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Abstract

Inverse Integrating Factor Method of Planar Autonomous
Polynomial Differential Systems

By

Bara’ Mujallii Jameel AboKhadra

This thesis is a survey study in which the inverse integrating factor for planar au-
tonomous polynomial differential systems has been done and some illustrative examples
are presented. Also, a quick survey on the relationship between the inverse integrating
factor and limit cycle is handled. Furthermore, some aspects of integrability problem,
invariant algebraic curves and their relations with inverse integrating factor for planar

differential systems are reviewed.
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Chapter 1

Introduction

System of Differential Equations is a wide field in pure and applied mathematics and
physics, as well as engineering, and all of these areas are concentrated on the study
of different properties of these systems. For example, pure and applied mathematics
focused on the existence and uniqueness of the solution, while applied mathematics
also searched for numerical solutions to these systems. So, many researches dealt with
differential systems and looked on the methodologies of solving such systems [1}/4} 5] 8-

10134].

The study of differential system in terms of the existence and uniqueness of the solu-
tion, stability, existence of periodic solution and other properties of solution is of great
importance in many applications as in physics for example. Some of such interesting
questions are related with the so-called qualitative theory of differential equa-
tions. The existence of first integral and inverse integrating factor are important tools

in the study of planar differential systems [12].

The method of integrating factor based on reducing ordinary differential equation of the
first order to an exact one. In the theory of elementary ordinary differential equations,
some exact equations can be solved by elementary integration method while most of
them can’t be solved in such method. the method of integrating factors is one of the

useful methods for this purpose. In the last decades, the researchers looked to that



problem from another point of view, so the study of the so-called inverse integrating

factor arose.

An inverse integrating factor is a very important function and perhaps it is the best
way to understand the integrability of two dimensional differential systems, because,
V(z,y) = 0 contains all limit cycles in the domain of definition of V. In general, the
expression of V' is simpler than the expression of the associated first integral and its

domain of definition is usually larger [1].

Planar autonomous polynomial differential system took a considerable attention by
many researchers. To be more specific, the existence of an inverse integrating factor
of planar differential system was one of the researches interests. Besides, inverse inte-
grating factor and its relation with many problems in the area of applied mathematics,
such as integrability problem, limit cycles, Lie symmetries, center problem, vanishing

set of an inverse integrating factor, for example see [19,20}23,29}40].

In this thesis, we will deal with a planar autonomous differential system of the form

d
¥ = —dj:P(x,y)
;o dy
y o= 5 =0Q@y), (1.1)

where P(z,y) and Q(z,y) are functions of class C' in the domain of interest, or elements
in the ring of real polynomials of two variables, R[x,y] with degree m = max(deg P,

deg Q). The vector field and divergence associated to system (1.1) will be respectively

X(z,y) = P(z,y)0x + Q(x,y)0y (1.2)

OP(z,y) N 0Q(z,y)

divX =
" ox Jy

9

A function V : U — R is said to be an inverse integrating factor of system (1.1)on an



open subset U of R?. if satisfies the differential equation [1]

oV (z,y)

oV (z,y) 3P(x,y)+8Q($,y)
ox

oy = ox oy

P(z,y) +Q(z,y) Wiz, y) (1.4)

Aldosary [1] showed the relation between inverse integrating factor and integrating
factor also they presented some examples P and Q belongs to the ring of real polynomials
in two variables R[xz, y]. Besides system in this thesis we will handle the following
system and state explicitly a condition that will guarantee the existence of the inverse

integrating factor for such system

:C/ - Pnl(xvy)+Pn2<x7y)+ +Pﬂk<xﬂy)

y/ = in(ﬂi,y) + Qn2<$;y) +oet an(x7y)

where P;(x,y)and Q;(z,y) are homogeneous polynomials in x, y of degree n; Associate

to the system the vector field

X(z,y) = Xai(z,y) + Xo(z,y) + ... + Xn(z,y) (1.5)

then the function

V(ZE, y) - (_yv ZL‘) ' (Cannl + CnQXn2 + -+ anXnk)

is an inverse integrating factor where X,; = (Pp; ,Qni) ,i =1,..., k.

Enciso and Salas [11] studied the existence of inverse integrating factor for an analytic
planar vector field in a neighborhood of its vanishing set. Berrone and Giacomini [3]
analyzed the properties of vanishing set of inverse integrating factor. Ferragut [12]

classified all quadratic systems that have a polynomial inverse integrating factors.
The existence of first integral and strategies of finding are in general not easy (Hamil-

3



tonian system is one of the easiest planar systems). Many methods have been applied
to construct first integrals, such as Lie symmetries, Noether symmetries, the Painlevé
analysis, the use of Lax pairs, the Darboux method and the direct method see |2} 38|

and references therein.

In 1878 Darboux introduced an easy method to build the first integral and the integrat-
ing factor for planar polynomial differential systems. The theory of Draboux has been
used to study various problems that are related to planar differential systems, such as
limit cycle, center problem, see [32] and refernces therein. In recent years, many authors
have extended Draboux theory taking in account some other terms such as exponen-
tial factors, multiplicity of invariant algebraic curves or non-autonomous polynomial

differential systems in the field of complex numbers |25]. [22]

In fact, Darboux Theory of Integrability deals with the number of algebraic invariants
and exponential factors in order to assure that a Darboux first integral exists. Also, he
showed how the integrability of a polynomial system could be forced from the abun-
dance of invariant algebraic curves. The idea of Darboux Theorem was to construct an

integrating factor and first integral for the system of the form

where f; invariant algebraic curves of the system [36].

Invariant algebraic curves is an algebraic curve f(z,y) = 0 ,where f(z,y) € R[z,y] ,
if there exists a polynomial k(x,y) called the cofactor of f(x,y) has at most degree
(m — 1) such that [8,36,,37]

P(z.y) of (x,y) +O(y) of (x,y)

o 5t = ) ). (1.6

A limit cycle of system (|1.1]) is a periodic orbit isolated in a set of orbits of the system.

In 1996, Giacomini, Libre and viano [17] showed the relation between limit cycle of



planar differential system and inverse integrating factor. the authors in |11] studied the
existence of inverse integrating factors for an analytic (algebraic) planar vector field in
a neighborhood of its non wandering sets and proved that there always exists a smooth
inverse integrating factor in a neighborhood of a limit cycle. The authors in [6] had
given a set of necessary conditions for a system to have an invariant algebraic curve, such
conditions are determined from the value of the cofactor at the singular points of the
system. Also, they applied the founded results to show the non-Liouvillian integrability
of several families of quadratic systems with an algebraic limit cycle. In [18] investigated
the non-degenerate center problem for polynomial vector fields as well as the relation
between the existence of an inverse integrating factor and the center problem. It is
known that if a planar differential systems has an inverse integrating factor, then all
the limit cycles [29] contained in the domain of definition of the inverse integrating
factor are contained in the zero set of this function. Using this fact they gave some
criteria to rule out the existence of limit cycles and presented some applications and

examples that illustrate the results.

Besides the introduction, this thesis consists of four chapters. In chapter two, elemen-
tary concepts about planar differential systems are introduced and compact formulas
of integrating factors of special types are also derived. Basic facts about inverse inte-
grating factors for planar differential system are presented in chapter three. Moreover,
some remarks and illustrative examples on the presented theory are discussed. Also, a
quick view about the relationship between limit cycle and inverse integrating factor is
presented. In chapter four, we studied some result of the integrability problem such as

Darboux theorem.



Chapter 2

Planar Differential Systems

In this chapter, some basic concepts that are needed in this thesis are presented. The
chapter consists of two sections. In section one, the planar autonomous polynomial
differential system is introduced. section two consists of the definition of integrating

factor and four formula of the integrating factor, besides examples on each case.

2.1 Planar Autonomous Polynomial Differential Systems

Consider the planar autonomous system which has the following general form

a' = P(x,y),y = Qz,y). (2.1)

The autonomous system is a system of ordinary differential equations that depend
explicitly on the state (z,y) and implicitly on the variable ¢t. The word “autonomous”
has Greek roots, means “self governing”. What makes the system planar is the fact
it has two dependent variables, x and y. If P,Q € R[z,y], then system is called
polynomial differential system of degree m = maz{degP, degQ}. The vector field and
the divergence of the vector field associated to the differential system are given in

the following two equations respectively:



X(z,y) = P(x,y)0r + Q(z,y)0y, (2.2)

OP(z,y) N 0Q(z,y)

divX = 2.3
' ox dy (2:3)

Also, system({2.1) can be written as
P(z,y)dx + Q(z,y)dy = 0. (2.4)

Definition 2.1 The ordinary Differential equation is called exact if there exists

0 0
a function f(x,y) such that 8_£ = P(x,y) and 3_£ = Q(z,y) and the general solution

is given by f(r,y) =c.

orP 0
So, equation 1) is exact if and only if 0 :8_Q’ otherwise it is not exact. To make it
Yy x

exact we multiply it by a suitable function u(z,y) which is called the integrating factor.

2.2 Integrating Factor Method for Ordinary Differential

Equations

In the present section, the method of integrating factor is presented and four types of

inegrating factors are deduced.

Remark 2.1 [43] p(z,y)is the integrating factor of equation if one of the fol-

lowing conditions is hold:

L div(p(z, y)P(z,y) , plz,y)Q(z,y)) = 0.

I(uP) N o(nQ)

2.
ox dy

=0.

3. Xp+ p div(P,Q) = 0.



Below we give exact formulas of the integrating factor u(z,y) for equation ({2.4)):

Case 1: If p is a function of x only then the integrating factor is

p(x) = exp/ i Qxdm. (2.5)
Q
Proof:  Since 2[ (x)P] = 2[ ()@, we have (x)gP = (x)gQ +1/'Q
' oy a ~ ot ’ a oy ) 5 i
or _oq
oo oy Oz . .
Therefore, — = T and the result follows immediately. OJ

Example 2.1 consider the differential equation:

(y —3)0x + 220y =0, then 2[,u(:c)(y -3)] = 0 [u(x)z?]. Therefore,

Jy T ox
Ou(z)
()

1
= [(1 — 2z/2?)dz, and the integrating factor is p(z) = exp(—— — 2Inz).
T

Case 2: If ; is a function of y only then the integrating factor function is

uly) = exp( @ Pydy) (26)

Example 2.2 consider the differential equation:

(2zytexpy + 2xy3 + y)ox + (2%y* — 2*y?* — 3x)0y = 0, then
p(y)

) = [(—4/y)dy, and the integrating factor is u(y) = 1/y*.
MY

Case 3: If i is a function of zy i.e p = p(u) where u = zy. Then

p(u) Py + Ppy = pQ, + Qug. Also, since 3y x and 5 = U
_ Op(w) Oui(u)
p(w) Py — p(u)Qe = yQ(z, y)w zP(z,y) o

p(u) — yQ(z,y) — xP(x,y)

P, — x
Therefore, pu(u) = exp ( i =0

yQ(*T?y) - xP(a:,y

8

)du) is an integrating factor.



Example 2.3 Consider the differential equation

(v* + 2y + y)dz + (2* + 2%y + x)dy = 0.

0 0
Since 8—P(x, y) = 3y* + 2zy + 1 ,a—Q(x, y) = 32% + 2zy + 1, the differential
) z

equation is not exact. According to the current case, simple calculations give

0

0
a_yp<xvy) - %Q(xﬁ‘/)

O —ePag ~ S v/ ey (@ = v*) = =3/(ay) = ~3/u

p(u) =exp [(=3/u)du = u~>.

Case 4: p is a function of l , o= p(u) where u = L in this case
Y

() Pla)) = ()@, v)

gy WP @.y)] = F Q. y

Op(u) Ou 1 0u(u)
ou oy y Ou

o)
similarly ,%,u(u) =

0 0

W) 2Pyt 0y "
Ou(u) W
() =G0

0 0
2 7 _ -
y 8yP(af,y) a%Q(fﬂ,y)

rP(z,y) +yQ(7,y)

T
hence, p(u) = exp [ G(u)du is an integrating factor where, u = =

where ,G(u) =




Tab. 2.1: Error function

Condition for P and @

Integrating factor p(u)
1

Remarks

P=yp(zy),Q =ap(zy) | p= P40 —yQ # 0;p(2),¢¥(Z) are any functions

P, =Qy. Py=—-0Q, = B Jler P + 4@ is an analytic function of the complex variable x+iy
PU;QI = ¢o(y) = expl[ 9 (y)dy] ¥(y)is any function

PVZQQJV o(x) w=exp|[ p(z)dz] () is any function

Pé:% =¢@+y) p=exp[fp(z)dz],z =z +y ©(z) is any function

5&’2:21; e(zy) w=explf p(2)dz], z = xy p(2)isany function

- gi;,g*) = () mu = exp[ [ p(z)dz], z = ¥ ©(2) is any function

féif,ﬁ = p(2® +¢%) pw=exp[} [p(2)dz], z = a® + y* | ¢(2) is any function

PUP_ Q= p(@)Q — ()P | p = exp[ p(x)dz + [y (y)dy] (), (y) are any function

ng:%w = (W) w=exp[[ o(W)dW] W =W (z,y) is any function of two variables

10




Chapter 3

Inverse Integrating Factor of Planar Differential

System

In this chapter, we drive some formulas for the inverse integrating factor of planar
differential system and then give some illustrative examples. The chapter consists of
three sections. In the first section, the definition of inverse integrating factor is given.
The aim of section two is to deduce formulas of the inverse integrating factor for the
system (2.1))) when P(z,y) and Q(z,y) are homogeneous polynomials in z,y of degree

i. Section three deals with the case, P(z,y) and Q(z,y) are in C*.

In system (2.1)), let P(x,y) and Q(x,y) be two continuously differentiable functions on

an open subset U of R2.

Definition 3.1 [1] . Afunction V : U — R is said to be an inverse integrating factor
of system if it is of class CY(U), it is not locally null and it satisfies the following

linear partial differential equation

ov(z,y) (6P(x,y) N 0Q(z,y)
oy ox dy

In other words, V(z,y) is an inverse integrating factor of system (2.1)) if it satisfies the

11



relation

X(z,y)V(2,y) = V(z,y)div(X(z,y)). (3.2)

, where divX stands for the divergence of the vector field X

3.1 Inverse Integrating Factor for Homogeneous Polynomial

System

The aim of the current section is to state a condition and prove a generalized for-
mula of the fact given in 1] and solve some examples to illustrate the presented the-

ory. Throughout this section, P(x,y) and Q(x,y) are two homogeneous polynomials in

Rz, y].

Definition 3.2 A polynomial P € Rz,y] is called homogeneous of degree n if P is a

; ; ; n .n—1 n—1 ,n
linear combination of ", " 'y, , 1y :

n . .
From the definition above, the polynomial can be written as P(z,y) = > a2 "y".
i=0

Also, we will use the notation P,(z,y) to indicate a polynomial of degree n.

Proposition 3.1 27/ If F(z) = F(x1,--- .x,) is a homogeneous polynomial of degree
m then F(ax) = a™F(z) fora € R

Theorem 3.1 (EulersTheorem) (/2] If F(xy,--- .x,) is a homogeneous polynomial

n
of degree m then Y x; 95 = mF(zy, - .x,)
=1

Example 3.1 : consider the following polynomial

F(x1,79) = 25 — 21179 + 375

12



is a homogeneous polynomial of degree 2 ,by Euler’s Theorem

OF
ij_. = $1(2[E1 - 21’2) + ZEQ(GZEQ - 21]1)
= 2(2% — 27129 + 323)
= 2F(131, I‘Q)
1
Corollary 3.1 (1] IfV is an inverse integrating factor for system ) then Vieg)
L,y

is an integrating factor on u -{ V=0} that is u/{(z,y) € u: V(z,y) = 0}

Theorem 3.2 [1,15/ Let P and Q be two homogeneous polynomials of degree n, then
the function V(z,y) = yP(z,y) — xQ(x,y) is the inverse integrating factor for the

following system

y = Qz,y). (3-3)

Proof: To prove that the function V(z,y) = yP(z,y) — 2Q(x,y) is an inverse in-
tegrating factor of system (3.3 it’s enough to show that the function satisfies (3.1)).
The partial derivatives of V' with respect to x and y are V, = yP, — 2Q, — ) and
Vy, =yP, — xQ, + P . Substituting these derivatives into the left hand side of to

get

Pz, y)Vo + Q(z,y)V, = yPP,—2PQ,— QP +yQP, — 2QQ, + QP

= yPPr_QZPQx‘F yQPy_xQva

13



the right hand side of is (P, + Qy)(yP — 2Q) = yPP, — xQP, + yPQ, — zQQ,.

Thus, from Eular theorem

= —P(Q. +yQy) + QyP, + zFy)
0
Remark 3.1 The function V(z,y) = A(xQ, — yP,) is an inverse integrating factor

for system, where A is nonzero constant.

The two follow cases will be taking is consideration:

Case 1: Consider the following planar system:

¥ = Pn(w7y) + Pm(xvy)

where n # m, P,, P,,, @, and @),, are homogeneous polynomials.

Theorem 3.3 [I] Let C,, and C,, be two distinct real numbers and X; = (P;, Q;). If

P; and Q; satisfy the following condition:

(14+n)C,, — (1 +m)Cy,
Cn—C,,

(3.5)

then an inverse integrating factor for system 18

Vi(z,y) = (—y,2) - (Co X + CXin). (3.6)

14



Remark 3.2 In theorem(3.3), let Vi, = (—=y,x) - (Pn, Q) and Vi, = (—y, ) - (P, Qn)

then the function V(x,y) = C,\V,+C,, Vinis an inverse integrating factor of system.

Proof: From equation (3.6)) we have

Viz.y) = (=y,2) - (CulPo; @n) + Con(Prn, Q)
= (—4,2)  (CoPo + Cou P, CoQu + Cr Q)
= —y(CPpu + Cri P + 2(CoQn + CriQ)
= Cu(=yPu + 2Qn) + Cri(Crn P + 2Qrn)

Example 3.2 : consider the following system

)
A x+y+§x2+xy—y2
7
y = x+2y+2x2+§xy—2y2.

5 7
Take Py=z+y, P, = §x2 +xy —y*, Q1 = + 2y, and Qy = 22 + STy~ 2y%. Then

5 11 3
P — Qs = (5 + 627y + 2y? — 2¢°) — (22° = 73523/ - 52392 —2y%)
1 1 1
= gttty
Also,
17 11 23
(2Qr — yP1)(Pow + Q) = 7$3 + 7m2y - ?x?f +3y°

(2Q2 — yP2)(Prz + Qry) = 62° + 32y — 9zy” + 3y°

15



2C, — 305
Cy Y Cy
Choose (4 = 3 then Cy = 1. Therefore,

Let A = , from condition 1| we have A = —5, which implies 2Cy = 3C}.

Viz,y) = (—y,2) (C1 X + CoX5)
9 5 7
= (ya)G@+yz+2y) + (5352 +ay —y*, 227 + 37— 2y%))
2

29,29 34,3 .2
= Sxy— Yy o +2" +y +w
3 T3y T3 Yy Yy

2
Remark 3.3 In ezample , C) = gCg, so the function

2 2 2
V= C'Q(ga:y - gyz + §x2 — 3zy® +y° + 62° + 2%y)

is an inverse integrating factor for the system.

Corollary 3.2 [/ If P,, P, Q., and Q,, are homogeneous polynomial satisfying
condition (Ppz + Qmy)(xQn — yPy) — (Puy + Qny) (2Qy, — yPy) = 0. Then the function

Viz,y) = (—y,z) - (X, + %Xm) is an inverse integrating factor for system (3.4]).

1
Proof: From remark 1D V=V,+ 7 i n Vin. To show that V' is an inverse inte-
m

grating factor for system (3.3)) it must satisfy condition (3.1). Now, P = P, + P,, and

1
Q=0Q,+Q,andlet C = —"
14+m

, then

16



Since P,, P,,, Q, and @),, are homogeneous polynomials , the functions V,, and V,,, satisfy

anna; + QnVny = (an + Qny)vn

and for k =n,m

ka = kay_Pk_yPky

Therefore,

P(WVpe + CVii) + Q(Vay + CViny) = (Prz + Quy)Vio + C(Prz + Quny) Vi
+ CP\Viye + PpVie + CQuViny + Qi Vay
= (Puo + Quy)Vao + (Prnz + Quay) Vi (3.7)
+ CP(Qm+ 2Qmz — YPmz) + Pr(Qn + Qo — yPoz)

+ Qm(IQny - Pn - yPny) + CQn<mey - Pm - mey)

On the other hand,

(Py+ Q) (Vi +CVy)) = PoVi+ CViPoy + PraViy + C P Vi
+ QuyVin + CQuyVir + Quy Vo + CVinQuny
= (Paz + Qny) Vo + C(Prng + @y ) Vi
+ CVnPrs + PV 4+ CQuyVi + Quny Vi
= (Pro + Quy)Va + C(Ba + Qny) Vim

17



From the definition of V,, and V,,, we have

+ (an + Qny)(xQn - ypn) + C(me + me)(QO - me)

For simplicity, let G(z,y) = P(Voe + CVinz) + Q(Viy + CViy) — (P + Q) (Vi + CV4p).
Then from equations (3.8) and (3.7) we have:

G(I, y) = CPan - CyPana: + Pan - mePna: + meQny - Qmpn + CxQany
- CQan - xQanx + yPanz - xQany + yPany - CQOPnz + CmePmc

- CmeQny + OmeQny + CxPanx + meQnac - mePny - CVyc2any

The terms CxP,,Qmz, TPy Qne, YQm Pry and CyQ, P,y can be written as

CxPana: = C(xPanx + yPany - yPany) = C(mPan - yPany)
meQn:c = :EPanx + meQny - meQny = anQn - meQny

mePny = mePny + mean - mePn:L‘ = nPan - mePna:

18



Thus, the function G(z,y) becomes

G(z,y) = CPuQum — cyPoPrz+ PuQn — yPo Pz + 2QumQny — QumPr + C2Q0Quy
— CQnPy —2QnPoy +yP, Py — 2QnQny + yPQny — CxQy Py + CyPy Py
— @QumQmy + CYLyQmy + C(MPQm — yPrQmy) + (nPnQn — yPuQny)
— (nPQm — 2QumPrs) — C(MPyQn — 2QnFra)
= CP,Qun+ PnQn — QnP, — CQ,P, +nP,Q, +CmP,Q,, — nP,Q,, — CmP,Q,
+ (2QmPrs + 2QmQny — YPmPoy — YPnQny — C2Qp Py — C2Q1Quy + CyPy Py
+ CyPnQny) + (C2Qn Py + C2QpQumy — CyPy Py — CyPyQumy — 2QnProy

After rearranging the polynomial in the last equation we get:

G(ZE, y) = ((1 + n) - (1 + m)C’)(Pan - Pan) - (O - 1>(me - me)(ng + Qny)
+ (C=1)(2Qn — yPu)(Prz + Qmy)

= (C - 1)[(376271 - yPn)(Pma: + me) - (me - me)(Pna: + Qny)] = 0.

11
Example 3.3 Let P, = 2z + vy, P, = 22 4+ 22y + 2%, Q, = —?x + vy, and Qs =

112% — 8zy + 2y?. Then

(Pay + Qo) (xQ —yPy) = (—%x2 + xy — 22y — y*) (6y — 62)

= 332° — 272y — 63°
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and

(Prp + Q1y)(2Q2 — yPs) = (11:53 — 8x2y + 2£Ey2 — :Egy — 2:Uy2 — 2y3)(3).

The given polynomials satisfy the condition in corollary (3.1), which implies 2C, = 3C,.
2
Choose Cy =1 then Cy = 3 Therefore,

V(I’,y) = <_ya £L‘) : (Cle + C12)('2)

11 2
= (y2) ety —Fr+y) + g((ﬂf2 + 22y + 297, 112% — 8xy + 2y°)
11 4. 22
2 2 3 3 2
= _ay— i P

Proposition 3.2 The following homogeneous system

v = ayx + agy + asx® +4 2%y + aszy® + agy®

Y = bix + boy + b3a® + bax®y + bsxy® + bey?. (3.9)
where a; and b; are assumed to be real and satisfying the following conditions:

(a1 + b2)(bs —ag) = (2a4 + 2b5)(bs — ay) — az(3as + by) + by(as + 3be)
(a1 4+ b2)(bg —as) = (a5 + 3bs)(ba — a1) — 2az(as + bs)
bi(3as+by = bs(as + by)
(3az + by)(by — a1) + b1(2a4 + 2b5) = (a1 + by)(by — a3)

ag(a5 + 3b6) = (16(&1 -+ bg),

Then the function V(z,y) = (—y,x) - (X1 + %Xd) is an inverse integrating factor of

system :
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Proof: Consider P, = a1+ asy, Q1 = bix +byy, Py = asx® +4 2%y + aszy? + agy® and
1
Qs = b3x® + byx’y + bswy? + by®. Choose C; = 1 and O3 = R So, it is enough to show

(P3y + Q3y)(xQ1 — yP1) — (Pra + Q1y) (2Q3 — yP3) = 0.

Ps, + ng = (3&3 + +b4)33‘2 + 2(@4 + b5)xy + (CL5 + 3[76)3/2

Q1 —yP1 = bia® + (b — ar)zy — azy®
The product of the above equations gives

(Pgw + Q3y>(SL’Q1 — yPl) = bl(3a3 + +b4)$4 + <2b1 (a4 + b5> + (3@3 + b4)(b2 - (11)).7333/
+ (bl(CL5 + 3b6) + 2(@4 + b5)(b2 — al) — CL2(36L3 + b4)) I2y2

+ ((as + 3bg) (b — ay) — az(3as + by))wy® — az(as + 3bg)y*.
On the other hand,

(P, + Q1y)(IQ3 —yP3) = (a1 + 52)b3$4 + (a1 + ba)(by — @3)$3y — (a1 + b2)a6y4

+ (a1 + b2>(b5 — (l4)l’2y2 + ((11 + bg)(bG — a5):py3

then the function V(z,y) = (—y, ) - (X1 + £ X3) is an inverse integrating factor. O

—17 9
Example 3.4 Consider system where Py = x+y, P3 = $3+T$2y—gzy2+%3y3,

Q1 =2z +2y and Q3 = 2° + %ﬁy +2zy® + 9y,

The given polynomials satisfy the condition in corollary (3.1), so the inverse integrating

factor is

Viey) = (—p2) (X + 2 X)

2
1 17 9 33 3 9
= (—y.2) [(x+y, 22 +2y) + = (2® — —2?y — —ay® + —¢°,2° — Sy + 22y® + —¢°)]

2 A FR AR 2 2
5 25 1 33 45
_ 902 _ 2 2,3 49 9 9 L o4 99 4 D3
Yy + 2 Y 4x Y+ 8xy —|—2x 16y +16xy
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Case 2: Now, Consider the following system

To simplify the expressions in the following results, we use the notation [P,, @,,] as

follows:

Pn@) = (PG G Q)+ (10— yP) (P, + Qi)

Corollary 3.3 In system , assume P; and Q; are homogeneous polynomials of
degree i and satisfying the following condition: [P,, Qm| = 0, [Pn, Qx| = 0, [P, Qx| =0,

where C,,, C,, and C}, are distinct constants. Then

V(z,y) = (—y, ) (Cr Xy + Crn Xy + Cu Xy) (3.11)

1s an inverse integrating factor for the system.

Proof:  Let V,(x,y) = xQ, — yPy, Vin(z,y) = 2Qp — yPp, and Vi(z,y) = 2Qx — yF.
Then from (3.2)) we have

Pmex + vamy - (Pm,c + me)vm

PiVi, + QiVa, = (Pr, + Qr,))Vi (3.12)
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Also, equation can be written as V(x,y) = C,V,, + C,V;n + CiVi. To show
that V(z,y) is an inverse integrating factor for the system, it’s enough to show that V/
satisfies equation (1.4), i.e PV, + QV, = (P, + Q,)V where P = P, + P,, + P; and
Q= Qn+ Qm + Q.

PV, +QV, = C,PV,, +C,P,Vy, +CiyPVi, +C, PV, + Cp P Vi, + Co PV,
+ CoPV, + Coi BV, + CuPVi, + CoQu Vi + CuQn Vi, + CuQ, Vi,
+ CoQmVi, + ConQu Vi, + CrQum Vi, + CoQi Vi, + Con Qi Vi, + C1Q1 Vi,
= Co(PVy, + QuVa,) + Con( P Vi, + QuiVin, ) + Cr(PiVi, + Qi Vi)
+ Co[Vao (P + Pr) + Vi, (@ + Q)] 4 Co[Vin, (P + Pr) + Vi, (Qn + Q)]

From ({3.12)) we have:

+ CulVi, (P + Pr) + Vi, (Qm 4 Qi)] + Co[Vin, (P 4+ Pr) + Vi, (Q + Q)]

+ CilVi, (By + Prn) + Vi, (Qn + Q)] (3.13)

On the other hand,

(Pe+Q)V = [(Po, +Qun,) + (P, + Qu,) + (Pr, + Qr)(C. Vi + Crl Vi + Ci Vi)

+ Cre(Pu, + Qn))Vi + Cr(Pr, + Qo )WVie + Cr(Pr, + Qi) )V (3.14)
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From equation(3.13)) and(3.14])

(Pr+Qy)V = (PVa +QVy) = Cou(Po, + @n))Vin + Con( By + Q)W + Con(Br, + Q) Vi
+ Ci(Pr, + Qny)Vi + Ci( Py + Qmy ) Vi + Cr(Pr, + Qi) Vi
— CulVio (P + Pi) + Vo, (Qu + Q)]
= CulVino (P + Pi) + Vi, (@ + Q)]

- Ck[vkz (Pn + PM) + ka (Qn + Qm>] (3'15)

The last three terms in equation (3.15)) are computed as follows

CoVoo (P + Py) = Cp(Qn + 2Qn, — yF,) (P + D)
= CulQnPun + QnPr + 2Qp, P 4 2Qn, Py — y Py, Py — yPo, Pi]
CoiViy (@ + Qr) = Co(=Fu+2Qn, — yPo, ) (Qum + Q)
Col=PnQm — PuQp + 2Qn, Qrm + Qn, Q. — P, Qm — P Q]
CoVine (Pa+ Pi) = Cin(Qum + 2Qm, — yPn, ) (P + P)

CnVin, (Qn + Q) = Con(=Po + 2Qm, — YPn, ) (Qn + Q)
Con|=Qn P — Q1P + 2Qu, Qn + Qu, Qk — Y P, Qn — y P, Q]
CiVie,(Po+ P) = Ciu(Qr + 2Qu, — yPr, ) (Pa + Prn)
= CplQrP, + Qi Py + 2Qy, Py + 2Qy, Py — yPr, P, — y Py, P
CiViy (Qn + Qm) = Ci(=Pr + 2Qk, — yPr, ) (Qn + Q)

= Cp[-QnPr — QuPr + 2Qp, Qn + Qk, Qi — YPr, Qn — Y Pr, Q]

Substituting the above equations into equation (3.15)) and applying the Euler’s Theorem
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(C — Coro 4 1C — MCi) PO + (o — Cin — 1Cip + 1 Cig) PaQu + (Coo — Co — nChy +
kCy)P,Qk + (Cy, — C, — kCy + mCip,) PeQp + (Cy — Cry — mClyy + kCy) P Qr + (Cr, —
Cr +nCy — kCy) PuQn + Co(2Qm — yP)(Po, + Qn,) + Co(2Qr — yPy) (P, + Qn,) +
Cin(2Qn — YPn)(Prny + Qm,) + Cr(2Qr — yPr)(Proy + Q) + Cu(2Qn — yPy)(Pr, +
Qi,) +Cr(@Qm—yPn) (P, +Qr,) = Cn(2Qn —yPn) (P, +Qm, ) +Cr(2Qp —y Py ) (Pr, +
Qi) +Cn(2Qm =y L) (P, + Q) + Crn(2Qun — y L) (Pr, + Qi) + Cr(2Qr —y L) (P, +
@n,) + Cr(2Qr — yPr) (P, + Qm,)

Rearranging the terms of the above expression and from the condition we get:
LG = U X G Q= PuQu) + 2 Qu=yP) (P + Q) ~ (2Qu—yPo) (Pt

Cn—C,

0,4 LEMCn = (L C,
ny Ok - Cm
= k% = g + )G (PrQn — PuQr) + (2Qn — yPu) (P, + Q) —

YPy) (P, + Qm,) +
(2Qk — yPiu) (P, + Qn,) = 0.

Therefor,the function

V(Ia y) = Cnvn + C1m‘/vm + Okv;c

is the inverse integrating factor.

In system(3.10]), consider the following subsystems @’ = P,(z,y); v = Qu(z,y), 2’ =
Po(x,y); v = Qm(x,y) and 2’ = Py(x,y); v = Qx(z,y). Then from remark, the
functions Vi, (z,y) = %(C’nVn + ClVin)s Var(z,y) = %(C’nVn + Ci Vi) and V(x,y) =
§(C’ka + C,,V,) are inverse integrating factors of the above subsystems respectively.
Taking in account that the condition of corollary is fulfilled, equation can
be written as
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Example 3.5 Consider the polynomial differential system with P, = —x + v,
Py = 2% —3xy, Py = —2® — 2%y —4day?, Q1 = —v +y, Qy = 3wy + 9>, and

Qs = =53 — 2%y — xy® + y°.

3 3
Choose C = 1, then Cy = 1 and C5 = 5 easy calculations show that the condition of

corollary (3.3)) satisfied, then the inverse integrating factor is

3 3
Viz,y) = (~y,2) (X1 + ZX2 + EXS)
3 3
= (~y,2)- (o +y,—z+y) + - (2° = 3wy, —3vy + ) + Z(—2® — 2’y — day®, —52° — 2%y

4
= 2zy — 2 —y® — 32y + 3xy® + 3ay® — 32

5

Remark 3.4 In comllary, if (Qn—YyPp) (P +Qm,) = (2Qm =y Pr) (P, +Qn,) =

0,(2Qn—yPp)(Pr, +Qk,) — (2Qr —yPr) (P, +Qn,) = 0 ,and C,, = 1, Then the function

1 1
Vz,y) = (—y,z)(X,+ ] :;Xm—i- 7 j: ZXk) is an inverse integrating factor for system

3. 10

Example 3.6 Consider the polynomial differential system with P, = 2x, P, =

18 24 2
_E:EQ +Z’y, P3 = %ZB’ Ql =2z +y: QQ = _€$2 + 51/2 ; and Q3 = §$3'

Choose values for a set of parameters,Substitute these values in the conditions obtain
2 1

through corollary, Choose 7 = 1, then Cy = 3 and (5 = 37 long calculations

show that the condition of corollary (3.3) satisfied, then the inverse integrating factor

1S

Viey) = (—p.2)- (X1 +2Xs+ 2 X3)

3 2
2, 18 24 2 1.1 42
= (—y,x) (22,22 +y) + g(—ga:Q + xy, —€x2 + ng) + 5)(5373, ga:?’)
12 2 16 1 1
= —ay+22° + Eﬁy — gny - Ex3 — ax?’y + §x4
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3.2 Inverse Integrating Factor for Planar Differential System

of Class C!

Consider the planar autonomous differential system of the form (2.1)) with vector field
of the form (2.2) and divergence divX = P,(z,y) + Q,(x,y), where P(z,y) and Q(z,v)

are functions of class C'. Also, consider the following two hypotheses:

1
P(x,y)Q(,y)

Hypothesis 3.1 The expression [P.(z,y)Q(x,y) — P(x,y)Qu(x,y)]

depends only on x.

1
P(x,y)Q(,y)

Hypothesis 3.2 The expression [P(z,y)Qy(z,y) — Py(z,y)Q(x,y)]

depends only on v.

Theorem 3.4 (1] (i) If hypothesis holds, then the inverse integrating factor of
the system 18

1
P(x,y)Q(,y)

‘f<x,y>::c9<x,y>expu/" (Py(2,9)Q(a,y) — P(x,4)Qulz,y)] dr. (3.17)

(i1) If hypothesis holds , then the inverse integrating factor of the system I8

1
z,9)Q(z,y)

Vi) = Pas)es [ 5 [P, 0)Qy(w1) = Py, )@ )] dy. (3.18)

proof of part (i) is in [1] Below we give the proof of part (ii),

1
P0Gy Q@ y) = P 9)Q(y)], then

V(z,y) = P(x,y) exp( [ R(x,y)dy). Hence, V,, = P, exp([ R(z,y)dy) and,

Proof:  First let R(z,y) =

V, = PR(z,y) exp([ R(z,y)dy)+P, exp([ R(x,y)dy). Now, the function V is an inverse
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integrating factor if it satisfies equation(|1.4]),

PV, +QV, — Q[PRexp (/Rdy) + P, exp (/Rdyﬂ +P{Pxexp (/Rdm)]

= exp (/Rdy) [P,P+ P,Q + PQ, + QP,]
= exp </Rdy) |[P,P+ PQ,|
= Qexp </Rdy) [Py + Q)

= (Pt @)V (z,y).

One can follow the same line to prove part (i) O

Example 3.7 Consider the differential system

¥ = y’zr+uz,
y = —
22z
297 —2y? —1 —4y? -2
Elementary calculations yield R(r,y) = — Y ( i ) = z which depends
v+ oy y(y* +1)

on y only. Then the inverse integrating factor is

Vo) = Paew [ (oo
= (v +2)emp(-In(y' +y?)

y?

P(l’,y) - Q<x7y)—

Corollary 3.4 [1] for the system
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¥ = H(z,y)Fi(2)G1(y)

y = H(x,y)Fy(x)Ga(y)

the inverse integrating factor is V(x,y) = H(z,y)Fi(x)Ga(y)

Proof:  Firstly,

1

R(ﬁ, y) = m[(HFQGgy + HngGg)HFlGl — (HyFlGl + HFlGly)HFQGQ]
11422
1
= (HGqy + H,G2)G1 — (H,G1 + HG4,) G5
HG.Gy
1
- m[HGzyGl - HGlyGQ]
_ Gy Gy
Go G’

which depends on y only, so by theorem(3.4)) the inverse integrating factor is

1 0Q(z,y)

V(z,y) = Plzy) eXp/( Pagowy oy L@y = Oy = =lldy
- HepR@G e [[22 - 2y
G
= H(%y)Fl(x)Gl(?/)(G_Q)
1
= H(z,y)Fi(2)Ga(y).
O
Corollary 3.5 [1] for the system o' = F(x)G(y), v = H(x,y).
(i) ]f% depends only on x, then V(x,y) = H(x,y)exp (f de)
(i) If % depends only on y, then V(x,y) = F(x)G(y) exp (f %dy)
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Proof:  (ii) First compute the function R(z,y)in the proof of theorem (3.4])

1

By = Faprma) " o HOH
_ Hy Gy
- 77

H
if # depends only on y , then R(x,y) also depends on y only. By theorem,

V(z,y) = P(x,y) exp [ R(z,y)dy = F(2)G(y) exp (f wdy)-

UJ
GH

Example 3.8 Consider the differential system

o = (5r+1)(y° - 2y)

y = 2'y+y

H 1
F(z) =5z +1, G(y) = y*> — 2y,and H(x,y) = 2y +y, then Fy = — then the function
Y

V(x,y) = bry + y is an inverse integrating factor.
Theorem 3.5 [1] for system (2.1)) if there are functions F(x,y), G(z,y) and h(y)

such that

F(z,y)
G(z,y)

Q(z,y) = [F(z,y) +

P(z,y) =

h(y)F(z,y) I G (z,y)/0x
G(x,y) (G(z,y) + h(y))?

then the function V(x,y) = F(x,y) + W
T,y

s an inverse integrating factor.

Application on this theorem may involve some guessing and inspection for choosing
suitable function F, G andh which may be not easy. The function h(y) can be chosen

in away that simplifies the integral and integration operation. One of suitable choices

could be h(y) = —G(0,y).

Example 3.9 In theorem , let F(x,y) =2*+2y,G(z,y) = y* + ry and

22y? + 20y + 2223 + 223y% — In(23y? + 23 3+ 2y
Qz,y) = ( ) Then Pla,y) = e

d
222 + 23y an
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xty + 2y

h(y) = —G(0,y) = —y?. Therefore, the function V(x,y) = n
rTy

1S an inverse

integrating factor.

Corollary 3.6 for the system ' = H(z,y)F(x), v = G(y).

H F,H+HF
(i) [fﬁ depends only on z, then V(z,y) = G(y) exp (f gdw)

FH

H HG, — H
(ii) Ifﬁy depends only on vy, then V(x,y) = H(x,y)F(x)exp <f Mdy)

GH

Proof: (i) First compute the function R(z,y)in the proof of theorem ({3.4)

(HF, + FH,)G]

| —

F. | H
F ' H

(2)G(y)

H,
if T depends only on z , then R(z,y) also depends on z only. By theorem7

V(z,y) = Q(x,y) exp [ R(z,y)dz = G(y) exp (f %m)

(ii) First compute the function R(z,y)in the proof of theorem ([3.4)

1
_ Gy Y
- G H

H
if Fy depends only on y , then R(x,y) also depends on y only. By theorem,

V(z,y) = P(x,y) exp [ R(x,y)dy = H(z,y)F(z)exp (f HGyG—HHdey>

Example 3.10 Consider the differential system
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v = 203 (xy? + 1)

y/ — 2y2 + 1

H, 1
F(z) = 22, G(y) = y* + l,and H(z,y) = zy* + z, then T depends only on z
T

then the function V(z,y) = 22'y? + 2* is an inverse integrating factor.

Example 3.11 Consider the differential system

g = (P +1)

y/:y?)

H. 2
F(z) = 22 + 1, G(y) = y*,and H(z,y) = zy?, then ﬁy = — depends only on y then
Y

the function V(z,y) = 2In(y)zy?(z* + 1) is an inverse integrating factor.
Example 3.12 consider the polynomial differential system
t=2*(y+1) y=2xy F(x) =2*> ,G(y) = y + land H(z,y) = 2xy by corollary (2)

H 1
, 0 /&C:—depend on x
H x

Viz,y) = H(x,y)eXp/(a””

2y+1) . 2wy

I

has

is an integrating factor so, the system = =

Wz, y)

- 222y 222y 222y
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?(y+1) 2y
33’2(y—|— 1) Q'Ty . 0 2z2y + 222y —0

202y ’2x2y)_ Ox dy

zero divergence div(

Example 3.13 consider the system

(3zy + y*)0z + (22 + 2y)dy = 0
V(,y) = y(P(z,y) —2(Qz,y) =yBry+y?) — a2 +ay) =3ay® +y° —a® -2y
is an inverse integrating factor
1 1
V(z,y) 3zy®+y3 — a3 — 22y
P Q. 6x%y* 4+ 623y + 2293 — 62%y* — 623y — 293
div(—, =) =
(Bzy? +y* — 2% — 2?y)?

is an integrating factor then

=0.

vV

3.3 Limit Cycle and Inverse Integrating Factor

Inverse integrating factors are of the useful methodologies in the study of differential
systems. Indeed, investigating the behavior of trajectories of that system in a neigh-
borhood of each stationary point is important in analyzing differential systems which is
connected to the so-called limit cycle. Therefore, many authors have been studied the

relationship between inverse integrating factor and limit cycle [7,[15|17,/19,23,29,40]

In this section, we present a brief survey on the existence and nonexistence of limit
cycle of autonomous differential system using Bendexison theorem, linearization method
and finally through the existence of inverse integrating factor. Consider the following

differential system

Y = Q(z,y). (3.19)

Suppose (z,y) is a solution of system(3.19)), its parametric representation defines a
smooth curve in zy—plane. As ¢ changes, the position (z(t),y(t)) will change a long

that curve. Such a curve with direction is called orbit or trajectory of system(3.19)). If
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there is a postive number k such that z(t) = z(t + k) and y(t) = y(t + k) then the orbit

is called periodic.

Definition 3.3 [28] A point (v,y,) is a critical point of system(3.19) if and only if

P(ono) =0 and Q(xoyo) = 0.

Definition 3.4 /28] Let U be an open subset in R?. A limit cycle of system s
a periodic orbit v € U for which at least one other solution tends toward v ast — —oo

or vy — 00.

Definition 3.5 A domain D is called simply connected if every simple closed in D

encloses only point of D.

Theorem 3.6 (Bendixson) (28] Suppose that U is a simply connected open subset
of R%. If P, + Q, is of one sign then system has no limit cycle.

Example 3.14

W=y — o + )

Yy =—-z+y—y@*+y>

Since P, + Q, = y* + 2> +1 > 0 for all x and y, the differential system has no limit

cycle.

Now, assume that system (3.19)) has (0,0) as a critical point, if not it can be moved to
the origin by a suitable transformation. So, by Taylor expansion, the functions P(x,y)

and Q(z,y) can be expanded as follows

P(z,y) = ax+by+p(z,y)

Qz,y) = cr+dy+qz,y)
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where a = P,(0,0), b+ P,(0,0), ¢ = Q,(0,0) and d = @,(0,0). Thus, the linearization

of a non-linear system is given by

/

x Px(l‘ovyo) Py(xoayo) x

Yy Q1<x0790) Qy(xm 3/0) Y

To understand the behavior of trajectories of the nonlinear system we convert the system

to polar coordinates by letting © = rcosf ,y = rsiné, ¥ _ tand and r? = 2% + 12

x
dr de dy . o, A0 rsind 1

Then P = ety = rcos P + rsinf @), sec*0 dt — r2c0s20 + rcost @
Thus,

d

d_z = cosf P+ rsinf QQ

do sinb cost

_ p . 2
dt r " r ¢ 0

where P = P(r,0) and Q = Q(r,0)

Example 3.15 Consider the polynomial differential system

¥ = oty — 2@ + o)
Yy =—-z+y—y@*+y?

1
We notice here that P,+(@), has a negative sign in the region {(95, y):a?+y? < 5} and

a positive sign in {(w, y) s x® +y* > %} So, Bendixson theorem says nothing about
the existence of the limit cycle for the given system. So, in order to see whether the
system has a limit cycle or not we use the method of linearization of nonlinear systems
together with the polar transformation as follows:

Since the critical point of this system is (0, 0),the linearization near the critical point,
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is given by

The polar form of the system using (3.20)) is

dr do
—=r(1—-7r?, —=-1.
From the polar differential equations, ¥ = 0 whenr = 0 or » = 1.r = 0 corresponds to

the critical point(0,0) ,but r = 1 corresponds to a periodic cyclez? + y* = 1

note that 6 is decreasing and if r > 1,then 7 < 0 so the direction of trajectory spiral
in(goes toward the origin). If » < 1, then " > 0 ,and the direction of the trajectory
spiral in. All trajectories converge to the periodic trajectory r = 1.so, r = 1 is an stable

limit cycle of the system.

)

NG

-

Fig. 3.1: Stable limit cycle

consider a planar autonomous differential system of the form defined in an open
subset U of R%. Recall that a non-constant continuously differentiable function V :
U — R an inverse integrating factor vector field X = (P, Q) if it satisfies XV = VdivX
on U.

Theorem 3.7 @/ Let P(x,y) and Q(z,y) be continuously differentiable functions
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the vector field X = (P,Q) defined in open subset U of R? admits an inverse integrating

factor | if v is alimit cycle of the vector field (P, Q)in the simply connected domain of

definition V then is contained ) = {(z,y) €e U :V (z,y) =0}

Theorem 3.8 [19] the vector field X = (P,Q) defined in open subset U of R? admits

an inverse integrating factor of the form V= V(Z) , where Z= f(x,y) if and only if
div X
(P f +Q 1)

inverse integrating factor is of the form

= U(Z), where {(Z) is a function exclusively of Z and in such case the

V = expl / ((5)0s). (3.21)

moreover if v is a limit cycle of the vector field (P, Q)in the simply connected domain

of the form of (1.1) then vy is contained in y = {(ac,y) cu: exp(fZ 0(s)0s = O} :
Example 3.16 Consider the differential system

P=xz
Q =a—-2
show has no limit cycles in the domain R*/ {(z,y) : x =0} ?

Assume that system has an inverse integrating factor of the form V= V(Z) , where Z=

f(x,y) = x

oP 0
VoGt
VZ — :—:g(l')

P €T

h (J° —Los) =

ence v = exX —O0S) = —
p S e

applying theorem (1.1) system has a limit cycle in the domain V if a limit cycle con-

tainedin Y = {(z,y) € u: 2 = 0} ,but V='(0) = ¢ therefore system has no limit cycles
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in the domain of V R?/{(z,y) : x = 0}

Note :-the correct conclusion the system does not have limit cycles in the simply con-

nected domain of deinitin of V , this domain is not all R?

For example suppose £(s) = which implies that v = exp([*¢(s)ds = Inuz,

(slns)
therefore applying theorem (1) if « is a limit cycle of the vector field (P, Q) in the

domain of V |

which is in this case x > 0, then 7 is contained in ) | = {(z,y) € u: V (x,y) = 0} ,therefore
the vector field (P, @) has no limit cycle for x > 0 ;but it has limit cycles in the domain

z < 0.

Corollary 3.7 [29] . If P,Qare homogeneous polynomials of the same degree then the

differential equation (1) has no limit cycle

Example 3.17 consider the differential system show it,s has no limit cycle

P=z*y+y
Q=a’+y’°
P, () are homogeneous polynomials of the degree 3,then V = yP — x(Q) is an inverse

integrating factor

V = 2%y* +y* — 2 — zy? is homogeneous polynomials of the degree 4 ,by corollary (3.7)

the system has no limit cycle.
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Chapter 4

Integrability Problem and Inverse Integrating

Factor

The integrability problem is mainly related to planar polynomial differential systems of
the form . The problem of finding such a first integral and the functional class it
must belong to is what we call the integrability problem. To find an integrating factor
or an inverse integrating factor is closely related to finding a first integral for it. An
important fact of their results is that invariant algebraic curves play a distinguished
role in this characterization. Moreover, this characterization is expressed in terms of

the inverse integrating factor.

In this chapter, we study some aspects of the integrability problem .This chapter consists
of three sections. In the first section, the definition of first integral and examples are
given. Invariant algebraic curves for planar polynomials system is presented in section
two. Besides, two methods for finding the invariant algebraic curves are described. In

Section three we discussed the Darboux Theorem.

4.1  First Integral

Consider the planar autonomous differential system ({2.1)) ,where P(z,y) and Q(z,y) are

functions of class C'!, or elements in the ring of real polynomials R[z, y|, with associated



vector field of the form ([2.2)).

Definition 4.1 [/3] Let U be an open subset of R?. A continuously differentiable
function H : U — R is said to be first integral of system if H(x(t),y(t)) =

constant for any t such that (x(t),y(t)) is contained in U.

OH Oxr OH 8y

Remark 4.1 H is the first integral t donly if ———
emar is the first integral of sys em 1) if and only if == o oy ot

We say system (12.1)) is integrable on an open subset U C R? if the system has a first
integral function in U, see [43]. In fact there is no general method for finding the first
0
integral for system 1’ Writing the two differential equations in terms of 6_y is one
x

of the tricks for finding the first integral, which we will see in the examples below.

Example 4.1 [}5][Hamilton system]

, _ O0H(w,y)
r = oy
OH (x,y)
/o )
y = oxr

OH 0 OH 9y OH _9H  9H OH

Since o T oy o "oy Ty

first integral of the system.

) = 0, the function H(z,y) is a

Example 4.2 Consider the system

r =Y,
y’ = —x4a
.. ) dy —x+ 23 )
divide the second equation by the first one to get e Then the first integral
z Y
1.4

followed immediately which is H(z,y) = y* + 2 — 2.
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Example 4.3 Consider the system

xr = x—uzy,
v o= vy
d
divide the second equation by the first one to get d_y S Then, the first integral
x x
followed immediately which is H(z,y) = zy.
Example 4.4 Consider the system
¥ = xcosy+ xy,

Yy = xsinx.

d .
divide the second equation by the first one to get d—y = yfé‘omsy. Then, the first integral
x

followed immediately which is H(z,y) = —cosz — siny — %yQ.

4.2 Invariant Algebraic Curves for Planar Polynomials

Systems

Consider the planar autonomous differential system (2.1) where P(z,y) ,Q(z,y) are

polynomials. Let m = maxz{degP,degQ} and f(z,y) € C|x,y].

Definition 4.2 [§,|37] The algebraic curve f(x,y) = 0 is called invariant Algebraic

Curves if there exists a polynomial K(x,y) of degree at most m — 1 such that

of (z,y)
ox

Q) %yy) _ K(ny) f(a). (4.1)

P(z,y)

The polynomial K(z,y) is called the cofactor of f(x,y) = 0.

41



If f (x, y) = 0 is an invariant algebraic curve with nonzero imaginary part and a certain
cofactor k(x, y), then its conjugate curve f(x,y) = 0 also satisfies with cofactor
k(x, y). Hence, the product of these complex polynomials f(x,y)f(z,y) € R[x,y] [14].
Usually Invariant algebraic curves can be computed by the method of undetermined
coefficients. In other words, we Write:P% —|—Qg—£ = K f. This gives a polynomial system

in the unknown coefficients of K and f. In the following two subsections, the algorithm

of two methods given in [36] will be desribed.

4.2.1 The First Method

Definition 4.3 A monic polynomial is a polynomial in which the coefficient of the

highest order is 1.

The leading term of a monic polynomial is the term of highest order, denoted by I(f).

We summarize the algorithm of the first method in the following steps:

1. Construct all monic polynomials f; such that degf; < m

2. For each f; do the following

(a) Calculate F; = P(z,y)%4 + Q(z, y)aa_J;_

(b) If I(f;) divides I(F;), then construct plynomial k; with undetemined coeffi-

cients of equal to degree(F;) — degree( f;)

(c) If the system is consistenct then all unkown cofficient f; and K; can be

determine, otherwise jump to the next f; .

Example 4.5 Consider the polynomial differential system with the polynomials

P(z,y) =y, and Q = —y? — 42 — 4x.

Apply the algorithm when the degree of the monic polynomial is 1, so we construct

the polynomials f; = ay + x and, fo = ay + asx + y. For fi, we have F| = y, and
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it’s clear that [(F}) is not divisible by I(f;), the method fails. For f;, we have F, =
—4x+ay—y*—42?. since [(Fy) = —y? is divisible by I( fo) = vy, we choose Ky = by —byy,
then all unkown cofficient f, and, K5 can be determined with undetemined coefficients,
we have bjas = —4,ay = 0, the method fails. Therefore, Apply algorithm when the
degree of the monic polynomial is 2, so we construct the polynomialsf; = a; + 22 and,
fo = a1 +asz?* +y?. For f1, we have F(1) = 2zy and, it’s clear that [(F}) is not divisible
by I(f1). For fa, we have Fy = 2asxy — 2y° — 8z%y — 8xy. since [(F,) = —2y3 is divisible
by I(f2) = y?, Therefore, we choose Ky = by — 2boy, then all unkown cofficient f, and
K, can be determined with undetemined coefficients, we have f = 42% + y?, K = —2y

Similarly, we can do this for other cases.

4.2.2 The Second Method

The algorithm of the second method can be summarized as follows:

1. Construct all monic polynomials with undetermined coefficients f;

2. For each f; :

(a) calculate F; = P(x, y)% +Q(x,y) %J;i.

(b) if I(f;) divides I(F;) then

[(F(new))
1(f(@)

(ew) — Ffold) — . x (Fl0l)
Fifnew) = Fold) ~ f; x ~jres

—~

ki(new) = k;i(old) +

(c¢) Do this process until F; =0

(d) If the system consistenct, then all unkown cofficient f; and K; can be de-

termined , otherwise jump to the next f; .

Example 4.6 Consider the polynomial differential system where
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P(z,y) = 22%y —z and Q(z,y) = 2zy* +y

Apply the algorithm when the degree of the monic polynomial is 1. First, let f; = a1+,
then F| = 22%y —x. it’s clear that [(F}) is divisible by I( f;)then, k = 2zy.Also, we have
Flnew = —2a1zy—z, and it’s clear that [(F}) is divisible by I( f1)then, k1, = 22y—2aly.
next we have Fi,., = 2a?y — x, Then, [(F}) = 2a3y is divisible by I(f; = z) only if
a; = 0 80, kipew = 2y we have Fl,e, = —x, and it’s clear that [(F}) is divisible by
[(f1)therefore we obtain f = x and k = 2xy — 1 in this case.

For fy = a; + asx + 1y fo, we have Fy = 22%yas — xas + 2xy? + y and it’s clear that
[(Fy) is divisible by [(fy)then, k = 2zy. Also, we have Fy = — 2ayzy + y — asx,
and it’s clear that [(Fy) is divisible byl(fy)then, k = 2xy — 2a;x. next we have F; =
2a 0902 + y + (242 — ag)x, then, [(Fy) = 2ajas2? is divisible by I(fy = ) only if
ajas = 0 so, k = 2xy — 2a1x. Also, we have Fy = y + 2a} — ap)x, that, I(F}) is
divisible byl( fy)then, k = 2xy — 2a;x + 1. Next, we have (Fy) = (2a? — 2a3)z — a4, so,
[(Fy) = (2a% — 2as)x is divisible by I(f, = y) only if (2a? — 2ay) = 0, solving ajas = 0

and, 2a? — 2ay = 0, we get a; = 0,ay = 0. so we obtain f =y and, k = 2zy + 1.

4.3 Darboux Theorem

Draboux in 1878 showed that if a planar polynomial system(2.1)) of degree m has at

1
least 1 + %

invariant algebraic curves, then it has a first integral. The original
Draboux theory of integrability of planar polynomial systems has extended to many
versions considering not only the invariant algebraic curves but also the multiplicity
of algebraic curves, the exponential factors and some other, for aspects. for details,

see |38]. The idea was to construct an integrating factor, first integral and inverse

integrating factor are summarized in the following theorem

Theorem 4.1 (Darboux) [36] Suppose that a polynomial system of degree m
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admits q invariant algebraic curves f; =0 with cofactor k; fori=1,...,q.

m(m + 1)

(a) If g > 1+ then the function fi*--- 5q is a first integral of system ,

q
such that > 0;k; = 0 where £;’s not all zero.

1
(b) If ¢ = M then the function ffl e ffq for suitable ¢; not all zero is either a
q q
first integral where Y {;k; = 0, or an integrating factor where Y {;k; = —div(P, Q).
1
(c) If ¢ < % then the function fi- - ffq and there exist {; € F' not all zero

q
such that > 0;k; =0, H = ffl e f(fq then is a first integral.

m(m + 1)
2

then the function fi*- .. ,fq and there exist £; € F' not all zero

(d) If ¢ <
q
such that 3 lik; = —div(P, Q). then R = fi ... ffq is an integrating factor.

The function ffl ------ ffq is called either a Draboux first integral or a Draboux inte-

grating factor for system ({2.1)).

Remark 4.2 The function V = fl ~~~~~ ff“ for suitable ¢; € F not all zero and

q
> Uik = div(P, Q) is an inverse integrating factor for system .

Proof: Toshow V = fit...... f(fq is an inverse integrating factor for system 1) it’s
enough to show that equation 1} is satisfied. The partial derivatives of V' with respect

q
toz and y are V, = Z Gfit afl H Fand V, = Y &fili_l Of; H ¥ respectively. Hence
k‘;éz i=1 k;éz

k#l k;éz

_ ngeq H 8fz Qafl)

ki

but f; satisfies P35t af L+ Qaf L = K f; since it’s an invariant algebraic curve with cofactor
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ki fori=1,...,q. So,

PV, +QV, = Zﬁiffrl(nfifk)([(ifi)-
i=1 kot

= Z &'Kiffi_l(H i)
i—1 k=1

q
= VY LK = (P +Q)V
=1

As an application on this theorem, we solve the following two examples.

Example 4.7 Consider the polynomial differential system with P = 2>+ 1 and

Q=2+ —uzy.

The degree of the system is m = 3, from example [1.5] the invariant algebraic curves

are fi = x+1 ,f, = x —1 with cofactor ky = x — i, ks = x 4+ i. Since the number

: : : : +1 . :
of invariant algebraic curves is < %, the function fi*- - ffq for suitable ¢; € F'
not all zero is either a first integral and ) ! /;k; = 0, or an integrating factor and
—1

Y1k, = —div(P,Q) = —x. So, {1(x — 1) + la(x + i) = —z and hence ¢4 = ly = -
Then, R=flfle = (z+i) 2 (x—i)2 = (22 +1)7.
On the other hand, V is an inverse integrating factor if > 7 (;k; = div(P, Q). Thus,

V=filfy = (@+i)3(e—i) = (@ +1)2.

Example 4.8 Consider the polynomial differential system with P = 22%y — x

and Q = 2xy® + .

The degree of system m = 3, Invariant algebraic curves are f; = x f, = y with cofactor
ky = 2xy — 1, ky = 2xy + 1. Since the number of invariant algebraic curves is less than
6, the function ffl ------ f(fq for suitable ¢/; € F' not all zero is either a first integral

and > 7 l;k; = 0, or an integrating factor and ) ! {;k; = —div(P, Q). So, —div(P, Q) =
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—8xy = (1(2xy — 1) 4+ l,(2zy 4+ 1) — 2(2zy — 1) + —2(2zy + 1). Then, R = fi 2 =
(zy)~2. Also, V is an inverse integrating factor if Y 7 (;k; = div(P,Q), which implies

V=fitfy = (ay)’

Remark 4.3 the relationship between a first integral H and its associated inverse in-

tegrating factor V is given by

—P(ZE,y) Q(x,y)
Sl (4.2)

Ay O

Proof: If the differential system (1) has p integrating factor then
&= P(z,y)u(z,y)

j=Qz, y)u(z,y)
is Hamilton system , there exists a function H such that
= Ppu :_Hya y=Qu=H,
We say that H is the first integral associated to the integrating factor
... 0oH
then H = [ —P p dy + h(x), satisfying i QR
x

1
V is inverse integrating facor then p = v is integrating factor

hence _ng = uP = ;
then, V = 95
Ay
oH _ . _ @ _ Q(z,y)
and,%—,uQ—Vthen,V— (9_H
ox
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oV =—pg = om -

y O

Example 4.9 Consider the polynomial differential system

/

t = —y(a® +y°)

y =l + o)
) 2, .2
Divide the second equation by the first one, - x(IZ——i—yg _— Hence,
Or  —y(a®+y?) Y

H(z,y) = 2% + y? is a first integral. Therefore, the inverse integrating factor is

vV = —P(.T,y) _ Q<x7y)

OH OH
Oy O
oy ) w2+ )
N 2y N 2x
= 1(902 +%)
2

Corollary 4.1 if system has inverse integrating factor Vand a first integral H
on open subset Uof R?, then V H is another inverse integrating factor on open subset

U

Proof: V' H is an inverse integrating factor if it satiating the partial differential equa-

tion (3.1). Therefore,

P(VH),+Q(VH), = P(VH,+HV,)+Q\VH,+ HV,)
= PVH,+QVH,+PHV,+QHV,

= V(PH,+ QH,) + H(PV,+QV,).
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But V is an inverse integrating factor and H is a first integral so they satisfy the

following relations PV,4+QV, = (P,+Q,)V and PH,+QH, = 0 respectively. Therefore,

P(VH), +Q(VH), = V(0)+H(P.+Qy)V
= (P,+Qy)VH,
Consequently, V H, is an inverse integrating factor. 0
1
Example 4.10 V = 5(3:2 +y?), H = 2>+ 42, in the last example
1 2 2 2 . . . .
then VH = 5(37 + y*)? is another inverse integrating factor
Example 4.11 Consider the polynomial differential system

¥ =22y —x

y = 2xy° +y

For N=1, we find two darboux polynomial f; = x and, f, =y, with cofactor

ki = 2zy — land, ke =22y + 1, 0122y — 1) + (o(2zy + 1) = —4xy.

Hence, u(z,y) = 22y~ 2is integrating factor Also, V(x,y) = x?y? is an inverse integrat-
ing factor. We can find the first integral through this Py = —H, Qu = H,. so,

1
H(z,y) = 2ln§ — —. then VH= 22%y?lnxy — xy, is another inverse integrating factor
xy
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Conclusions

1- In this work, We studied the inverse integrating Factor Method for Homogeneous

poynomial system, we give formulas of inverse integrating factors of class C*.

2- We investigated the relation between the inverse integrating factor and the integrating

factor for autonomous differential system.

3- We presented a brief survey on the existence and nonexistence of limit cycle of

autonomous differential using inverse integrating Factor.

4- We offered some aspects concerning of the integrability problem , and the goal of
that is to construct the integrating factor, first integral and inverse integrating factor

for autonomous differential system and showing some results concerning them.

5-In the future work, we will classify all the quadratic system in to ten normal forms

to find a polynomial inverse integrating factor .
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