional differential equations, which
was applied to describe the dynamical systems in physics and engineering [9], local
fractional laplace transform, the Holder inequality in fractal space, the local fractional
wavelet transform, local fractional Fourier transform [10], the Yang Fourier transform,
the discrete Fourier transform and the fractional complex transform [11-15]. Moreover,
the local fractional ordinary and partial differential equations which can be solved by
different methods, such as the fractional variational iteration method |16.|17].

The theory of local fractional integrals and derivatives deals with fractal functions, it
has many definitions and theories like the modified fractal derivative, Riemann-Liouville
derivative, P-G local fractional derivative and Jumarie fractional integral [41|18].

The local fractional Fourier analysis, which is based on local fractional calculus is a
mathematical method used to transform a periodic function in physics, engineering,
optics, signal processing and quantum mechanics [1].

In applied mathematics, the local fractional Fourier series can be used to solve some non-
linear equations within local fractional differential or fractional integral operator [1,{19],
partial differential equations, integral - differential equations, ordinary differential equa-
tions [1,/19], local fractional wave equation in fractal vibrating string |11], fractal nonho-
mogeneous heat equation arising in fractal heat flow with local fractional derivative |20],
fractal signals [1,21]and local fractional heat conduction equation [22].

The local fractional integral equations are one of the applications on local fractional
calculus. There are several types of local fractional integral equations like the local
fractional Fredholm integral equation, the local fractional volterra integral equation,
the local fractional nonlinear integral equation, the local fractional singular integral
equation and the local fractional integro-differential equation.

In this thesis, we investigate the local fractional Fredholm integral equation. Such



a type of equations has many applications in physical processes; such as acoustics,
chemistry, biology ,electromagnetism, heat conduction, viscoelastic materials, signal
processing, which appears in solving local fractional partial and ordinary differential
equations that is used in physics , mechanics and other natural science [13,|14)23,24].
Besides, some boundary value problems can be converted into local fractional fredholm
integral equation [12]. In literature, different methods have been used to solve this type
of integral equations, such as Newman series [25] and the local fractional Adomain’s
Decomposition Method (ADM) [26].

The local fractional Fredholm integral equation has the following standard form
\ b
h@)u(z) = f(z) + m/ K (z, )ult)(db)". (1.1)

The function K(x,t) is called the kernel of the local fractional integral equation. f(z) is
a local fractional continuous function and A is a parameter. The limits of integration a
and b are constants, and the unknown function u(x) appears linearly under the integral
sign [18].

If h(z) = 0, then the equation is called the local fractional Fredholm integral equation
of the first kind and has the form:

b
fla) = ﬁ / K (x, )u(t) ()™ (1.2)

a

If h(z) = 1, then the equation becomes
b
/\a
) = 1)+t / K, ult)(dt)", (1.3)

and it is called the local fractional Fredholm integral equation of the second kind.

The aim of this thesis is to display the local fractional Fourier series of one dimension
and gives new examples; then to derive a formula of the local fractional Fourier series of
two dimension and expand some fractal functions into local fractional Fourier series of
two dimension. Moreover, the local fractional Fourier series of one and two dimensions
will be used to solve the local fractional Fredholm integral equation of the first and
second kind and by writing the local fractional Fourier series of the functions
u(z), f(x), and K(z,t) and then substituting the corresponding series into the integral
equation.



Chapter 2

Local Fractional Calculus

In this chapter, we present the concept of local fractional calculus that are needed in this
work. The chapter consists of four sections. In section one, we give the definition of the
gamma function and its properties. In section two, three and four, the definitions and
some properties of the local fractional complex function, the local fractional derivative
and the local fractional integration are presented respectively.

2.1 Gamma Function

The Gamma function plays an important role in the theory of local fractional theory.
In this section, the definition and some properties of this functions are to be presented.

Definition 2.1.1 [27/The Gamma function I'(z) is defined by:

o0

[(z) = /e‘ttz_ldt. (2.1.1)

0

which converges in the right half of the complex plane Re(z) > 0. We have

1 1

[(x+iy) = /e—ttw—lﬂ‘ydt — /e—ttac—leiylog(t)dt

0
1

= / "7 (cos(y log(t) + i sin(y log(t))dt
0

Below is a list of some properties of the Gamma function where n is a natural number
[27-29]

1. I'(z+1) = 2I'(2)

2. T'(2)I'(z—1) = n/sin(nz)

3. T'(n+1)=nl'(n) =n(n—-1)! =n!



n—1

4. D(nz) = 2m) = 2pn== W2 [T T(2 + £)

5. T(n+1) = —W;f:!)!
6. F(;L(Z)a) = (), where o, € C, a ¢ Z7, (a)o = 1 ,(a), = a(a+1)...(a+n—-1)

Ia—n)  (=1)"
" T T o

oy Tla+1)
RS T

9. The Binomial coefficient is defined by the gamma function

LB+1)

(a+b)" = i (O‘> a® "y, (2.1.2)

n=0

(Z) B F(n—I—E)(Il‘Zxa—)n—kl)’ (n> =0, for ,ae Cag¢Z

and ne N .

3

Q

2.2 Local Fractional of Complex Function

The present section introduces the Mittag Leffler function and the Mittag LefHer rep-
resentation of the trigonometric functions.

Definition 2.2.1 [18,|30/( Local Fractional Order of Complex Number)
The fractional order of complexr number is defined by 1¢ = x“ +i*y®, where x,y € R
and 0 < a < 1.

The conjugate of the complex number is 14 = 2o — 1“y® and the modulus is given by
the expression | I% |= [°]% = [*]* = /x> + 42

Definition 2.2.2 [3/( Complex function on fractal set)
The complex function on fractal set can be written by w* = f(z) and in general w* =
f(z) =u(z,y) +iv(x,y) , where u and v are real valued functions of x and y.

Definition 2.2.3 [3/(Complex Mittag Leffler Function )
The complex Mittag Leffler function E, : F — R* is defined on fractal set of dimention
ak

a by E,(Z%) = > forz€e Cand 0 <a < 1.

k=0 F(l + ka)

For Mittag Leffler function the following rules are hold [3,/6,9}/11}18}30]:



1. Eo(20)Ea(28) = Eo(z1 + 22)*
2. Ey(20)Eo(—28) = Eo(21 — 22)*
3. Ea(i%28)Ey(1%29) = Eo(1%(21 + 22)%)

For z € R and 0 < o < 1, the sine and cosine functions in fractal space are given by:

) 0 (_l)kxa(QkJrl)
L = , 2.2.1
Pla & ;F(1+a(2k+1)) (22.1)

COSy T = i M (2.2.2)
— (14 2ka)

Here are some fractal functions which can be expressed by Mittag Leffler function

Bo(i®2®) — Eo(—i®2®)

1. sin, 2% =
sing, 5
2. €os, 2 = Ea(i%2%) + Ea(—i%2 )
2
3. sinh, 2% = Ea(2)" + Ba(=2) .
2
E * B (—x)*
4. cosh, z% = o(2) 5 a(=2) )

Similar to the usual trigonometric identities, we have the following rules, where x,y € R
and n e N [11]:

1. cosy(—x)* = cos, z°.

2. sin,(—x)* = —sin, 2°.

3. cos? o + sin? 2% = 1.

1 — cos,(22)”

4. sin? z* =
sin? x :
5. cos? z% = M.
2
6. sin, % sing y* = — €08 (2 + y)a2_ cosa (T — y)a.
7. sing x cos, Y& = sina (2 + y) ‘;‘ sing (z — y) _



cosq((m —n)z)* — cose((m + n)x)*

2

8. sing (max)® sing (nx)® =

9. cosa(n) sing (ma)® = sing ((m +n)z)” ; sing ((m — n)a)”

2.3 Local Fractional Derivative

In the current section, the local fractional continuity and the local fractional derivative
of a function are introduced. Then we present a general theorem on a local fractional
derivative of functions under multiplication, summation, division and composition.

Definition 2.3.1 [1,|31] A function f(x) is called local fractional continuous at x =
xo if for every € > 0, there is 0 > 0 such that whenever | © — zy |< §, we have

| fz) = flzo) [< e

A function f is called a local fractional continuous on (a,b), if it is continuous at each
point in the interval (a,b). The space of all local fractional continuous functions on
(a,b) is denoted by C,(a,b).

Definition 2.3.2 [14] In fractal space, let f(z) € Cyla,b).The local fractional deriva-
tie of f(x) of order a at z=xy is defined by

EIE) | AU~ )

dx® =y, =0 (x — )™

D3 f(zo) = f*(z0) =

: (2.3.1)

where AY(f(z) — f(xo)) 214+ a)A(f(x) — f(xp)) and 0 < v < 1

If the limit exists then the function f(x) is said to be local fractional analytic .

Definition 2.3.3 [4,32] Let f(z) € C,la,b] or Cila,b] , the modified fractional deriva-
tive of the function f(x) is defined by

D°f (z) = m%{)@, (2.3.2)

where A%f(z) = S (=1)" (O f(x+(a—kh).0<a<l
k=0
The local fractional derivative of higher order is given by [1},/15]

fk) (2 = DEDE..... D2 f(x), (2.3.3)

k—times

and the local fractional partial derivative is defined as [6}18]



d(ak) de Je de
dxkaf(m’y) = e g

k—times

flx,y). (2.3.4)

Definition 2.3.4 [29] (Riemann - Liouville Derivative )
The Rieman - Liouville derivative of a fractal function f(x) is defined by

xT

De. f(a) = ﬁd% / (z — 1)1 F(t)dt. (2.3.5)
1
DY f(x) = mgxn / (t — )" f(t)dt. (2.3.6)

xT

where (n = [a] + 1,2 < b)

To simplify the task of finding the local derivatives we need the following theorem.

Theorem 2.3.1 |5,/ Suppose that f(z) and g(z) are analytic functions , then follow-
ing are valid:

d* (f(2) £9(2)) _ d"f(z) | d?9(2)

L dz® dz® dz®
p TUCIE) _ I g ot
R el et
dze 4
g S;(Z)) - cdi;; Ef) where ¢ is constant
5. 105() = (fow)(2), then TAE — o (2)) (w0 (2))°

For a special case, the local fractional derivative of the function f(t) = ¢’ is given by
the formula 4]

« _ F (ﬁ + 1) -«
DP = mtﬁ : (2.3.7)

In the following examples, we derive the local fractional derivative of some functions
using the definition of fractional derivative.

7



Example 2.3.1 (Fractional Derivative of Exponential Function )

Do — lim—— S (-1 (Z‘)f(x + (o — k)h)

So, the derivative becomes

o axr azx; 1 a a
D%* = e }lllg%)ﬁ(e 1)
_ az [ 1 eah —1 :
- (hg% h )>
— eax (f/<0)>04 — aaeax

Therefore, D%* = a%e™*

Example 2.3.2 (Local fractional derivative of sine and cosine)

From formulas (2.2.1)and (2.2.2)),
, o & (=)o@ T (o (2k+1) + 1) _
De o (nt ta(2k+1) «a
(Sina (n0)") = 2 S @k T ) T @@k + 1) —a 1)
0o -1 k a(2k+1)
S (=1
o F(1+a2k+1) —a)
= (=

)k 2ak,, o

a(2k)

n
iz T (2ak+1)
< (1ot
= (14 2ak)

= n® cos, (nt)”

2ak

«

Hence,
D (sin, (nt)*) = n® cos, (nt)”. (2.3.8)

8



Similarly, since cos, (nt)®* = sin, <g - (nt)a>, we get

D cos, (nt)* = —n®sin,, (nt)” (2.3.9)

2.4 Local Fractional Integration

This section introduces some definitions, properties and examples on the local fractional
integration.

Definition 2.4.1 [30,/31,|35] Let f(x) € Cula,b] , the local fractional integral of the
function flx) of order a in the interval [a, blis given by :

oI5 f(2) 1+ /f V(@) = oyl D F)(A)°, (24)

where At] = tj+1 — tj s At = max {Atb AtzAtg, vy At]’, } and [tj,tj+1] N
j=0,1,23,... N — 1,ty = a,ty = b is a partition of the interval [a, b].

The multiple local fractional integrals of f(x) is written in the form

oLV (@) = oo I o I ()

k times

For convenience, we assume that

JOf(@) =0if a=band if a < b L f(x) = I f(z).

a a

Here we present some properties of local fractional integral [4127]:

Property 2.4.1 Suppose that f(z),g(z) € C,la,b], then

JO () £ g(2)] =0 I f(2) £a TV g() (2.4.2)

Property 2.4.2 Suppose that f(x) € Cyla,b] and ¢ is constant, then

JPlef (@)] = o Ii f(2)] (2.4.3)

Property 2.4.3 Suppose that f(x) =1, then

(b—a)®

aI(a)l I
b I'(a+1)

(2.4.4)



Property 2.4.4 Suppose that f(x) € Cyla,b] and f(x) >0 ,then
Ly fz) >0 (2.4.5)

withb—a >0

Property 2.4.5 Suppose that g(z), f(z) € Cyla,b] and f(z) > g(z) then
L7 f (@) > oV g() (2.4.6)

withb—a >0

Property 2.4.6 Suppose that f(x) € Cyla,b] . Let M and m be the mazimum and
minimum values of f(x) over the interval [a,b] respectively , then

(b—a)" (@) (b—a)"
- > .1 - 2.4.
Tita) 2o /@ 2meaTg (247)
with b —a > 0
Property 2.4.7 Suppose that f(z) € Cyla,b] and a < c<b , then
o7 f () =0 IO f () + LV f(2) (2.4.8)

Property 2.4.8 The composition of fractional derivative and fractional integral

oD (DY f(1)) =a DY (1) (2.4.9)
So, we conclude that

S (DOF(1) = f(t) [ (2.4.10)

a

In the following examples, we derive explicitly the local fractional integral for some
main functions that are needed in this thesis.

Example 2.4.1 [ cos, (nt)® (dt)* =0

In fact, from the first part of(2.4.1]), we have

™

1
oI cos, (nt)® = Fita) /cosa (nt)™ (dt)”.
o

—T

Thus,

10



™

/cosa (nt)* (dt)* = T(1+a)__I'™ cos, (nt)*

—T

T oT

1
= I'(l+a)_ IW (—QDO‘ sin,, (nt)a>

n

(1
= M (—WL(ra)Da sing, (nt)a)
na
(1 7r
_ 'i+q) sing (nt)* |__ = 0.
na

Example 2.4.2 [ t*(dt)* =0

—T

Using the first of formula (2.4.1))

/to‘ (d)* = T'(1+a)_ I
I'(l+a)
T (1+ 2a)
I?(1+a«)

— T 8pe] —g
T +2a) |

= T'(1+a) oL (D)

Example 2.4.3 [ t*cos, (nt)* (dt)* =0

From the first part of formula (2.4.1)), the local fractional integral of t* cos, (nt)” is

™

/ta cosq (nt)* (dt)* =T (1 + ) __ It cos, (nt)* .

™

—T

«

On the other hand, the local fractional derivative of t* sin, (nt)

Dt% sin,, (nt)* = t*n® cos, (nt)* + T (1 + ) sin, (nt)”.

So, from (2.4.1)) and (2.4.10]) we have

11



/ta cos, (nt)® (dt)* = F(l—j:a) IO‘ (D*t* sin,, (nt)* — T (1 + ) sin, (nt)*)

(1

- ﬁ (to‘ sing, ( T (Q+a)  Isin, (nt)a)
(1 (1

— ﬁ (0 + ——" ) oI ¥ D% cos,, (nt)o‘)

(1 1 T
— ta ( cosCY (nt)* |_7r> =0.

™ =27 (—=1)'T'(1
Example 2.4.4 [ t®sin, (j¢)* (dt)" = ™ ( ) (1+a)
o Je

Since Dt cos, (jt)* = —t*j%sin, (j1)* + T (1 + «) cos, (jt)* and from (2.4.1)), we get

r ra
/ta sin, (jt)* (dt)* = M_ﬁlﬁ(a) (Dt cosy (7)) — T' (1 + «) cos, (jit)”)
jOé
—I'(1+a)

(1
= j—oc (t& COS, (]t)a)jw —+ M

ja
L L) (Y e Tt

Je Je

LY cosg ()

[ cosn " ey

—Tr

Example 2.4.5 [ **sin, (jt)" (dt)* = 0.

—T

I't+2
Since D2 cos, (jt)* =—t2j sin, (j£)* + Htu o8, (jt)* and from (2.4.1) we
o
have:
[ on “T(1+a) . T(1+42q) |
2*sin,, (O (dt)* = ————2 [ (@ (Do‘t%‘ cos, (7t)* — ———Zt*cos,, (jt)*
[ #sina (52)° a = (0 = F ot cosa (1)
I'(l+4+a) [, , I'(1+ 2a) :
= VT W (pageg, (1) — —— X (@ eog (1)
) (e oos, g - TS cose (1)
T(1+0) (-1 e r<1+2a>/” e
— : pre gty T %o, (1) (dt
joz ( ) jar(1+a) (.]) ( )
= 0+0=0.

12



K oT (1 +2a) 7@ (—1)’
Example 2.4.6 [ t**cos, (jt)" (dt)* = (1 +2a)7* (—1) .

j2a
I'(1+2
Since Dt sin,, (jt)* = t2%j cos,, (jt)o‘—l-%to‘ sin, (jt)%, and from the formula
@41
[ r(1 T(1+2
/ 12 cos () (dt)® = %_Wm (Daﬁasina (jt)“—%ta it (jt)a)
DO40) 0 (aye  T(1+20) / e
= —— 7 (t**sin, (5t — —— [ t%sin, (48)7 (dt
ja ( Sin (]) )—ﬂ— ]QF (1+C¥) (j) ( )
_ . P(+20) —27% (=1) T (1 + )
B joT (1 + ) je
o0 (1 + 2a) 7* (—1)
- j2a :
L r(1
Example 2.4.7 [ z%* (dz)" = ( 3—: a) e® — FQSQIQ) (e3—1)
0

From (2.4.1), the local fractional integral of x%e*" is

1
/xo‘egx (dz)* =T (14 a), (Ve
0

On the other hand, the local fractional derivative of z%e3®

Daxae&v — Baxae&r + P (1 + Oé) e3m

So, from (2.4.1) and (2.4.10) we have

1
/xo‘egm (de)* = T(1+ ), [fa) (D2 —T (1 + a) €7%)
0

F(1+Oé) a 3z\1 F2<1—|—CY) 3z
- 3o (ZEB >O_ 32a €
I'(l+a) M(1+a), ,
= — ¢ (-1

13



Chapter 3

Methods for Solving Local Fractional Fredholm
Integral Equation of the Second Kind

This chapter focuses on two methods for solving the local fractional Fredholm integral
equation of the second kind ([1.3]), namely the Neumann Series Method and the Adomain
Decomposition Method (ADM).

3.1 Neumann Series Method

The theory of this section can be found in [25]. The strategy of the Neumann series
method is based on assuming that the initial solution is

up(r) = f(z)
and for k > 1,
b
up(x) = f(x) + F(l)\——{—a)/K(x’t)uk_l(t) (dt)*.
b
Let Wy (1) = ———— [ K (2,1) uo(t) (d6)°, then uy () = () + AW, (x)

Frl+a);

The second iteration is given by:
up(z) = flo)+ =77

)\a

= f(:t)-f—m

[ K0 + 20w ) @

a
b

A / K (2.4) 0, (1) (db)°

= f(x) + )\a\Ifl (fL’) + m

Therefore, u(x) can be written as

u(z) = f(z)+ > A"V, (z) (3.1.1)

14



such that

U, (z) = /K (,t) U1 (t) (dt)™, for n >1 (3.1.2)

I'(l+a)

Now, we apply the Neumann method on two examples.

Example 3.1.1 Consider the following local fractional Fredholm integral equation

™

u(z)=T(1+a)+ ﬁ / zt%u(t) (dt)”

—T

The initial solution is ug () =I' (1 + «) . Then:

™

u (z) = P(1+a)+%:a)/tar(1+a)(dt)“
B x® 5 C(14+a) 5,\"
= I'(l+a)

u2($) = F(1+a)+m/xat“1“(1+a)(dt)“
= I'l+a B

us(z) = IN'(l+«

up () = T(1+a)

) = Jimow ()= lml (14 a)

= I'(l+«)

Example 3.1.2 Consider the following local fractional Fredholm integral equation

1

/to‘ sing (272)% w (t) (dt)”

0

— 14 2°
u(x) +x —|— 1+a

Using Neumann series method, ug (z) =1+ 2

15



u () = 14z° Smal%:za/ta L+t%)(

e 2m:>°‘ P2(1+0) 5 TL+a)T(1+20) 5\

= l+z + + «) (F 1+2a ['(14 3a) ! )0

B o (T4 a) (14 2a)

= 14 2% +sin, (27x) ( {1+ 20) (1+3a))

)  sing (270)" [ o «(T(A+a)  T(1+20a)
up (¥) = 1+ +m0/t (1+t + sin, (27t) <F(1—|—2a) T'(1+3a)

B o ol T(l4+a) T'(1+42a)

= 14 2% +sin, (27x) (F(1+2a) + (1+3a))

‘ o (T(1+a) (14 2) -1
sing (27) (r(1+2a> <1+3a>> (( )‘*)

B o W/ T(l+a) T(1+2a) W =1\

un () = 14 2%+ sin, (27x) (F(1+2a) F(1+3a)) ( >t (W) )

Therefore, the solution of the integral equation is

_ . o o/ T(1+a)  T(1+42a) —1
u(z) = nll_{x;oun (x) = nh_{IOlol + z% + sin,, (27x) (F(l +2a) (1 —|—3a)> pa ((QW)a
- (L(l+a) [(1+2) !
= 142" +sing (2m2) (I‘(1+2a) F(1+3a)) ( 1 )
)’
- o o T+a) T(1+2a)) [ (2m)°
= 1+ 2% +sin, (27x) (F (14+2a) T(1+ 3@) (1 + (27r)a)

3.2 Local Fractional Adomian Decomposition Method

This section describes the Local fractional Adomain’s decomposition method for solving

local fractional Fredholm integral equation of the second
see [26].

kind ([1.3)). For more details,

Suppose that the solution exists, the Adomain decomposition method assumed that the

solution has the series form:

= Zun (x)

such that ug (x) = f (z) and for n > 1

16
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b
up (z) = ﬁ/K($,t>’un_1 (t) (dt)™. (3.2.1)

As an application on this method, we solve the following two examples.

Example 3.2.1 Solve the following local fractional Fredholm integral equation

™

u(z)=T(1+a)+ ﬁ/xat“ (dt)®

—Tr

The initial solution is
u (z) =T (1+ «)

then
u () = ﬁ / 21T (1 + a) (db)°
= Tirw 070
us () = ﬁ / 4% (0) ()" = 0

—T

up (z) = 0
u(z) = I'l+a)
Example 3.2.2  Solve the following local fractional Fredholm integral equation

1

/to‘ sing (272)" w (t) (dt)”

0

u(x):1+xa+m

Let
up (x) =1+ 2

17



By applying the relation recursively we can reach to the n'® term of u,(z) as follows:

uq ()

ug ()

uz ()

sin, (27z)”

Fira ) 0@

~— | —
o
—

o (22 )

sina (22)" (FF ((114F 202) * ?8 i 23) ((2?)6‘)
BT (U200 TS0 ()

o (1 455) o) ()

s (2)" (rr ((11++ 20;)) + 58 i §Z§) (((2_7:)“)(”_1)>
i:;u (#) = 1+ 2% + sin, (272)° (IF((ELOQ) " ?81;3;) 3 ((2;&)

14 2% + sin, (272)” (

I'(l+a) F(1+2a)) 1
['(14+2a) T'(1+4+3«) (1 1

1+ 2% 4 sin, (27x)” (

'l+a) T(1+2a) (27)
F(1+2a)+F(1+3a)) (

18



Chapter 4

Local Fractional Fourier Series

In this chapter, the local fractional Fourier series of functions of one variable will be
presented, and then some examples will be discussed. Moreover, we derive a formula
of the local fractional Fourier series of functions of two variables, which are needed in
chapter 5. Finally, local fractional Fourier series of two dimensions will be applied on
some examples.

4.1 One-Dimensional Local Fractional Fourier Series

In the present section, we introduce the generalized Hilbert space and then the gener-
alized local fractional Fourier series.

Definition 4.1.1 [10,/14]( Generalized inner product space )

Let V' be a complex or real vector space, a generalized inner product space is a function
(.,.), on pairs (z%,y*) of vectors in V' x V satisfying the following axioms [9,|10]

Axiom 4.1.1 Positive definiteness
(x®,y%), >0, Va* y* € V and (z*,2%), =0 if and only if t =0 (4.1.1)
Axiom 4.1.2 Conjugate symmetry
(x®,y*), = WQ, for all z% and y* € V (4.1.2)
Axiom 4.1.3 For all x*,y*, z* € V and a,b € R, we have
(a%z® + by~ 2%), = a®(z“ 2%, +b* (y*, 2%), (4.1.3)

Remark 4.1.1 Ly, — norm on a generalized inner product space is defined by (10, 14)]

(4.1.4)

Definition 4.1.2 [10/A scalar (or dot ) product of two T-periodic functions f (t) and

g(t) is

T

(f.9), = / F(g(0) (de)° (4.1.5)

0
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Suppose {e2}"_, is an orthonormal system in an inner product space X, then following
are equivalent [2]

1.
2.

Span {ef,....,e2} =X | ie. {e},, is a basis.

Pythagorean theorem in fractal space

The equation

STlaglP = If1%, forall f € X andaf =
k=1

Generalized Pythagorean theorem in fractal space

n

(fr9)a =D aily

k=1

where aff = (f,eq), andby = (g,e€}),,

4. f= Z agey with a sum convergent in X for all f € X

Let {¢r}, k=1, 2, 3...,

functions that are [1,|10]:

1.

Orthogonal

(fed)e  (416)

(4.1.7)

be any sequence of T- periodic local fractional continuous

(6.6, = / o (1) 85 (0) (dt)* = Ok #

2. Normalized

T
(Dr, Dr) /<Z5 =1
0

3. Complete

If a function x (t) is such that

- / £ (t) 6 () (d6) = 0

for all k, then z (t) = 0.

(4.1.8)

(4.1.9)



Then {¢} is called a complete orthonormal set of functions.

Definition 4.1.3 [1] A generalized Hilbert space is a complete generalized inner prod-
uct space.

Definition 4.1.4 [35]/Let {¢y (t)},—, be a complete orthonormal set of functions
then any T - periodic fractal signal f(t) can be uniquely represented as the infinite
series

FE) = ontn (t). (4.1.10)
k=0

The series in (4.1.10)) is called the local fractional Fourier series representation of f(¢) in
the generalized Hilbert space, where ¢y, are the local fractional Fourier series coefficients

of f(1).
In order to find the coefficients ¢y, we can use the fact that {¢ (t)} form a complete

orthonormal system and the partial sum of the local fractional Fourier series converges
to f(t). Therefore, to approximate the function f(¢), we can use the partial sums

FE) = ontn (t). (4.1.11)

The sequence of T - periodic function in fractal space {¢y, (t)},-, defined by [14]:

(07

4 I} 3\
2\ 92 . a . .
7| sina (kwot)®, ifk>1 is odd
and ¢y, () =
o
2\ 2 o .
— | % cosq (kwet)™, ifk>1 iseven
\ T Vs
. 2
is a complete and orthonormal sequence, where wy = T
Definition 4.1.5 [1/The local fractional trigonometric Fourier series of f(t) is given
by:
f(t) =ap+ Z ay cosy (kwot)™ + Z by sin,, (kwot)” (4.1.12)
k=1 k=1

where the local fractional Fourier coefficients are

21



o)
- )

f(t) sing (kwet)™ (dt)”

/
/T f(#) cosa (Kwot)™ (dt)”
[

Remark 4.1.2 [2,|11,20/If a function f(t) is 21— periodic, then the local fractional

Fourier series s
a > Ert\“ . Ert\“
— 30 + Z (ak COSq4 (T) + by, sin, <T) > (4.1.13)
k=1
where the local fractional Fourier coefficients are

o= (2 /Z’WOS& (52
= (5[ s ()
—l

The weight forms of the coefficients in the local fractional Fourier series are [2]

(1/F (1+ a)j; f(x) cosy (mka /1) (dm)a>

ag

(1/F (1+ oz)_j; cos? (mkx/1)” (d:p)a>

(1/F (1+a) fl f(x)sin, (wka /1) (d:c)o‘>

-l

(1/F (1+ oz)jl sin? (wkx/1)® (d:c)a)

Remark 4.1.3 [10/The local fractional Fourier series can be represented by using the
Mittag - Leffler function by

Z Cy.Es < <kx> ) (4.1.14)

k=—00
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where the local fractional Fourier coeflicient is

f(2)E. (M) (dz)* , andk€Z (4.1.15)

S
|

~—~

[\

S~ | =
~—

Q
L\

The weights of the Mittag Leffler functions are written in the form

e | swE () @

(20" it [
Cr = R H_ﬂaia G it (k) . (4.1.16)
(20)° —l—{to b ( [ ) B < [ ) (dx)

Some Properties of Local Fractional Fourier Series [37,38] are listed below.

Property 4.1.1 (Linearity) Suppose that the local fractional Fourier coefficients of
f(z) and g(z) are f, and g,, respectively, then we has for two constants a and b

af(x) + by(x) & af+bgf, (4.1.17)

Property 4.1.2 (Conjugation). Suppose that C,, is Fourier coefficients of f(x). Then
we have

flz) «— C_, (4.1.18)

Property 4.1.3 (Shift in time). Suppose that C,, is Fourier coefficients of f(x). Then
we have
f(x—x0) & Ey (—i® (nx)) C, (4.1.19)

Property 4.1.4 (Time reversal). Suppose that C,, is Fourier coefficients of f(x). Then
we have

f(=z) < C.y

In the following we present some core theorems on the local fractional Fourier series
[37,138].

Theorem 4.1.1 (Local fractional Bessel inequality).

Suppose that f(t) is 2m-periodic, bounded and local fractional integral on |[—m, 7] If both
a, and b, are Fourier coefficients of f(t), then there exists the inequality

T R— 1 7 .
ERP IR B / 72 1) ()" (1.1.20)
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Theorem 4.1.2 (Local fractional Riemann—Lebesque Theorem,).

Suppose that f(x) is 2w - periodic, bounded and local fractional integrable on [—m , /.
Then we have

. 1 [ . 6] [
ngr—i{loow_[ f(t) Sl (nt) (dt) = 0, (4121)
and i
. 1 @fana
nETle f(t) COSa(nt) (dt) =0. (4122)

Theorem 4.1.3 Suppose that f(t) is 2m—periodic, bounded and a local fractional inte-
grable on [—m, 7|, if

o - @ - . o
f(t) ~ 5 T ; ay cosq (k)" + kzl by sing (kt)® .

Then i
1 2 o _ G5 N~(2 g2
— [P0 =3+ > (ap +b7) (4.1.23)
. k=0
Theorem 4.1.4 (Convergence Theorem for Local Fractional Fourier Series).

Suppose that f(t) is 2w— periodic, bounded and a local fractional integrable on [—m, 7).
The local fractional series of f(t) converges to f(t) att € [—m, x| , and

fE+0)+ (-0
2

a - « - . a
= EO + Z ay cos, (k)" + Z by sing, (kt)®, (4.1.24)
k=1 k=1
where

o = - / £(6) @),
w = (3) / (£) cosa (mt)" ()",

be — (%)a /ﬂ F(t) sing () (dt)°

4.2 Applications on Local Fractional One-dimensional
Fourier Series

In this section, we give the local fractional Fourier series of some solved examples in
literature, and then we solve some own examples explicitly.
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Example 4.2.1 [1] The local fractional fourier series expansion of the fractal signal
z(t) =t* + 1 where (—m <t <) is:

o) =1+ f: 2 Chs 2“”“1 sing (kt)°

Example 4.2.2 21/ The local fractional fourier series expansion of the fractal signal
x(t) = t* where (=l <t <) is

T (14 @) 1o (=) 7wkt
x(t) = Z ( kczﬂa( ) sing( l )
k=1

Example 4.2.3 ( Local Fractional Fourier Cosine )
Consider the fractal signal f(t) = 2 where —] < t < [. The coefficients can be

calculated

using formula 4.1.13

l

o lla/f@)(dt)a:lia/lt?a(dt)a:(F(Haml“a)tw)i

[oT (1 + 3a)
% %

I'(l4+a)T (14 2a) j3a jy3 20T (14 )T (1 +20)
1°T (1 + 3a) (P = (=07) = 1°T (1 + 3a) '

I
ap = lla/tgo‘cosa <#) (dt)*
-

() (e (7)), [ e ()

o N y a
- oSt () (e () ) / o ()
= BRI (- o - )
2(=1)F T (14 20) 12
(k)
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I
1 (0%
b, = l—a/t%‘ sing, (#) (dt)*

-l

e (H / o (B2 a1 0 (0, (1)) )

a2 ) (o (7)), fom (B ) o

So, we have

[e.9]

2T (1+a)T (1 + 2a) (1+2a) 1% kra\®
200 -
T ey 2 g o

l
k=

Example 4.2.4 Ezpand the fractal signal f(z) = €** where (=1 < x <1).

Using the formula 4.1.13

1 o« I'(l+a !
ap = _a/€2t (dt)” = (2ala )(62t>—l

1
l
LT ) (I R\ Y 20 . (kTN
- T (knr) (e sitla | (lmr)a/e sing | — (dt)
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!
2¢T" (1 [ @ kmt o ! 22ala Lt «a
— <—4;O‘> (_) (6215008& (l) ) _ za/ethOSa (l) (dt)°
(k'ﬁ) km [ i (kﬂ) l
!
2¢T (1 + [¢(—1 k(oo -2 22(1[04 kot o
- ShiLE zi (o) Qa/€2t‘305a (i) (dt)®
(k) (k) l l
!
1 kmt\*
_ l_a/QQtCOSa (Tﬂ) (dry°
-1
so we have
!
L, 2o 21 krt\® o 290°T (14 ) (—1)" (2 — e72)
T 5 e cosy | — | (dt)* = =
: (k) l l (k)
1
/GQtCOS (@)a(dt)a B 2°01°T (1 + o) (—1)k (€2l—€_2l) I (/4:7T)2°‘
z ) (k)™ (km)** + 22020
From this we have
1 / k o
ar = l_a/e%COSa (Tm> (dt)o‘
-1

12T (1+a) (—1)F (2 — )

1 (km)*

e (km)*
200°T (1 +a) (—1)" (¥ — e7%)
(]gﬂ-)%‘ + 22020

27
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%
I'(l+a) ;;’; (=) | 2@1;}{(:;;; o) <%)a <62tsina (#)axl

l % . krt\® o —T(l+a) (—1)" (e —e %) (km)>® 1
_/z o (T> s (k)" ((kzw)z”ﬂzl)m)

from this we have

1T 4a) (=) (=) (km)"

o k) > + (20)

_ T(+a) (—1)" (X — &) (k)
(km)* 4 (20)



the local fractional Fourier series formula of the function is

CO+a) u_ oy o 2ETAr) (D (2 oe) (7
(20) post (km)* 4 22020 :

= -T 1+a ( 1)* (e — ™) (k)™ . kra\
+ ; ) +(2l)20l sing, (—)

fle) = e =

Example 4.2.5 FEzpand the fractal signal f(x) = z* , 0 < x < 1, into a local
fractional Fourier series

o= g [ £ (0" = [ @) = 0 ) = [,
ap = (2)" ff t) cosy (kwet)™ (dt)* = 2¢ fto‘ 08, (27kt) (dt)® = 0 and

by = (%)a /T f(t) sing (kwet)® (dt)* = 2¢ /1 t* sin,, (27kt)” (dt)”

1
—2¢T" (1 QOT (1
— ﬁ(ﬁ cos, (2mkt)™) + +a /cosa (2mkt)*

_ T (1+a)
(k)

0

So, the local fractional Fourier series formula is :

(1 (1
¥ = e _:_22 + Z ( + “ ) sing, (2mkx)”

4.3 Two-Dimensional Local Fractional Fourier Series

In this section, we derive the formula of the local fractional Fourier series of functions
of two variables similar to the two-dimensional Fourier series presented in [39)].

The complex form of the local fractional Fourier series of two dimesion is :

+

(7))
Z Z Con h)) (4.3.1)
where —[ < 2% <[, —h < y* < h and

mr ny

a/jfmwép%7ﬂﬁv>w@%@f.
I —h

Crn = (20.2h)
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To derive the trigonometric formula :

e £ 5 a5

m=—0o0 N=—00

C 5 oo (Y i () o (P20 (52

m=—0o0 N=—0o0

mzlnz Cnn (0S4, (m?xycosa (%)a + 1% cOS,y ( ;T ) sing, <%)a

. (mwm) (mry)a_, (mm;)a, <n7ry>a)
1% siny, ] COSq, N Sin, ] sing, .

—1 —1 o o N N
BB ot () o (52— (5 s ()

m=—0o0 N=—00

o mmr\« nmwy\« mmnx . nmy\«
—1 Slna< l ) COSQ( ) —sma< > Sl (T) )

o) —1 a o o
+ > > Chn(cos, <m7r$> COS,, (mry) — 1% COS,, <m7rw> sing, (@)

m=1n=—o0 l h

sin (257 (7 s (252 s ()

—1 0 @ a o o
+ > D Cun(cos, (mm> COSq <@> + 0% Cosq (W) sin,, (@>

m=—oo n=1

i 500 (22 i (2 )1 5 o (222 i (722

+ 5 Gy (coss (M)~ iesing (“70)") ¢ > G (cos, (7Y s, (272"

n=—oo m=—00

= ) C0Sq (mﬂ'l’)a COSq (n_;ry)a (Cm n>0 T Crn<o + Cm>0 + Cm<0)

l n>0

l h n<0 n>0

mmr\o . nwy\
+ > 0% cos, ( ) sing, (—) <Cm,n>0 — Crn<o — Ciso + Cm<0)
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MmTIT\ < nim «a
+ Z 1@ Sina (—> COSq (_y> Cm n>0 — Cm n<0 + C(m>0 - C’m<0
l h ’ ’ n<0 n>0

. mmr\e . nim «
+ E :Slna ( ) Sl ( y) _Cm,n>0 - C1m,n<0 + Cm>0 + C1m<0
l h n<0 n>0

+Coo + > cosq <%)a (Cpso + Creo) + > sing, ( ) Crs0 — 1*Cho)

mmx

+ > cos, ( l )a (Criso + Cuco) + 5 sing (

Now we find the coefficitients when n,m # 0

o= g | At (1) o (P52 o (52 s (2

mmx
l

> (iacm>0 - iaCm<O)

—i®sin, (@)a COS,, (%)a — sin, (@)a sin, (%)Q) (dx)” (dy)*

Cmn<o = Rk 2h fll f};f(:v, y)(cos, <m;rx>a COS4 (n_zy)a_m.a COSy <m;ra:>a sin, (n_zy)a

+4% sing, <@>a COSq (n_:y)a — sing (@)a sing, <%)a) (dz)” (dy)*

C(m>0
n<0

i | e, (U)o, ()" o () s ()
—i%sin, (@)a COSq (%)a + sin, (@)a sing <%>a) (dx)” (dy)*
f(z,y)(cos, (@)05 COS,, (%)a—i“ COSq, (@)asina <n_zy>a

+i% sin, <m;m:>a COS4 (%)a + sin, <m;m:>a sing, (n_;;y)CY) (dx)* (dy)*

1
(21.21)"

Om<0
n>0

%N
m\:

-1l —

when m =0

Coon = gy | S TCefeoss (SF2)" = tsing (“72)") ) oy




when n =0

1 L h mrr\e . .
Criso = W—fl—fh f(z,y)(cos, (T) — i%sin, <

mmnx

) () (d)”

1

Cm<o = W_fll_f}; f(z,y)(cos, (@)04 + 1% sing, (m;rx)a) (dy)™ (dx)”

Let Amn = <Cm,n>0 + Cm,n<0 + C’m>0 + Cm<0) ) then

n<0 n>0

o = e | [ 100 (s (P52 o (52

n<0 n>0

an =@ (Om,n>0 - Cm,n<0 - C’m>0 + Om<0)7 then

* - @ nTY\ <
o = e | [ 10 (2 (2 (72 o
h

Cmn =1° (Cm,n>0 - C'm,n<0 + C’m<>(£) - Cm<0>

e Il h

~ @ b () (471 i (m;m:)acosa <n_2y>a> (dy)" (dz)”

—l—h

= S @) (sina (F77) " cose (557) ) )" (o

n<0 n>0

Dmn - (_Cm,n>0 - C(m,n<0 + CYm>0 + C’m<0)
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- o ff ) (sing (P70 sing (7)) (ay)® ()

when m =0

En - On>0 + Cn<0

- (21.;h)“ :;l_}; ) (20 cosn (7)) ()" ()"

when n =0
Gm = Cm>0 + Om<0

mmnx

= Q)" _fll _JZ () (cosa (75 )") )" (day°

Hence , the formula of the local fractional Fourier series two dimension when x on the
period [—[,[] and y on the period [—h, h] is
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fzy) = i <Amn COSq (m;rx)a COSq <n_7}zy)a + By €084 (@)0& sing, (%)CY)

m,n=1

S (o (7 () D (7

m,n=1

+ Ay + Z E, cos, (%)a + Z F, sin, (%)
n=1 —

+ Z H,, sin, (@)a
m=1

We can define the local fractional fourier series on the periods [0, 71] and [0, T3]as :

[e.9]

f (.l’, y) - Z (Amn COSq (mw1x>a COSq (any)Oz + an COSq (mwlx)a Sina (nw2y)a)

m,n=1

[e.9]

+ Z (Chon sing (mwy ) cosy (nway)® + Doy sing (mwy ) sing (nway)®)

m,n=1

+ Ao+ Z E,, cos, (nway)™ + Z F, sin, (nway)™ + Z G €08, (mwyz)®

n=1 n=1 m=1
oo
+ g H,, sing, (mwx)*
m=1
__ 27 _ 27
where w; = N and wy = e

and the coefficients will be :

when n,m # 0

o = (;ﬁzﬂ [ 1 )(cosa (munye)” cose (may)*) (dy)” (dr)*

of bf [z, y)(sing (mwyz)” cosq (nwey)®) (dy)® (dz)®

f(@,y)(sing (mwyz)" sing (nwsy)®) (dy)® (dz)”

)

2.2 ) [ 1) cos (more)” s () ()" (d)
)
)
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when m =0

2 T « «
En=( ) 1 £, y)cose (mway)® (dy)* (d)

F 2\
" (T1T2> of

when n =0

[, y)sing (nway)® (dy)® (da)”

Ts

2 o o o
Gy = <T1.T2) Jf[f T, y)cos, (mwiz)® (dy)” (dx)

f (@, y)sing (mwyz)” (dy)* (dz)”

T
3
[
VR
3
. [\
o3
N——
Q

4.4 Applictions on Local Fractional Two-dimensional Fourier
Series

Example 4.4.1 Ezpand the function k(z,t) = x*t* into local fractional Fourier series
where(—m < 2z <7, —m < t* <)

By computing the local fractional Fourier series coefficients

when n,m # 0

1 m™ T

A = ﬁ,{r 7{7 T o84 (ma)® cos, (nt)*(dt)*(dz)* =0
1

B = = _fﬂ _f7r T cosy(ma)® sing (nt)*(dt)®(dz)® = 0
1 ™ s

Cron = m_{r —wa t* sing (mx)® cos, (nt)*(dt)*(dz)
1 m™ T

Dy = %JW ;[;rx t* sin,, (max)® sing (nt)*(dt)*(dx)
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ma

_ (_zr (1+a) (-1)”) (—271"’F(1 +a) <_1)m)

_ A +a) (=D)" (=D"

neme

when m = 0

En 2a 9020 f f T cosq nt) (dt)a<dx)a =0
™ _r—m

1

F, =
2047-[-2@

f f Tt sing (nt)* (dt)*(dz)* =0

- -7

when n =0

! f f T¥t® cos,(max)*(dt)*(dx)* =0

a2a
Qoqia = -

G =

Hm 2%% [ J e sing(ma)e (dr)° (de)" =0

when m=n=0

1

AOO dogr 2a

_f f 2t (dt)* (dx)™ =
0o K(z,f) =3 3 Ar* (1 +a) (=1)" (=D"

m=1n=1 neme

sing, (max)® sin, (nt)“

Example 4.4.2 Ezpand the function k(x,t) = x®“** into local fractional Fourier se-
ries where (—m < z®* < m, —m <t* <)

By computing the local fractional Fourier series coefficients

when n,m # 0
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A = = / / 224 o8, (ma)® cose(nt)(dt)® (dz)°

—T —T

1 2a o 2a o a «a
= — [ 27 cose(mx) /t cosq (nt)*(dt)*(dz)

™

—T —T

S [ x2acosa(mx)a(2F(1+2a)ﬁa(_1)n)(dx)a

7T2 n2a

T s

= 2T (_17r+ 20) (=1)" (QF (14 2a) 7 (_1)m)
02 (14 20) (1) (-1)"

- / / P22 o8, (ma) sing (nt)° (dt)*(dz)® = 0

—T —T

Con = 52 / / 2242 sin, (ma)® cos,(nt)®(dt)® (dz)® =

—T —T

- / / P20 sin (ma)® sing (nt)*(d)* (dz)® = 0

when m =0

1 rr 200420 « e «
o= o / / 2242 s () (dt)” (de)

_ L[ (2020 (DN
B 20‘7T2°‘_/ ( n2e )<d )
o0 (1+2a) (—1)" (T(1+a)T(1+2a)\ , 01
2om2aga ( I'(1+3a) > (),
AT (14 2a)T (1 + ) (—1)" 72«
29n29 (1 + 3av)

37



™ T

1
b= 5ama / / T sing (nt)” (dt)° (dx)* = 0
T
when n =0
1 rr 20 12a @ o @
CGn = Soa T cosa(ma)®(dt)* (dx)
1 T 23T (1 'i1+2
= /x%‘cosa(mx)a mT {1+ a) 1+ 2a) (dx)®
2047-(-204 F(1+30é)

27T (1+a)T(1+20) (27rar (1 + 20) (—1)m)
29T (1 + 3a)
472 (—1)" T (14 a) T2 (1 + 20)
20T (1 + 3a) m?

m2a

1

H, =
2017-[-204

// 22 sing, (ma)*(dt)*(dz)* = 0

1 T 7
A = / / 2212 () ()
4a7r2a

o oo (T(14+a)T(1+2a) 5.\" o
B 4a7r2"_/x < I'(1+ 3a) ' >_W(dx>
2T (14 )T (14 2a) f 20 a
- 4T (1 + 3a) /x (dz)

—T

2T (1+ )T (14 20) (27°°T (14 a) I (14 2a)
B 4oT (1 + 3a) ( I'(1+ 3w) >
4rtoT? (1 + ) T2 (1 4 2a)
4°T2 (1 4 3a)

the general solution is :

AT? (14 2a) (1) (=1)"

n2am2a

084 (mx)® cos, (nt)®

Kz, t) = j’; i:;l

N i 4% (14 2a) T (1 + ) (—1)" 72
n=1 2an2a1" (1 + 3@)

cos, (nt)”
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472 (=1)" T (14 o) T2 (1 + 2a)

T 20T (1 + 3ar) m2® cOsa (ma)

47472 (1 + a) T2 (1 + 2a)
4°T2 (1 + 3a)

Example 4.4.3 Ezpand the function k(x,t) = x?*t“ into a local fractional Fourier
series where (—m < x* <, —7m <t* <)

By computing the local fractional Fourier series coefficients

1 s s
A = @_fw _{r 2% cos, (mx)® cosy(nt)*(dt)*(dz)* =0
1 p . : o (07 (0%
B,y = %_{r _fﬂ T2 cos, (max)® sing (nt)*(dt)*(dz)

C LT e (e <—2F(1+a) (-1)%&) ()

2« «
T L n

_ A (14a) (-1)" (%ar (14 20) (—1)m>

naTe m2a

AT (1+a)T (1 +20) (=1)" (1)

nam2a
1 - . o « (e «@
Con = ﬁ—{r _f7T 22t sin, (max)® cos, (nt)®(dt)*(dzr)® = 0
1 T 7 . o L [e% a (07
D =~z | 2247 s ma)sing (nt)* ) (do = 0

—T —T

when m =0

1 ™
E, = 5a [ 2%t cosa(nt)*(dt)*(dz)* = 0
AT
1 m™ T 9 .
F, = S [ [ z*t*sing (nt)*(dt)*(dx)”
1 7 (2 (1+a)m™(—1)" o
= 5o _fﬁ x? ( - (dz)
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(14 o) (—-1)" (27r3ar 1+a)T(1+ 2a)>
B oo I'(1+4 3a)

—47%T?2 (1 + a) T (1 + 2a) (—1)"
29n°T (1 4 3a)

when n =0

1 T T
G = Saraa 7fﬂ7fﬂ 229 cose (ma)*(dt)*(dx)® = 0
H, 2aﬂ.2 {T fﬂ 12t sing, (mx)*(dt)® (dz)® = 0
whenn=m =0

1
A = oo [ e (dne(da)e =0

—T =T

The local fractional Fourier series formula is :

€08, (max)® sing (nt)”

= AT (1 +a)T (1 +2a) (=)™ (=)™
3 (1+a)I'( ) (=1)"(-1)

namQa
m=1 n=1
L —4n2eT? (1 (14 2a)(-=1)"
+Z T (1+a)T(1+20) (1) sing, (nt)®

2on°T (1 4 3a)

Example 4.4.4 Ezpand the function k(z,t) = 2%t** into local fractional Fourier series
where (—m < z® <7, —7m < t* < 7)

Solution
By computing the local fractional Fourier series coefficients

when n m;éO

Amn — 2a f f at2a COS,, mx) cosa(nt)a(dt)a(dx)a =0

—T =T

‘ -

% cos, (mx)® sing (nt)*(dt)*(dz)* = 0

S

oy
3
3
I
[\~]
Q
iq%:l
i}%ﬂ

Tot%* sing (mx)® cosy (nt)*(dt)*(dz)™

{3
3
Il
[\
Q
:‘q%zi
:‘\%21

3
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2« 2«
T n

S sina(mx)o‘(2F(1+2a)ﬂa(_1)n>(da:)a

or (1 + 2a) (—1)" (—2F(1+a) na(_1)m)

ﬂ—anQOc me

_ —A'(1+20)T (14 a) (-1)" (-=1)™

man2a

1 A . a a a 64
Dmn = WTQ_{r _J;r xatQQ Sll’la<m$) Sant(nt) (dt> (d&:) =0

when m =0

1 T
E, = Sar2a _fﬂ _f7r T2 cos, (nt)*(dt)*(dz)® =0
1 T e . . .
Fo=goge | wo sina(nt)*(dt)* (dz)* = 0

—T —T

when n =0

1 T
G = e J | att* cosa(ma)*(dt)*(dz)* =0
™ & —m
1 T T ) )
Ho = ooe [ [ 22 sing(ma)e (d0)° (do)”
LI L (2T (L4 )T (1420)Y .
e R e e [

mOé

C2rT (1 + )T (14 2a) (—27?“ (-1)"T(1+ a))
B 20T (1 + 3«

_ —4r%T? (14 a)T (1+2a) (-1)"
B 20T (1 + 3a) m®

1 - a42a « «@
Ag = To3a _fw _fﬂ xt* (dt)*(dz)* =0
so we have
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p—— sing, (max)® cos, (nt)”

ii —AT (1420)T (1 +a) (=1)" (=)™
i —472°T2 (1 + a) T (14 2a) (-1)™

20T (1 + 3a) m~ Sita(ma)

_|_

m=1
Example 4.4.5 FEzpand the function k(x,t) = z® into local fractional Fourier series
where (0 < 2% < 1)

By computing the local fractional Fourier series coefficients

when n,m # 0
11

A = [ [ 2% cosa(2mma)® cos, (2mnt)*(dt)*(dz)* = 0
00

1
[ x® cosa(2mma)® sing (2mnt)* (dt)* (dz)™ = 0
0

o%,_,

1
[ a® sing (2mrma)* cos, (2mnt)* (dt)* (dz)* = 0
0

||
o

x® sing, (2rmaz)® sing, (2mnt)* (dt)*(dx)® =

o,

1
=/
0
when m =0

% €08, (2mnt)*(dt)*(dx)* = 0

o,

-

x® sing (2mnt)*(dt)*(dx)* = 0

3

I

[\]

Q
o .
o .

when n =0

= Oflofl % co8q (2mmax)*(dt)*(dz)* =0

H,, = 2a0fof x% sing (2rma)* (dt)* (dx)®
= M 7% cosy, (2mmz)®)} M 1cos mrx)® (dx)®
- (Qmﬂ_)a ( a(2 ) )0 + (2m71')a ! o (2 ) (d )
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(mm)®
whenm =n =20
11
Ag = [ [ z=(dt)*(dz)
00
P14
- T'(1+20)
so we have :
I?(1+a)
K =% = ————~
(.8 =% = T 2a)

+3

m=1

(mm)”

-I'(l1+«)

43
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Chapter 5

Solving Local Fractional Fredholm Integral
Equation using Local Fractional Fourier Series

In this chapter, the solution of the first and second kind of the local fractional Fred-
holm integral equation will be studied using the one and two-dimensional local fractional
Fourier series of the functions u(z), f(z) and k(z,t).

5.1 Local Fractional Fredholm Integral Equation of the First
Kind

In this section, we deal with the Fredholm integral equation of the first kind (1.2)),
where f(z) is a given function, and the kernel k(x,t) is a function of two variables, u(z)
is the unknown function and \* is a parameter.

The integral equation (1.2)), will be solved using local fractional Fourier series. From
the paragraph that followed definition 4.1.4, we assume that

f(z)=fo+ Zf sty (WE) + Zfz €00 (”7”) (5.1.1)

m,n . a it o . o it a
k(z,t) = Ao+ Z (Al-j COSq (?) COSq (%) + B;j cos, (#) sing, (‘7%) )

2,j=1
m,n . o - t [ . 67 . t «
+ Z (Cij sing, (?) COSq (%) + Djj sing, (?) siny, <j%> >
ij=1

- imt\ @ imt\
Ez' a\ —7 -Fz i a | —7
—i—ZZl( cos(h>+ Sln(h)>
+ <G2- COSq, <?) + H;sing, (?) ) (5.1.2)
i=1

1=

_u0+zu s, (7). +Zuzcosa () (5.1
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Now, insert equations (5.1.1)), (5.1.2)) and (5.1.3)) into the integral equation, and after

integrating each term we get :

h A% (2h)* Eiuy E.u Fyut Eu*
E(z, u(t)(dt)® = =~ (A i Ly 4L
7{; (SL’, )u( )( ) F(l—i—a)( 00U0+ 9 + 9 —+ 9 -+ + 9 )
A (Qh)a . T\ C'Hul C’lnun .D11U>(1< Dlnu*
————[sin, | — . . ~+H
Tt [sin ( i ) ( 5y Tttt 1)
2 e Contty,  Doju? Do, u
fsing (0 ) (22 gzl 2 22 )
l 2 2 2
. mrr\e  Chiu Conttn ~ Dpauy D, uk
e oo+ —2 4+ H
+sing ( l ) (= 2 y Tt )
A (2h)a T\ A11u1 Alnun BHUT Blnu*
————[cos, | — . o+ — 4+ G
F<1+Oé>[cos (l) ( 5 Tt Tttt 1)
2rx ¢ A21U1 Agnun BQﬂff Bgnu*
o . . L+ G
+ cos ( l ) ( 5 Tttt ot 2Up)
mrr\e  Aniuy Apntty,  Bpauj B
+cosa< i ) ( 5 5 5 5 + G o)

Equate the coefficients of both sides in the integral equation to get the following system:

Fleminxt) = K@miyxe@nr)Uentxn) (5.1.4)
WhereF:[fO fi o fm ff . f;]T,U:[uo Up oo Uy U .. U;I]T
[ 240 FE1 Ey ... E, F F, ... F, ]
2G1 All A12 Ce Aln Bll 312 Ce Bln
2G2 A21 A22 R Agn Bgl B22 c. Bgn
== % 2Gm Aml Amg e Amn Bml Bmg e an
( T Oé) 2H1 Cll 012 e Cln D11 D12 e Dln
2H2 021 022 e C2n D21 DQQ R Dgn
| 2H,, Cpu Cho ... Cun Duwi Dupo ... Dy |

As an application on solving local fractional Fredholm integral equation of the First
Kind, we present the following examples.

Example 5.1.1 Consider the following local fractional Fredholm integral equation
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1

'l+a) = 1—|—a /u

0

= ﬁ/ Zu sin, (2j7t)” +Zu] o8y (27mt)*) (dt)”

0 J=0
so we have an infinite number of solutions such that vy = I'? (1 + «)

Hence,
u(z) =T?(1+a)+ Z uy sing (2mkz)® + Z uy, cosq (2mkz)”
k=1 k=1

Example 5.1.2 Consider the following local fractional Fredholm integral equation

™

sin, (z)° = ﬁ / 24 (£) (dt)°

—T

from example (4.4.1) :

Kot) — st — Z 4T (14 a) (~1)" (-1)"

m=1n= mon®

sin, (mz)“ sin, (nt)”

for n,m =2

1 ™
sin, (z)* = m/ Z kij sing (iz)® sin, (jt)® Zu sing (it)* + Zuz cosq (1)) (dt)"

. a (2m)® . o [(Euuy  kipus ) o [ k2wl kooul
sing, (x) “Ta+a) sing 5 + 5 + sin, (27) 5 + 5

where

_AT2 (1 —4T2 (1 412 (1
ki = 4AT2 (1 + a), kg = %&)7 koy = %7 koo = (22:’ CY)

Thus, we have the following linear system:

0 000 0 0 o
0 looo 0 0 0
P I .0 A R 0 0 |
P | A+ g g ar2(14a) S0 u?
0 0 0 0 Zre) 404 uj
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since the determinant of the matrix K is 0, the problem has no solution or infinitely
many solutions.

From the above system we have the following two equations

27T) kllllf{ 4 k12u§
F(1+a)\ 2 2

(
(1+
0= rra (5

Simple calculations on the above system will lead to the contradiction as follows:

2m)“4rz(1+a) , (2m)*4rzr(1+a) ,
M(1+ta) 1 22T(1t+a) 2
2(27)°T(1+a)

*

1 = 22m)*T(1+a)u;

20 2
22T (1+a) ., 2@0)°T(1+a) .
0 = Qo U1+ 22a 2

1 = 0.

So, the problem has no solution .

Example 5.1.3 Consider the following local fractional Fredholm integral equation

e ;) / (2% +2) (t* + ) u(t) (dt)"

I'l+«

—T

First we write the kernel as follows:

k(x,t) = (2 +22) (1% + %) = (xt)* 4+ 2262 + 22t + (2t)>*. So, from examples
(4.4.1), (4.4.2), (4.4.3), (4.4.4) and (4.2.5) the local fractional Fourier series of k(z,t) is

k(x,t) = Z Z D sing (ma)® sing (nt)® + Z Z Ay €084 (M) cos,, (nt)”

m=1 n=1 m=1 n=1
+ Z E, cosq (nt)* + Z G €08 (M) + Ago + Z Z Crnn Sing (max)® cos, (nt)”
= m=1 m=1 n=1
+ Z H,, sin, (mx)* + Z Zan COSq (M) sing (nt)* + ZF sing, (nt)”
m=1 n=1
412 (1 —1)™tm 4T2 (1 + 2a) (=1)"™
Where Dy = ( - a) (a ) ) Amn = ( i Oé)2<c>¢ ) )
g - 4T? (1 +20) T (1 + ) (—1)" w2 a _ 420 (= 1) T (1 + ) T2 (1 + 2a)

20n2eT (1 4 3a) 20T (1 + 3a) m? ’
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AT T2 (1+ o) T (1 4 20) AP (1+20) T (14 @) (1)

A - mn — Y
00 4aT2 (1 + 30&) ’ men2e
qo_ —47%°T2 (1 +a) D (1 + 22) (=)™ AP (1+a)T (1 +2a) (-1)"™
" 20T (1 + 3a) m T nem2e ’
—47%°T2 (1 I (14 2a)(-1)"
and 1, AT 0+ ) T (14 20) (-1)

2onT (1 4 3«)

Also, the local fractional Fourier series of the exponential function e?* is

T (1 2r 27 oo garal (] -1 k(o _—2r ket &
(14 «a)(e e )+Z T ( —l—ozg)a( )" (e e )cosa(l>
2me2e k=1 (k)™ + 2202 m

—T(1+a)(=1)" (> — e 2) (km)
(km)** + (2m)*

. ( krt ) «
sing, | —
T

Substituting the local fractional Fourier series of the functions f(z), K(z,t) and u(z)
into the integral equation and integrate term by term to reach system.

Below, we consider different sizes of the coeffiicients matrix and see whether system
has a solution or not.

Using Matlab, different sizes of the coefficients matrices are calculated and the results
have been studied .The below results show that the system has no solution. When
m = 2 and n = 2, the augmented matrix

17.560091 —5.926228 2.963114  5.251983 —3.713713  94.882725
—11.852457  4.000000 —2.000000 —3.544908 1.772454 —126.510300
5.926228  —2.000000 1.000000  2.506628 —1.253314  94.882725
10.503966  —3.544908 1.772454  3.141593 —2.221441  89.456291
—7.427426  2.506628 —1.253314 —2.221441 1.570796  —94.882725
| 7427426 2.506628 —1.253314 —2.221441 1.570796  —94.882725 |

1 —0.337483 0.168741 0 0 O
0 0 0 1 00
and the reduced row echelon matrix is | 0 0 0 010
0 0 0 0 0 1
0 0 0 0 0O
When n = 2, m = 3 the augmented matrix is
17.560091 —5.926228 2.963114  5.251983 —3.713713  94.882725
—11.852457  4.000000 —2.000000 —3.544908 1.772454 —126.510300
5.926228  —2.000000 1.000000  2.506628 —1.253314  94.882725
—3.950819  1.333333 —0.666667 —2.046653 1.023327 —75.906180
10.503966  —3.544908 1.772454  3.141593 —2.221441  89.456291
—7.427426  2.506628 —1.253314 —2.221441 1.570796  —94.882725
| 6.064468  —2.046653 1.023327  1.813799 —1.282550  92.965705 |

and the reduced row echelon matrix is
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[ 1.000000 —0.337483 0.168741 0.000000 0.000000 0.000000
0.000000  0.000000  0.000000 1.000000 0.000000 0.000000
0.000000  0.000000  0.000000 0.000000 1.000000 0.000000
0.000000  0.000000  0.000000 0.000000 0.000000 1.000000
0.000000  0.000000  0.000000 0.000000 0.000000 0.000000
0.000000  0.000000  0.000000 0.000000 0.000000 0.000000

| 0.000000  0.000000  0.000000 0.000000 0.000000 0.000000

When n = 3, m = 2, the reduced row echelon matrix is

1 —0.337483 0.168741 —0.112494 0 00 0 0
0 0 0 0 1 0 —0.255776 O
0 0 0 0 0 1 —-1.178218 O
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

When n = m = 3, the reduced row echelon matrix of the augmented matrix is

1 —0.337483 0.168741 —0.112494 0 0 0 0
0 0 0 0 1 0 —0.255776 0
0 0 0 0 0 1 —1178218 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

|0 0 0 0 0 0 0 0 |

Therefore, we conclude that the integral equation has no solution.

5.2 Local Fractional Fredholm Integral Equation of the
Second Kind

In this section, the local fractional Fredholm integral equation of the second kind
which is introduced in [12] will be solved using local fractional Fourier series.

Similar to the case of the first kind local fractional Fredholm integral equation, we
substitute the local fractional Fourier series given by equations and into
the integral equation (L.3)), and after integrating each term in the resultant integral
equation, we produce the following terms:

. TN . AN . NITL\ T\ @ o2rx\
Up+uy Sin, <T> +us sing T +...4u, sin, (T> “+uq COS, (7) +U9 COS, T +

nmwx

...+ u, cos,, (T>a =
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o 2 @ e el 2 @
Jot 11 sing (Z—x> +/3 sing (%) +.. o, sing <@> +f1 €084 (?) + f2 COSq (%) +

oo+ fin cOsg (@)a

RO () (B B e D Bt P
Ghug)
+ oS, (27;;5)& (A2;u1 + AZ;UZ +...+ AQ;un + Bgu;{ + B2;u§ +...+ % + Gaug)
4 cos, <m;m:>a (Am;ul Am;ug Am;un Bm21u’{ Bm;u; Bm;u;+Gmu0)
+ sing (?)a (Cléul + Cl;UQ Cl;u” Dl;ui Dlsu; 4o Pt )
+sin,, <27lm;>°‘ (CZ;” + 02;u2 b+ CQ;“” n DQ;G + D222u§ +o DQ;“Z + Hyup)
+ sin, (m;rx)a (Cm21u1 C’m22u2 C’m;un szluf Dm;u;‘ Dm;u;—l—Hmuo)
(Aot + E12u1 E22u2 P Enzun L F12u’1‘ F22u’2‘ 4 Fn2u;‘l))

Below we present three examples on local fractional Fredholm integral equation of the
second kind.

Example 5.2.1 Consider the following local fractional Fredholm integral equation

uz)=T(1+a)+ ﬁ / zu(t) (dt)”

The local fractional fourier series formula of z¢ is :

Ml+a) 2T(0+a) .
T (14 2a) kzzl (km)® Sita (27kz)

let u(z) = ug+ Y ujsing, (27kz)” + > uy cos, (2mkx)®
k=1 k=1
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By substituting these series in the integral equation

up + Y ujsing (2mka)® + Y uy cos, (2mkz)® =
k=1 k=1

1 MPl4+a) 2T(1+a) . a
F(l+a)+ Tt (F(l—{—?a) _;—Uﬁr)a sin,, (2wkx) )

1 00 0
x [ <u0 + 3 ujsing (2mkt)" + > ug cos, (27rk:t)a> (dt)”

0 k=1 k=1

r+a = 1 . N

=I(1 _— — 2
(e + (i 3y ~ & gyeine @k o

upl™ (1 + ) © Uy . o

=(I'(1 — | = Y —%sin, 27k
(rr e+ R ~ 2 g e Cnk)

By equating the coefficients, we have

UOF (1 + CY)

=1I(1

P1+a)\  (T(1+2)-T(1+a)\
““(1_r(1+2a)>_“°( T (1+2a) )‘F(HO‘)
T(1+a)T(1+2a)

Fl+2a)-T(1+«)

Ug =

*
EUO—I—UI_O

* —Uo
U, =

1 T

1 *

WUQ + Uy = 0

* —Uo
U =

2 (27T)a

¥ —Uo
U, =

k (k”/T)a

. -I'14+a)I'(1+2a)
U, =

Fkm) (T (1 +2a) =T (1 +a))
UL =
Ug =
U = 0
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F'l+a)l'(1+2a) +§ -T(14+a)l'(1+2a)

F(l420)-T(A+a) = (kn)*(T(1+2a)—-T 1+ )
z°T (1 4 2a)

T(1+2a)-T(1+a)

sing, (2mkx)”

Hence , u(x) =

ulz)=T(1+a)+

which is the same answer as in [ 25 | example 1 where the problem was solved using
the Neumann series method .

Example 5.2.2 Consider the following local fractional Fredholm integral equation :

™

/xato‘u (t) (dt)”

—T

1

u(x)=1“(1+oz)+m

The local fractional Fourier series formula of the kernel is :

k(z,t) = i i K sing (max)® sing (nt)* = io: S AE (1 +a) (D" (=1)"

m=1n=1 m=1n=1 men®

sing, (mx)® sing, (nt)®

let u(x) = up + Y ujsin, (kx)* + > wy, cos (kx)”
k=1 k=1

By substituting these series in the integral equation for n = 0, 1,2

up + uf sing (2)® + ub sing (22)* + uy cos, () + us cos, (22)°

™

1
I'(1+a) [ ((Eyy sing (2)* sing (£)*+kg sing (2)* sing (26)"+ky sing (22) sing (£)*+

kg sing (2) sing (26)*) (uo+uj sing (8)“+ub sing (2t)“+uy cos, (1) +us cos, (26))) (dt)*

=I'(l+a)+

U (kg ko
—T(1+a)+ (”“1 2t

Tl+a)\ 2 2 )Sma(“”)a*mm)

By equating the coefficients, we have

1 koruy  kooul
(f ) g, oy

u =T (1+ «)
u1=O
UQ:O

up =0,k =1,2,34, ...

. 1 ]{5111[{ k12u§
T T ta) ( S
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o k12 ot
! 2N (1+a)—ky/)

. 1 kzﬂ[{ ]{322’2113
“2_F(1+a)( 2 T

_ kg k12 ut + k22U2
MM(1+a) \2F(1+a)—k;/) 2 2T(1+0)

:( ka1 k1o L ) A
r(14+a) 2l (14+a) —kn) 2I'(1+a) 2
us(1—A)=0

uy =0

uy =0

so,u(z) =T (14 «a)

Remark 5.2.1 1-A#0

—4I? (1
ki =4I? (1 + o) ; k1o = —2(a o)
—412 (1 + «) 472 (1 + «)
ko1 = 9 ;o kap = oz

N <_4r22(i+a)) <—4F22(i+0z)) o

SN (14+a) 20 (1+a) —4I2 (1 +a)) 22027 (1 +a)

#1
Example 5.2.3 Solve the following local fractional Fredholm integral equation

1

/ sing (272 + 27t)° u(t) (dt)°

0

— 142
u(z) +:17+ 1—|—a

let u(x) = ug + uf sing (27x)™ + b sing, (4d7x)* + uy cos, (272)" + ug cos, (4rz)”
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sing (2kx)”

By substituting the local fractional Fourier series formula, we have :
up + uj sing (2mx)" + ub sing, (47x)* + ... + ug cos, (27x)” + ug cos,, (4mx)* + .. =

I (1 < I'(1 i
14 (I+a) 3 (1+a) sing (2mk2)® + ——— [(sin, (2mx)“ cos, (2m8)" +

Fl+2a) = (kn)° F(1+a 0

08, (2m)" sing (27t)Y) X (ug + uf sing (27t)" + ubsing (47t)" + ... + uy cos, (27t)" +
Ug COS, (47t)) 4 ...) (dt)”

Ml4+a) T(1+a) I'(l+a) > I'(l+a)
=1+ — sin, (272)" ————5— sin, (47x sin,, (2kmx
I'(1+2a) T (2mz) (2m) (4mz)” kz_g (km)” ( A
U1 . a T [e7
———sin, (2 S C0Sa (2
+2F(1 o) sing, (2mx)* 4+ T+ a) oS, (2mx)
By equating the coefficients, we have
I'2(1+a)
=147
Y= T 2a)
—I'(1
U,T _ ( + Oé) U1

T +2F(1+a)

-I'(1+«)
r=——a— Vk>1
Uy, (k‘?’(’)a

—F(1+Oz)+ Ul
e — uy B T 2I' (1 + «)
"Toar(1+a) 2T (1 + )
- —1+ Uq
S 2me A2 (14 )
—AT? (1 + «)

U =
P one (2 (14 ) — 1)
u —u—y{andu =0 Vk>1
TN (14 ) ke

u;:2F(1+a)< —4T% (1 + ) ): —4T3 (14 «)

ore (A2 (1+a) - 1)) o (A2(1+a)- 1)

o4



w(e) =141 (1+a)  4%(1+a) Sma@m)a_ir(ua)

I'(1+2a) 7o(4r2(1+a)—1) = )" sing (2mkz)®

4T2 (1 + a)
2 (A2 (1+a) — 1)

cosq (2mx)”
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Conclusion

In the thesis we study the local fractional Fourier series of one dimension and give
new examples, also we study the local fractional Fourier series of two dimension with
examples. Then the local fractional Fourier series of one and two-dimensional are used
to solve the local fractional Fredholm integral equation of the first and second kind.

Although the complexity in calculations, the method has shown its effectiveness in
solving local fractional Fredholm integral equations. The simulation method in section
5.1 can be modified to be valid for the second kind integral equations in which extra
calculations are needed to find the coefficients of local fractional Fourier series of the
unknown function. If time permits and for future work, using Matlab software, we will
design a solver program for any local fractional Fredholm integral equation.
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