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Abstract

In this thesis, we used two methods to solve two types of fully fuzzy nonlinear program-
ming problem. The first method was the ranking function method, which is used to solve
some types of fully fuzzy nonlinear programming problem that satisfies Karuch-Kuhn-Tucker
(KKT) conditions and separable nonlinear problems. In the first method, the fully fuzzy non-
linear programming problem is converted to a crisp programming problem by the ranking
function.

In the second method, the separable programming problem was converted to an interval pro-
gramming problem. We show how the procedure works in case of having triangular fuzzy
number and we generalized the method in case of having trapezoidal and hexagonal fuzzy
numbers . each method was explained in details and we have shown numerical examples of
each method in case of having triangular, trapezoidal and hexagonal fuzzy numbers. Last we
have shown a comparison between the two methods in terms of the number of equations in
each method and the complexity level results of the examples that we have got from the two
methods and showed how they are close.
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Introduction

The nonlinear programming is the process of solving an optimization problem where the
objective function is nonlinear or some of the constraints are nonlinear . The nonlinear pro-
gramming is widely applicable in real life , as an example it is used in the problem of packing
items within bounded region in the euclidean space which has many applications in physics,
chemistry and engineering Birgin|[2016]. However, in real life problems such as engineering
problems cannot be determined by crisp real values. Therefore it is important to deal with
such problems by using the concept of fuzzy set which can handle this uncertainty. it means
that instead of the crisp real numbers we will consider the coefficients as fuzzy numbers to
be more expressive of the real system in our life. In the fully fuzzy nonlinear programming
problem , the coefficient are all fuzzy numbers , we can show the general form for the fully
fuzzy nonlinear programming problem that we used as follows : |[Loganathan and Lalitha
[2017]

maximize (or minimize)Z = el @ 5%

subject to

AX(>,<,=)b

- 0.1)

X>0

where & = [¢]]7,A = [@j]mxn
b= [bilmx1,X = [%]ax1
Several methods have been applied to solve the fully fuzzy nonlinear programming
problem . In Loganathan and Lalitha [2017]], M.Lalithal [2018]] ranking function method was
used in case the parameters are triangular fuzzy numbers . In |Akrami et al.| [2016a] the
interval method was used to solve fully nonlinear programming problem in case of having
triangular fuzzy numbers. In this thesis we will study two methods for solving two types
of fully fuzzy non linear programming problem . In chapter |l| we introduced some basic
definitions about fuzzy numbers. In chapter[2]crisp non linear programming problem (NLPP)
was considered, we consider first the non linear programming problems with KKT necessary
and sufficient conditions and then we considered the separable programming, we showed a

numerical example for each of them.
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In chapter 3] we have explained the ranking function method that converts the fully
fuzzy non linear programming problem to a crisp non linear programming problem, We gen-
eralized the problem in|Loganathan and Lalithal[2017]], M.Lalithal [2018] to solve fully fuzzy
nonlinear programming problem in case of dealing with trapezoidal and hexagonal fuzzy
numbers . We have shown also a numerical examples for the fully fuzzy nonlinear program-
ming problem ( FENLPP) that satisfies KKT conditions and fully fuzzy separable nonlinear
programming problems. In Chapter [} interval programming procedure was considered to
solve separable FFNLPP, by converting the FFNLPP, to an interval programming problem
using the alpha cut of each fuzzy number and then solving it by the existing method. We
generalized the method in|Akrami et al.| [2016a] to solve the problems in case of dealing with

trapezoidal and hexagonal fuzzy numbers, numerical examples was shown also for each case



Chapter 1

Fuzzy sets and fuzzy numbers

This chapter shows the basic definitions of the fuzzy set and fuzzy number, and also the
membership function for the triangular and trapezoidal and hexagonal fuzzy numbers that we

will deal with in our thesis.
1.1 Fuzzy set.

In this section we will introduce some basic definitions of fuzzy set that are needed in our

thesis .

Definition 1.1.1 A S Karthick [2022]

Let X be an universal set and x € X, then the fuzzy set A is defined as a collection of

ordered pairs as follows :

A = {(x. (), x € X}

where [L;(x) is a membership function,

pg X —[0,1]
Definition 1.1.2 |C.Loganathan|[2017|]

The o cut for a fuzzy set is defined by Ag = {x € x| uz(x) > o} which is a crisp set

Definition 1.1.3 Taghi-Nezhad and Taleshian|[2018]

A fuzzy set A on X is convex if Vx,y € X we have pz(Ax+(1—A)y) > min{uz(x), uz (y)}
where A € [0,1]



1 X
a b c

Fig. 1.1: Triangular Fuzzy Number

Definition 1.1.4 (Taghi-Nezhad and Taleshian| [2018)]
A fuzzy set A is called normal if there exist at least one point x € X with i(x) =1
1.2 fuzzy numbers

In this section we will show the definition of the fuzzy number and each type that we will

need in our thesis.

Definition 1.2.1 |Nasseri [2008] A fuzzy set A is called a fuzzy number if its defined on the

real line and its convex and normal set .

1.2.1 Triangular fuzzy number

In this subsection the definition of the triangular fuzzy number and its membership function
and some operators will be shown.
Definition 1.2.2 |Purnima Raj| [2021]

A fuzzy number A = (a,b,c) that is shown in fig is called a triangular fuzzy number

if it has the following membership function :

o, xclab
Wi(x) = z_‘;, x€[b,d]
0, otherwise

for a triangular fuzzy numbers A = (a,b,¢), B = (e, f,g) we will show the following

arithmetic operations : C.Loganathan|/[2017]

(i) A@B=(ateb+f,ctg)



(ii) ACB= (a—g,b—f,c—e)
(iii) OA = (—c,—b,—a)
Definition 1.2.3 |Chandrasekaran|[2015]]

for a triangular fuzzy number A = (a,b,c) the o cut ofg is:

Ag=la+alb—a),c—a(c—b))

1.2.2 Trapezoidal fuzzy number

In this subsection we will show the definition of the trapezoidal fuzzy number and some
operations on it.
Definition 1.2.4 Allahdadi and Mishmast Nehi [2011]]

A fuzzy number A = (a,b,c,d) that is shown in fig s called a trapezoidal fuzzy

number if it has the following membership function.

e

0 x<a,x>d
xX—a
- a<x<b
(x) =
Ha () 1 b<x<c
—d
j—d c<x<d
27
1 777777777 I I
l l X
a b c d

Fig. 1.2: Trapezoidal fuzzy number

for a trapezoidal fuzzy numbers A = (a,b,c,d), B = (e,f,g,h) we will show the

following arithmetic operations : [Hasan et al. [2023]]

(i) A@B=(a+e,b+f,c+g,d+h)



(i) A6B=(a—h,b—g,c—f,d—e)

Definition 1.2.5 |Kumar and Dhiman| [2021] if A = (a,b,c,d) is a trapezoidal fuzzy number

then the oi-cut of A is :
Ag=[a+a(b—a),d—a(d——c)]

1.2.3 Hexagonal fuzzy number

A fuzzy set A = (a,b,c,d,e, f) that is shown in ﬁgis called hexagonal fuzzy number if its
membership function is given by P et al.| [2013]:

0 ,x<a
3(54). a<x<b
1+2(5p), bsx<e
Uz = 1 ,c<x<d
1-5(54), d<x<e
%(% , e<x<f
\ 0 x> f

R GG EEEEE T TEIR

d e f

a b c
Fig. 1.3: Hexagonal Fuzzy Number

Definition 1.2.6 ?
IfA= (a,b,c,d,e, f) is hexagonal fuzzy number , Ag is given by:

i ) 2el-—a)ta-20(f-e)+f for a € [0,0.5)
“7 ) 20(c—b)—c+2b,—20(e—d)+2¢e—d for a€0.5,1]



Chapter 2

Nonlinear Programming Problem

Nonlinear programming problem has many application including financial modeling , opti-
mal control and image processing. In this chapter we will show the definition of the nonlinear
programming problem and two types of the nonlinear programming problem , we will show

the procedure of solving each type with a numerical examples .

Definition 2.0.1 The problem is called nonlinear programming problem (NLPP) if the objec-

tive function is nonlinear and/or the feasible region is determined by nonlinear constraints.

The general form for the nonlinear programming problem is given by :

n

Maximize Z= ) cjx;
j=1
. . (2.1)
Subjectto  gi(x) <0, i=1,...m
X>0
where x = (x1,x2,...,X,),Z is nonlinear or one or more of the constraints are nonlinear

or both. |B.Cobachol [[2012].

2.1 Karuch-Kuhn-Tucker (KKT) conditions.

In this section we will show how to solve the nonlinear programming problems that satisfy

the KKT sufficient and necessary conditions.

The KKT necessary conditions for[2.1] can be summarized as follows :



Aigi(x) =0
JL(X,A
(8X ) =0 where X ={x;,x2,...,%,}
gi(X) < 2-2)
X >
Ai

note that L(X,A) = Z — A;g;(X) and its called the Lagrangian Function.

The KKT necessary conditions will be also sufficient to have an exteremum point
when Z is concave in the case of maximization (i.e. when the hessian matrix is negative semi
definite) and Z is convex in case of minimization (i.e when the hessian matrix is positive semi
definite). |B.Cobacho|[2012], Taha and Taha [2003]]

Note that the hessian matrix is positive semi definite if its symmetric and its eigen
values are nonnegative. and it, negative semi definite when its symmetric and its eigenvalues

are positive semi definite. The following table summurizes the sufficient conditions

Required conditions

optimization

X ) 7
Convex >0 g(X)<0
maximization concave Concave <0 g(X)>0
Linear Unrestricted  g(X) =0
Convex <0 g(X) <0
minimization convex Concave >0 g(X)>0
Linear Unrestricted  g(X) =0

Example 2.1.1 consider the following nonlinear programming problem

max f(x) = 4x; 4+ 6x3 — x7 — x5 — x3
Subject to
X1+x <2

2x1+3x <12

x1,x2>0

First we have to show that the KKT conditions are sufficient and necessary for this
example , since the problem is to maximize , f(x) should be concave and the constraints

must be convex . for f(x) to be concave the symmetric hessian matrix must be negative semi



definite (i.e the eigen values must be nonpositve ) . To show that , we will first construct the

hessian matrix as follows :

0 0 -1

we can see that the eigen values are —1,—1,—1 (all negative ) hence the symmetric
hessian matrix is negative semi definite and hence f(x) is concave , the constraints are convex

since they are linear.
Thus, the KKT conditions will be necessary and sufficient for a maximum to be exist .

Now the Lagrangian function L(x, )

L(x,A) = (4x; +6x2 —x7—x5 —x%) —A (x1+x2—-2)
— A2 (2x1 4+ 3x, — 12)

The necessary conditions are:

4 —-2x1—M —24 =0
6—2x— A —34,=0
—2x3=0
A(x1+x—-2)=0

A (2x1+3x—12) =0
AL, 22 >0

X1 +x2 <2

2x1+3x, <12

x1,x2 >0

Solving the above problem then the values of x1,x;,x3 and A;, A,, that satisfy all the

constraints are: 3
XQZE X3:0 11:3 7(«2:0



2.2 Separable Programming

In this section we will introduce some definitions and the useful procedures that are needed

for solving nonlinear programming problems.

Definition 2.2.1 |\PATE [2014]]

The nonlinear programming problem in which the nonlinear functions can be expressed

as a sum of single variable functions is called a separable programming problem.

An approximated solution of a separable nonlinear programming problem can be de-
duced easily by approximating each nonlinear function in a problem to a linear function,

which can be solved by any well known method . The procedure can be explained as follows:

suppose that 42(X) is a non linear function it will be approximated over the interval [a, D]

as follows:

=
>
2
Nl
=
5

) O
k=1
K
X~ Z ayy
k=1

where qy, is the k — th break point on x-axis @, > 0 and Zszl wr =1
note that at most two wy, are positive. The following example will illustrate the proce-
dure:

Example 2.2.1 suppose we have the following nonlinear programming problem

max f(x) = 3x; +2x2
subject to

(2.3)
4x74x3 < 16

X1,X > 0

let fi (x1) = 3x1, f2 (x2) = 2x2

g1 (x1) =4x1, 82 (02) =3

the problem (2.3)) will be :



max f(x) = f1(x1) + f2 (x2)

subject to

g1(x1)+g(x) <16

x1,x2 >0

Now from the constraint (4x12 +x? < 16) we can observe that the upper limit for x;
is 2 and for x, is 4 (explanation: 4x% +0<16 = x% <4 = x; < 2 since x; is nonnegative,

0 +x§ < 16 = x» < 4 since x; is nonnegative)

we will divide the intervals [0,2] and [0,4]into equal subintervals.

k| ax | fi(aw) =3ax | g1 (a) = 4a}

110 0 0

211 3 4

3|2 6 16

4| 3 9 36

5|4 12 64

k| ax | folan) =2ay | g2 (ar) = a

110 0 0

211 2 1

312 4 4
fi (xl) ~ 0wy + 3w +6wi3 +9wig + 12wy5
g1 (x1) = 0wy +4wip + 16w 3+ 36wig + 64wys
fi (x2) ~ Owy1 + 2w +4was

)

2 (x2) = Oway +wao +4wos

oq

Now by using the piecewise linear approximation obtained we will get the given

problem:
max f(X) = (0w +3win +6w13 + 9014 + 1205) +

(01 + 2002 + 4@03)



10

subject to
(0w +4012 + 16013 + 36014 + 64w15) + (0w + @ +4m3) < 16
011 + 012 + 013 + D14+ @15 = 1

) + W2+ 3 =1
a)ijO,j: 1,2,k=1,2,3,4,5

solving the problem by any well known method we get:
o, = 0.33 w13 = 0.667 3 = 1
W4 =W15=wn=011=aw1y;=0

hence the approximated optimal solution is:

X1~ a0 +apd)p+apnt;s+aiis+asos
=0x04+1x033+2x0.667+3x0+4x0
= 1.664

X2 R az) 1 + a2 + a3 n3
=1x0+2x0+3x1=3
z=3x1+2x, =3(1.664)+2x3
=4.992+6

=10.992
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Chapter 3

Ranking function method for solving some types of non linear
programming problems

In this chapter we will introduce the ranking function method to solve some types of non

linear programming problems

3.1 Ranking function method for solving non linear programming prob-
lems that satisfy KKT conditions.

In this section we will show the definition of the ranking function and how it can be used for

solving the nonlinear programming problems that satisfy the KKT conditions.

Definition 3.1.1 |Alkanani and Adnan| [|2014|], Thaher [2018]

The ranking function is a function R : F(R) — R where F (R) is the set of fuzzy numbers

which maps each fuzzy number into the real live where a nature order exist

IfA= (a,b,c) is a triangular fuzzy number then the pascal triangular ranking function

A is defined as:

) 2
R(A) = ”Tb*c Akrami et al] [2016b]

If A = (a,b,c,d) is a trapezoidal fuzzy number then the ranking function of A is defined

as:
) btc+d
R( ):# Temelcan et al] [2022]

If A= (a,b,c,d,e, f) is a hexagonal fuzzy number then the ranking function of A is

defined as: b 4
RA) =4 +CJ6F ¢t/ Nafaci et al] [2018)

for solving the FFNLPP with KKT conditions by using the ranking function we can
follow the following procedure : M.Lalithal [2018]]
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1. we will express any variable in the problem as fuzzy variable.

2. we will convert the problem to a crisp one by using the ranking function.
3. we will check the KKT sufficient conditions.

4. obtain the Lagrangian function

5. Write the KKT necessary conditions and then solve the equations to find the values of

the variables.

6. check the optimality conditions at x;

Example 3.1.1 Take the following FFNLPP that satisfies KKT conditions with triangular
fuzzy number using ranking function.
minZ = (0.5,1,1.5) @ # @®(0.5,1,1.5) @ @ (0.5,1,1.5) @

Subject to

(1,2,3) @ (0.5,1,1.5) @y < (3,5,7)
(0.5,1,1.5)®x (0.5,1,1.5) ®v < (1,2,3)
(0.5,1,1.5)©(0.5,1,1.5)x <0
(1,2,3)5(1,3,5)®5<0
©(05,1,1.5)®@v<0

%Ly, v>0

let ¥ = (x1,x2,x3),5 = (¥1,¥2,¥3),V = (v1,v2,Vv3), hence the problem will be :

minZ = (0.5,1,1.5) ® (x1%,x%,x3) © (0.5,1, 1.5)® (y1%,y3,)3) ® (0.5,1,1.5) ® (v1%,v3,13)
Subject to

(1,2,3)® (x1,%2,33) @ (0.5,1,1.5) @ (y1,y2,y3) < (3,5,7)
(0.5,1,1.5) ® (x1,x2,x3) ©(0.5,1,1.5) @ (v1,v2,v3) < (1,2,3)

(0.5,1,1.5)5(0.5,1,1.5) ® (x1,x2,x3) <0

(1,2,3)5(1,3,5) ® (y1,2,y3) <0

©(0.5,1,1.5) ® (vy,v2,v3) <O0.

X1,X2,X3,Y1,¥2,Y¥3,V1,V2,V3 Z 0
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using multiplication of triangular fuzzy numbers we get:

minz = (O.Sx%,x%, I.SX%) &) (O.Sy%,y%, 1.5)%) P (O.SV%,V%, 1.5\%)
Subject to

(x1,2x2,3x3) @ (0.5y1,y2,1.5y3) ©(3,5,7) <0

(0.5x1,x2,5x3) @ (0.5v1,v2,1.5v3) ©(1,2,3) <0

(0.5,1,1,5) 5 (0.5x1,x2,1.5x3) <0

(1,2,3) © (y1,3y2,5y3) <0

©(0.5v1,v,,1.5v3) <0.

converting the problem to a crisp one by using the pascal triangular ranking function,
R( A) — a+24b+c

we get:

1
ming = - (0.5xF +2x3 + 1.5x3 +0.5y7 +2y3 + 1.5y3 +0.5v] +2v3 + 1.513)

Subject to

1
Z(x1—|—4x2+3X3—|—0.5y1—|—2y2+1.5y3—3—10—7)§O
1

7 (0.50 420+ 155 40501 + 2y 4 1.5v3 — 1 =4 —3) <0
1

—(0.542+1.5—-0.5x; —2x, — 1.5x3) <0

4

1

Z(1+4+3—)’1—6}’2—5)’3)§0

1

—(—0.5vi —2v, — 1.5v3) < 0.

4

X1,X2,X3,¥1,Y2,Y3,V1,V2,V3 >0

Now, since the problem is minimization type , z should he convex to satisfy the KKT

sufficient condition. i.e the hessian matrix must be symmetric with non negative eigen values.

the eigen values for the symmetric hessian matrix of Z are all positive (1 1,1,3,3,3 1171

v 1949404947404 )

and hence z is convex
the constraints are all linear and hence they are convex and concave at the same time.

The Lagrangian function will be :
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L(iayﬂhjal) =7— llgl (x) - }ngz(x) - )L3g3()€)
— A484(x) — Asgs(x)

1/0.5x3 +2x3 4+ 1.5x53 + 0.5y + y3+

4 1.5y%—|—0.5v%+2v%+ 1.5v%

A
— 2L (%1 +4x3+3x3+ 0.5y, +2y2 + 1.5y3 — 20)

4
A
- Iz (0.5x1 +2x; + 1.5x3 4+ 0.5v] 425 + 1.5v3 — 8)
A A
- f (4—0.5x] — 2%, — 1.5x3) — 74 (8 —y1 — 6y2 — 5y3)
5

A
4 (—0.5\)1 —2\/2 — 1.5V3)

The necessary conditions are:

oL A

2 = 0.25x — 2L~ 0.1254, +0.3754; = 0

8x1 4

JL A A3

IR — _ )L _ = =0

o, 2TMT TG

oL 3

— =0.75x3 — =A1 —0.3754, +0.125A43 = 0

aX3 4

oL 5

— =0.25y; —0.125A; + =244 =0

8y1 4

oL M 3

— =y ——+=-A =0

oy, 2T oM
L

(9_ =0.75y3 —0.3754; + @ =0

ays3 4

oL

50 =0.25v; —0.1254, +0.375A5s =0
V1

JL A As

8_\22 =V — 7 + ? =0

oL

— =0.75v3 —0.375A, +0.125A45s = 0
ov3
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A
Mgl = Zl (x1 4 4x3 + 3x3 4+ 0.5y + 2y, + 1.5y3 —20) =0

A
Aaga = Zz (0.5x1 +2x2+ 1.5x3 4+ 0.5v; + 1.5v3+2v, —8) =0

A

)ngg, = 13 (4—0.5)61 —2X2 — I.SX3) =0
A

Aaga = f(g—yl —6y2—9y3) =0

A
Asgs = TS (0.5v; —2v5 — 1.5v3) =0
a'171’272’?!71’47%5 SO

solving by any known method we get:

x1=18 x»=06 x3=02

y1 = 1.16505 1y, =0.349515 y3 =0.0776694
vi=0 v»=0 v3=0
M=0 =0 A3=-12 A=-0.23301 A5=0

Now we will check whether the solution satisfies the constraints or no , substituting the

values in g1, g2,83,84 and gs, we insure that they satisfy the constraints, hence the optimal
solution is:

£=(0.2,0.6,1.8) §=(1.16505,0.0776699,0.3495) #=(0,0,0) z=(0.6904,0.482,2.298)

Example 3.1.2 Take the following FFNLPP that satisfies KKT condition with trapezoidal

fuzzy number using ranking function.

minZ = (4,9,19,24) @ @ (1,3,7,9) @ 7

subject to

(1,3,5,7) @%@ (3,4,8,9) @56 (2,4,6,8) > 0 3.1)
(1,1.5,2.5,3) 0% (2,3,5,6) @56 (1,2,4,5) > 0

%95>0

let X = (X],X2,.X3,.X4),_)~7: (yl,)’2>)’37y4)
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Now by substituting ¥ and § and using multiplication we get:

minZ = (4x7,9x3,19x3,24x7) & (v3,3y3,7y3,9y3)
subject to
(x1,3x2,5x3,7x4) ® (3y1,4y2,8y3,9y4) ©(2,4,6,8) > 0
(x1, 1.5x2,2.5x3,3x4) © (2y1,3y2,5y3,6y4) ©(1,2,4,5) > 0

X1,X2,X3,X4,¥1,Y2,Y3,Y4 > 0

converting the problem to a crisp one by using the ranking function R(A) = 4+btetd

we get:

.1
minZ = (4x‘1l +9x3 4+ 1943 + 245 +y1 +3y3 + 7y + 9y421)

subject to

1

I (x1 +3x2 +5x3 + Txq +3y1 +4y2 + 8y3 +9y4 —20) >0

1

I (X1 + 1.5 +2.5x3 + 3x4 — 2y1 — 3y, — Sy3 — 6y4 — 12) >0

X1,X2,X3,X4,¥1,Y2,Y3,Y4 >0

Now since the type of the problem is minimization , z must be convex to satisfy the
KKT sufficient condition i.e. the hessian matrix must be symmetric positive definite (with

positive eigenvalues)

Y Y

1
5 12x3,27x3, 57x§,72x§> .

[NSNEEN
(NS RON)

[\ I}

The eigen values of the symmetric hessian matrix of z are (

Since the eigen values are all positive, z is convex.
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Note that since 7 is convex and the constraints are (greater than or equal) so the values

of A have to be non-negative.

Now we will obtain the Lagrangian function:

L(%5,4) =z—Aig1 — g
1
=3 (4o} -+ 923 4+ 1964 + 24 + 33 +3y3 + 7y +9y3)

A (x1 ~+ 3x3 + 5x3 + 7x4 4+ 3y —|—4y2+8y3—|—9y4—20)
-\
4

A (xl +1.5xp +2.5x3 4+ 3x4 — 2y1 — 3y2 — S5y3 — 6y4 — 12)
)

The necessary conditions are:

aL 3 2/] A/z o

Ity P St A

oy Ty g =0

aL 3 32«1

— = —— —037504, =0

x> % 4 2

oL 5M

—— =19 — =2 —0.6250, =

S = 198 - 1 —0625%=0

oL M 30

s VP St e g

o T =0

L _n 3 _h_,

dyi 2 4 2

JL 3 31

RS N Wi

ay» 2 4

JdL 7y3 5)«2

— =224 —-—==0

dy; 2 17y

o9 9

dys 2 4 2
X1+ 3x3 +5x3 +Txq4 4+ 3y1 +4y2 + 8y3 +9y4 — 20

Mg =M 1 =0
x1+ 1.5x +2.5x3 +3x4 —2y1 —3y2 — Sy3 — 6y4

Mgy =4 1 =0

A, A2 >0

g1(x) >0

82(x) >0

X1,X2,X3,X4,¥1,Y2,Y3,Y4 > 0
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solving the system of equation we get:

x1 = 1.282303, xp = 1.379273, x3 = 1.475643, x4 = 1.572213
y1 = 2.974041, y, = 1.321796, y3 = 1.132968, y4 = 0.9913470
A =1.982694, 1, =0

substituting these values in the constraints g; and g, we insure that they satisfy them. hence
the optimal solution is:

1.282803,1.379273,1.475743,1.572213)
2.974041,1.321796,1.132968,0.9913470)
7=1(4,9,1924) 25 @ (1,3,7,9) ® 7

= (4,9,19,24) ® (1.282803%,1.379273%,1.475743*,1.572213%)
@ (1,3,7,9) ® (2.9740412,1.132962,1.1329682,0.9913470?)
= (19.655,37.813,99.09, 155.486)

=
5=

Example 3.1.3 consider the following FFNLPP that satisfies KKT condition with hexagonal

fuzzy number using ranking function.

maxz = ©(6,8,10,14,16,18) ® ¥ © (5,6,7,9,10,11) @ 7*

subject to

(1,3,5,9,11,13) ® £ © (25,28,31,37,40,43) @ 5 (10, 14, 18,26, 30, 34)
©(3,8,13,23,28,33) @6 (4,6,8,12,14,16)  §© (20,24,28, 36,40, 44)
£9>0

<0
<0

let X = (x1,X2,%3,X4,X5,%6),5 = (1,Y2,Y3,Y4,¥5,Y6)

using the ranking function R(A) = % to convert the problem to a crisp one we get:

1
6
subject to

max 7 = (—6,\641t — 8x3 — 10x§ — 14xi — 16)551 — 18xg — 5y‘1t — 6)/21 — 7y§ — 9yi — 10y§ — llyg)

1
6(x§4-3x§+-5x§4-9x24-11x§4—13xg-25y1-28y2-31y3-37y4-40y5-43y6+-132)

1
g (—3x; — 8xp — 13x3 — 23x4 — 28x5 — 33xg — 4y — 6y, — 8y3 — 12y4 — 14ys — 16y — 192)

X1,X2,X3,X4,X5,X6,Y1,Y2,Y3,Y4,Y5,Y6 >0
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Now since the type of the problem is maximization z must be concave (i.e. the hessian
matrix have to be symmetric with negative eigen values). The eigen Values for the symmetric
hessian matrix of z are all negative and hence z is concave. The constraints have to be convex
since they are (less than or equal) i.e. the eigen values must be non-negative for the symmetric
values hessian matrix. For the first constraint the eigen values are non-negative and hence it is
convex. The second constraint is linear and hence it is convex. Now the Lagrangian function
will be :

L(fa 71) :Z_A'Igl _AZgZ

= — (—6x7 — 8x3 — 10x3 — 14x} — 16x5 — 18x3 — 5y] — 6y3 — 7y3 — 9y — 10ys — 11y¢)

y
1
6

X3 +3%3 +5x3 4 9x3 + 112 + 13x7 — 25y; — 28y — 31y3 — 37y4 — 40ys — 43y6 + 132)
6

— A2 (—3x1 — 8xp — 13x3 — 23x4 — 28x5 — 33x6 — 4y; — 6y, — 8y — 12y4 — 14ys — 16yg — 192)

The necessary conditions are:

dL A

3x1 = —4x1 + 2x211 -5 = 0

JL . —16)6% 7)627(‘1 412 -0
dx; 3 2 3
oL  —20x3 134,

— = +53A + =0
ox3 3 BT

oL 28 ., 23)

— = + 824 + =0
oxa 3 omMt o

IL _ —32x N 19x22 N 4% _
dxs 3 2 3

oL 1A
= 128 4+ 1A + —2 =0

8)66 2
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aL  —10y} A 24

= e T e
8y1 3 6 * 3

JL 3N
=4y 4 2 =0
ay2 277 A

oL —14y3 —

_ Y3 11&1+@:0
I3 3 6 3
oL 5
—— = —6y;— — 424, =0
ay4 V4 2 + 24
oL  —20y3

_ y5_17)Ll+E:O
&y5 3 6 3
oL 194
_:__14_8_)'2:()
8y6 6 3
Aig1=0
Agr=0
M2 >0
81,82 <0

X1,X2,X3,X4,X5,X6,V1,Y2,Y3:Y4,Y5,Y6 = 0
Solving the system of equations we get:

x; = 1242773, x,=1.256449, x3=1.270121, x4=1297475, x5=1.311151, x¢=
1.324827

y1 = 1.204242 , yo = 1.193234 , y3 = 1.182225 , y4 = 1.160207 , ys = 1.149199 |,
6 = 1.138190

M=2=0
substituting these values in the constraints g; and g, we insure that they satisfy them

and hence the optimal solution is:
X=1(1.242773,1.256449,1.270121,1.297475,1.311151,1.324827)
¥ =(1.204242,1.193234,1.182225,1.160207,1.149199, 1.138190)
7=1(-23.995,-32.101,—39.698,—55.983, —64.727,—73.912)

3.2 Solving fully fuzzy nonlinear separable programming problem by rank-

ing function method

In this section we will show the procedure of the ranking function that we will use to solve

separable fully fuzzy nonlinear programming problem.
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Assume that ¢ = [¢}]1xn. b = [bi]mx1 are fuzzy numbers, A = [d; ilmxn 1s a matrix of
fuzzy numbers, X = [X}]; x, is the fuzzy solution vector. The proble will be

n
maxz = Z(Qjarjasja'“)®(xj7yj’zj)
j=1

subject to
n

(a,‘j,b,‘j,cij, ) X (xj,yj,zj, ) < (b,‘,gi,hi, )
=1

J
i=1,.m j=1,..n X;>0

by using the definition [3.1.1] the objective function will be:

maxZ =R <Z?:1<Qjarjasj7”-)®(xj7yjazjam)>

constraints will be :
Y'ioi(aij,bij,cijs ) @ (%}, 3,255 ) < (bis &is his ...

(Z?‘:laijxj»zgzlbij)’jaz}}zlcijzjy---)) < (bi, gishi, -.)
by comparison of the components we will the following crisp non linear programming
problem
n
maxz =R <Z (qJ‘,}’j,Sj, ) X (xj,yj,zj, ))
j=1

subject to

n
Y aijxj <b;
j=1

n
bijyj < gi
=1

J

cijzj < hi

n
=1

J
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Example 3.2.1 Take the following separable fully fuzzy non linear programming problem

with triangular fuzzy number using ranking function method

maxz = (0.5,1,1.5)®%®(0.5,1,1.5) @7
subject to

(2,3,4) 3@ (1,2,3) @5 < (7,9,11)
20

=

X = (x1,x2,x3) ¥ = (y1,y2,y3) rewriting the problem we get:

maxZ = (0.5,1,1.5) ® (x1,%2,x3) © (0.5,1,1.5) @ (7,3,3)
subject to
(27374) ® (xlax25x3> D (17273> ® (y%aygvyg) < (7797 11)

X1,X2,X3,V1,Y2,Y3 = 0
using the addition and multiplication of triangular fuzzy numbers we get:

max Z = (0.5x; +0.5y],x2 +y3, 1.5x3 + 1.5)3)
subject to

(2x1 +y7,3x2 4 2y3,4x3 + 3y3) < (7,9,1)
X1,%2,%3,Y1,¥2,¥3 > 0

a+2b-+c

Applying the pascal triangular ranking function R(A) = — —on the objective

function 7 we get:

0.5x1 +0.5y3 +2x2 +2y5 + 1.5x3 + 1.5)3
4

maxZz =
subject to
2x1+y1 <7
3xy+2y5 <9
4oz +3y3 < 11

X1,X2,X3,¥Y1,Y2,Y3 >0

This is a crisp separable non linear programming problem that can be solved easily

using the separable programming method , consider the separable non linear functions:
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fin) =0.125y7  fo(02) =05y f3(y3) =0.375y3
g101) =y 220n)=2% &) =3y

we can observe from the constraints that

0 <y; <3 (explanation: 2x; + y% < 7letx; =0 we get y% <7 by taking square root we

gety; <2.64575)

0 <y, < 3 (explanation: 3x; + Zy% <9letx; =0 we get y% < 4.5 by taking square root

we gety, <2.121)

0 <y3 <2 (explanation: 4x3 + Sy% <11 let x3 =0 we get y% < 3.67 by taking square

root we get y3 < 1.915)

This yields :

k | ai | fila) =0.12543, | g1(ay = a3;)
110 0 0
211 0.125 1
3] 2 4 4
41 3 30.375 9

k | ax | falay) =0.5a3, | g2(ax) =243,
11 0 0 0

21 1 0.5 2

31 2 16 8

4| 3 121.5 18

k | as | f3(as) =0.375y3 | g3(ask =3d3,)
11 0 0 0

21 1 0.375 3

31 2 12 12
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fn) =wifilan) +winfi(an) +wisfi(ais) +wiafi(ais)
= 0wy +0.125w2 + 4w 3+ 30.375w 4

f2(02) = warfala2r) +wanfa(an) +wasfa(as) +waafa(as)
= 0wy1 +0.5wp + 16wz + 121.5wo4

f3(v3) = wafz(as1) +waafz(as) +wssfsass)
= 0wsz; +0.375w3p + 12w33

g1(v1) = wnigi(ai) +wiaga(aiz) +wizgs(aiz) +wiaga(ais)
=0wi+wi2+4wiz +9wis

22(y2) = wa182(a21) +wnnga(axn) +wasgs(as) +wauaga(az)
= Owo1 + 2w + 8wz + 18wy

g3(y3) = wa183(as1) +wsags(as) +wszgs(ass)
= Owsz; +3ws3p + 12ws33

now substituting f1(y1), f2(y2), /3(v3),81(v1),82(y2),83(y3) we get :

maxZ = 0.125x; +0.125w12 + 4wz + 30.375w14 + 0.5x2 + 0.5wr+
16wy 4+ 121.5wp4 + 0.375x3 + 0.375w35 + 12w33

subject to

2x1 +wi2 +4wis +9wiy <7

3x2 4+ 2w + 8wz + 18wps <9

4x3 43wz + 12w3q < 11

wiit+wit+witwis=1

wa1+wa +wz+wa =1

w31 +wa w3z =1

xX1,x2,x3 >0 wy; >0, i=1,2,34

wy >0, i=1,2,3,4

w3y >0, i=1,2,3,4

This is a linear programming problem that can be solved easily . solving the previous
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linear programming problem we get :

Wiz =wi3=wpn =wx; =w3 =wp=0

w1 =0.23, w14 =0.77,wy; =0.5,wp4 = 0.5

wiz=1,x1 =0,xp =0,x3 =1.25

y1 & 0wy +wiz+2wiz +3wig
—0+0+2x (0)+3x0.77 =231

y2 & Owag +woo +2wa3 + 3wy
=0+0+2x04+3x05=1.5

y3 &~ Owsp + w3 +2w33
=0+0+4+2x1=2

hence the approximated optimal solution is

£=1(0,0,125) j=(231,1.5,2) %= (32.89,7.6,49.9)

Example 3.2.2 consider the following separable fully fuzzy non linear programming prob-

lem with trapezoidal fuzzy number using ranking function method

max Z = (0.5,0.75,1.25,1.5) @ £® (0.5,0.75,1.25,1.5) @ 7

subject to

(1,2,4,5)@x®(1,1.5,3,3.5) @5 < (11,13,15,17)
(0.5,0.75,1.25,1.5) ®%6(0.5,0.75,1.25,1.5) ®§ < (1.5,2.5,3.5,4.5)
55>0

Letx = (.X17)C2,X3,X4) 7)7: ()’17)’27)’37)’4)

rewriting the problem we get:

maxZ = (0.5x1,0.75x, 1.25x3, 1.5x4) @ (0.5y1,0.75y3, 1.25y%, 1.5y%)

(D
(3.3)
(3.4)
(3.5)
(3.6)
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subject to
(x1 +¥7,2x2 + 1.5y3, 4x3 + 33, 5x4 +3.5y3) < (11,13,15,17)
(0.5x; — 1.5y4,0.75x5 — 1.25y3,1.25x3 — 0.75y, 1.5x4 — 0.5y;) < (1.5,2.5,3.5,4.5)

X1,X2,X3,X4,Y1,Y2,Y3,Y4 > 0

now we will use the ranking function method that we discussed before by applying

the ranking function R(A) = W on the objective function and using the comparison of

components, the problem will be:

0.5x1 +0.75x2 + 1.25x3 + 1.5x4 +0.5y] + 0.75y5 + 1.25y4 + 1.5y44
4

maxz =

subject to

X1 +y? <11

26+ 1.5y3 < 13

43 +3y3 <15
S5x4+3.5y; <17
0.5x; — 1.5y, < 1.5
0.75x; — 1.25y3 < 2.5
1.25x3 —0.75y, < 3.5
1.5x4 — 0.5y, <4.5

X1,X2,X3,X4,¥1,Y2,Y3,Y4 >0

new using the separable programming procedure:

from the constraints we observe that0 <y; <3 0<y;, <3 0<y3<2 0< )y <2

k| ax aﬁ = y* a,% =y
110 0 0
211 1 1
312 16 8
413 81 27
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hence

v~ Owj +win + 16wz + 81wy fori=1,2
y;4 ~Ow; +wp+ 16wz fori=3,4

yl-3 ~Ow; +wp+ 8wz +27wyy fori=1,2
y? ~0wj +wp+8w;z fori=1,2

now after substituting these functions in the problem

1
maxz = Z(O.le +0.75x + 1.25x3 + 1.5x4 + 0.5 (0w +wia + 16wz 4+ 81wya)

+0.75 (OW21 +wap + 16ws33 + 81W24) +1.25 (0W31 + w3+ 16W33) +1.5 (0W41 +wgp + 16W43))

subject to

x1+ (Owyp +wiz + 8wz +27wyg) < 11
25+ 1.5 (0w + wap + 8wz +27wag) < 13
dx3+3 (0ws; +wsp +8wsz) < 15
5x4+3.5(0wg; +wap +8wygz) < 17

0.5x] — 1.5 (Owgg +waz +2wa3) < 1.5
0.75x3 — 1.25 (Ows; + w3 +2w33) < 2.5
1.25x3 — 0.75 (Owag -+ wan + 2wa3 + 3waa) < 3.5
1.5x4 — 0.5 (0w +win+2wi3i3wig) < 4.5
wir+wiz+wiz+wig =1

Wa1 +w +waz+wy =1

w3l +w3+w3yz =1

w41 +war +waz =1
X1,%2,%3,X4,1,2,¥3,¥4 > 0

w;ij >0 for i=1,2,j=1273,4

w;ij >0 for i=3,4,j=1,2,3

Solving the system by any method we get
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X1=xp=x3=x4=0

wip = 0.5925926 w4 =0.4074074
wo1 =0.6790123  wo4 = 0.3209877
w31 =0.375 w33 =0.6250

war = 0.3928571 wy3 =0.6071429

Wi = w3 =wp = w3 =w3y =wyp =0

y1 = 0w +wia +2w3 +3wis
= 04+0+0+3 x (0.4074074)
=12

2 = Owpp +wpo +2wo3 + 3wy
=0+0+0+3 x (0.3209877)
=0.98963

y3 ~ O0wzy +wsp +2ws3
= 0+0+2 x (0.6250) = 1.25

V4 = Owar +wap +2wa3
=0+0+2 x (0.6071429) = 1.2143

hence the approximated optimal solution is:

£=1(0,0,0,0) 5= (1.2,0.989631,1.25,1.2143)
7=(1.115,0.7194,3.06,3.261)

Example 3.2.3 consider the following separable fully fuzzy non linear programming prob-

lem with hexagonal fuzzy number using ranking function method.

max (2) = (0.25,0.5,0.8,1.2,1.5,1.75) © £ ©(0.2,0.5,0.8,1.2,1.5,1.8) @y
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subject to

(1,2,3,4,6,8) QP ® (0.5,1,1.5,2.5,3,3.5)®y < (15,17,19,21,23,25)
(0.25,0.5,0.8,1.2,1.5,1.75) ® y©(0.2,0.5,0.8,1.2,1.5,1.8) ® ¥ < (5,6,7,8,10,12)
%y=20

let ¥ = (x1,x2,x3,%4,%5,%6) .5 = (V1,Y2,¥3,Y4,Y5,Y6)

applying the ranking function R(A) = w

on the objective function and using the comprising comparison of components we get:

1
maxz = 8(0.25)(? +0.5x3 4 0.8x3 4+ 1.2x3 + 1.5x3
+ 1.75x3 + 0.2y + 0.5y, +0.8y3 + 1.2y4 + 1.5y5 + 1.8y6)

Subject to

X7 +0.5y; <15
234y, <17
3x2+1.5y3 < 19
4x3 +2.5y, <21
6x3 + 3ys < 23
8x¢ +3.5y6 <25
0.25y; —1.8x6 <5
0.5y, —1.5x5 <6
0.8y3 —1.2x4 <7
1.2y4—0.8x3 <8
1.5y5 —0.5x, <10
1.75y6 —0.2x1 < 12
X1,X2,X3,X4,X5,X6,Y1,Y2,Y3,Y4,Y5,Y6 = 0
now using the separable programming procedure from the constraints we observe that:
0<x1<4, 0<x<3, 0<x<3, 0<x<3 0<x<3,

0<x5<3, 0<xs<2



k|la|a=x |a,=x
110 0 0
21 1 1
312 8 4
413 27 9
5| 4 64 16

after substituting these functions the problem will be :

1
max? ~ 3 (0.25 (0w +wi2 + 8wz +27Twig +64wis) + 0.5 (0wng + wap + 8waz + 27woy)

+0.8(0ws; + w3 + 8wsz +27w3q) + 1.2 (Owgy + wap +8wa3z) + 1.5 (0wsy + wsp + 8wsz + 27wsy)
+1.75 (0W61 + wer + 8W63) + 0.2y1 + O.Syz + 0.8y3 + 1.2y4 + 1.5y5 + 1.8)76)

subject to

Owi +wip+4wiz +9wig + 16w15+0.5y; < 15
2 (0wag +wap +4waz +9wog) +y2 < 17

3 (0wsy +wsp +4wssz +9wsg) + 1.5y3 < 19

4 (Owg) + wap +4was +9waq) + 2.5y4 < 21

6 (Owsy +wsp +4ws3 +9wsy) + 3ys < 23

8 (Owg1 +wez +4we3) +3 - Sye < 25

0.25y;1 — 1.8 (Owg1 +wea +2we3) <5

0.5y, —1.5 (0W51 + wsp +2ws3 + 3W54) <6
0.8y3 — 1.2(0W41 + wap + 2wz + 3W44) <7
1.2y4 — 0.8 (0ws) +wsp +2w33 +3wszg) < 8

1.5y5 — 0.5 (0wpq + wap + 2wp3 + 3wog) < 10

1.75y6 — 0.2 (0w +wiz + 2wz + 3wig +4wys) < 12
wii+wi+wiz+wist+ws =1

war+w +wz+wau =1

w3 +w3+w3z+wsy =1
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W41 +Wa2 +waz +wag =1

W51 +Wwsp +ws3 +wsq = 1

We1 + W2 +wez = 1
X1,X2,X3,X4,X5,X6,Y1,Y2,Y3, Y4, 5,6 = 0
wy; >0 for j=1,2,3,4,5

wij >0 fori=23,45 , j=1234
wej >0 for j=1,2,3

Solving by any well known method we get:

yi=y2=y3=ys=y3=0, ye="7.142857
w1 =0.6x10"", w; =0.937

wa1 =0.556 x 1071, woy = 0.944

w3 =0.2962, w34 = 0.7037

war = 0.4167, was = 0.583

ws1 = 0.5740, wss = 0.4259259

wel = 1

WI2 = W3 = Wi4 = W22 = W23 = W32 = W33 = W4 = W43 = W53 = W53 = We2 = W3 = 0
x| A4 X wis=4x0.937 =3.748

X2 A3 X wag =3 % 0.944 = 2.832

X3/ 3 X was =3x0.7037 =2.111

X4~ 3 X was =3 x0.583 = 1.749

X5~ 3 X wss = 3 x 0.4259259 = 1.277

X6 — 0
hence the approximated optimal solution is:

%= (3.748,2.832,2.111,1.749,1.277,0)
§=(0,0,0,0,0,7.142857)
7 = (13.1625,11.356,7.526,6.42,3.123,12.858)
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Chapter 4

Interval programming approach for solving fully fuzzy nonlinear
programming problems

In this chapter we will convert the FFNLPP to an interval programming problem (IPP) and
then we will use interval programming approach to find the optimal solution for the FFNLPP
with triangular fuzzy number we also extended the procedure for solving FENLPP with trape-

zoidal and hexagonal fuzzy number

4.1 Interval programming problem

In this section we will show the procedure for solving interval programming problem .
Definition 4.1.1 An interval number X in general is represented as [x, x].

Definition 4.1.2 Akrami et al.| [|2016b|] An interval programming problem is defined as :

n

max f(x) Z [cj,cj] fj

Jj=1

Subject to

n
Z[all’au}gu x) < [bibi] , i=12,...m

0

4.1)

X

v

where f;(x) or g;j(x) be nonlinear real valued functions.

Theorem 1: Akrami et al.| [2016b] For the interval nonlinear programming problem
(4.1), the best and worst optimum values can be obtained by solving the following problems

respectively.
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n
max 7 = Z ¢ fi(x)
j=1
Subject to
Zal]g] gb_,- , 1=12,...0m

x>0

n
maxz= Y ¢if;(x)
j=1

Subject to

n
Zagjgj(x)gz , i=1,2,....m
i=1

x>0
o) fiRz0 )aii 8i(x) =0
! C_J ,fJ(X)SO ! aijj 7gj<x)§0
C/'/: a 7fj('x)20 Cl//-_ @ 7gj('x)20
ol S0 T @ g <0

2)
4.2)

4.3)

(4.4)

3)

(4.5)

(4.6)

4.7)

Theorem 2 ;Akrami et al.| [2016b]] If the objective function for problem (4.1) is changed

to min then the best and worst solution will be obtained by solving the following problems

respectively

n
minz= )" ¢f;(¥
j=1
Subject to
Zaljgj SE , 1=1,2,...m

x>0
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n
minZ = Y i f;(x)
j=1
Subject to
n
Y digi(x) <bi , i=1.2...m
=1
x>0

where d] j,al i J, J ! are the same as defined in theorem (1).

4.2 Solving FFNLPP with triangular fuzzy number using interval pro-

gramming approach.

In this section we will show how the interval programming will be used to solve the FENLPP

with triangular fuzzy number and we will shew a numerical example.

First we will convert the FFNLPP (0.I) using the alpha cut of the triangular fuzzy

number as in definition (1.2.3)) to the following interval nonlinear programming problem

(INLPP) : |Akrami et al. [2016b]]

n
maxz = Z [chj} fi(x)
Subject to
n
Z [au,a,]} gi(x) < [bi,bi] , i=12,...m

0

X

Vv

where cj,a;j, b; are called a lower bounds, c;,a;;,b; are called a upper bounds

for j=1,....nandi=1,...m:

where o € [0,1] .

(4.8)
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Set & = 0 in problem (#.8)) we get:

n
maxz = Z Cjs ]

Subject to

M=

lj? lj g] [b},bﬂ ) l:1,2,m
]:

from this problem we will get two problems as in the problems (2)) and (3)) which will
be solved to get two solutions

* %k s\ T —x —% —x —x\T
X' =(x],%,...x,)" X = (x],%,...%,)
and the optimal values are z* and Z* respectively

setting o = 1 in problem (4.8) we will get the following problem :

n
max7 = Zc?fj (x') , i=1,...m
j=1
Subject to
n
Zaizjgj (x) <
j=1
x>0

solving this problem we get :

X = (x'l,xz, . ,x;l) and the optimal value is 7’

hence the optimal solution for the problem (4.8))

oo d WAL, (5,25,5),
(X200, 53)
*

7= (g",7,7)

Example 4.2.1 consider the following FFNLPP with triangular fuzzy number
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maxZ = (0.5,1,1.5) ®x® (0.5,1,1.5) @ 7
Subject to
(2,3,4)@x® (1,2,3) 3% < (7,9,11)
X,y >0
converting the problem to an interval problem programming problem using alpha cut

for triangular fuzzy number we get:

maxz = [0.5+ a(0.5),1.5— (0.5)]x 4 [0.5+ (0.5), 1.5 — (0.5) ]y’

Subject to
24+o,4—alx+[1+a,3—a] <[7+2a,11 -2q]

now set o = 1 we get:

maxz* = x* +y*5
subject to
(4.9)
3x* +2y"? <9
x5y' =0
This is a crisp nonlinear programming problem that can be solved by separable pro-

gramming method that was discussed in chapter 3

from the constraints we observe that 0 < y* <3 let fi (y*) = y*, g1 (y*) = y*?

k| ap | fila)=a) | g1(m) =a;
110 0 0
211 1 1
312 32 4
41 3 243 9

f1 (") =0y + @12 + 32013 + 243014
21 (") =001 + 012 + 4013+ 9014
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substituting in the problem(@.9) we get:

maxz" = x" 4+ w2+ 3203 +2430;4

subject to

3" 4+ 2 (w1 +4013+9m14) <9 (4.10)

Wil + @12 + 013 + @14 = 1

X5, 011, 012, ®13, 014 > 0
This is a linear programming problem, we solved it by lingo 11 and we got the following

solution :

xX=0 m; =0.5 (012:(1)13:0 (1)14:0.5
V'R 012+ 2013+ 3014
=0+0+43(0.5)=1.5

hence, the optimal solution is:
X¥=0, y'=15 *=0+1.5=7.59

Now setting o = 0 we get the following model:

maxz = [0.5,1.5]x+[0.5, 1.5]y°
Subject to

2,4]x+ [1,3]y* < [7,11]
x,y>0

Now by considering theorem1 we have two problems, the first problem is

maxZ = 1.55+ 1.55°
subject to
(4.11)
2%+7 <11
xy=>0

this is a crisp nonlinear programming problem that can be solved by separable
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programming procedure as follows:

from the constraint we observe that 0 <y <4
(explanation: 2x—|—y2 <1l = O—I—y2 <ll=y<33)

£1(5) = 001 + 012 + 32013 4 243 w14 4 10240y 5
81 ()7) =0w;] + 012 +4013+ 9014+ 1605

substituting in the problem (4.11]) we get :

maxZ = 1.55+ 1.5 (0w + @12 +32w3 + 243 w14 + 1024w, 5)

subject to
25+ (owq1 +wip +4wis +9wig + 16wys) < 11 (4.12)
wit+wi+wiz+wis+ s =1

X, W11, Wi2, W13, Wi4, O15 > 0
solving by big M method we get:
=0 w;1=031 wop=w3=04=0 W15 = 0.6875

~ 0w + 012 +2w013 + 3014 + 405
=4x0.6875=2.75

=i

<

hence the optimal solution for the problem(4.12)

x=0 y=275 7=2359
The second problem is:

maxz = 0.5x+ O.SX5
subject to
4x+ 322 <7
x,y=>0

solving the problem by separable programming procedure we get:
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maxz = 0.5x+0.5 (0w +wiz +320;3)
subject to

4x+3(0w11 +wip +4m19) <7
wi+wi+ o3 =1

X, 011,wi2,wi3 >,0

0 w= 0.4167 w)p =0 W13 = 0.5833
2% 0.583 =1.166
0.5 x (1.166)° = 1.0776

I
I

I<
I

hence the optimal solution for the original problem is:

X= (%x*’f) = (0,0,0)
¥= (y,)",5) = (1.1665,1.5,2.75)
7= (2,2",2) = (1.0776,7.59375,235.9)

4.3 Solving FFNLPP with trapezoidal fuzzy number using interval pro-
gramming approach

In this section we will show how the interval programming will be used to Solve the FFNLPP

and with trapezoidal fuzzy number .

first we will convert the FENLPP (0.1)) using alpha cut for trapezoidal fuzzy number in
definition (0.1) to the INPP :

n

max f(x Z [cj,c]] fJ

j=1

Subject to
(4.13)

n

Y g ag e < [bib] L i=12,m

j=1
x>0
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in which
¢j=(cj+a(g—c))
cj=(cj—a(d-c})
aij =aij' + o (af; —ay)
ajj = (af] o (a?J _a?J))
b= b+ (-1}
b=t a (b))

from this problem we will get two problems as problems and which will be
Solved to get two solutions which are :
xX'=(x],%,...x,),Xx = (X],%,...%,)

and the optimal values are Z* and z* respectively

Setting o = 1 in problem (4.13) we get the following problem :

maxz = j, j

HM:

subject to

n

Z dijs l] [81753] i=1,....m

v

x>0

from this problem we will get two problems as problems and which will be
solved to get two solutions which are :
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x=(X,X,...X,) , X=(X1,%2,...%)

and the optimal values are z and 7' respective.

hence the optimal solution for problem (.13 is

X = { <XT,£,X_1,XT> ) <X_§,Q,X_2,X§> s <,LZ,@,)Tn,le> }

Example 4.3.1 Consider the following FFNLPP with trapezoidal fuzzy number.

maxZ = (0.5,0.75,1.25,1.5) ®X® (0.5,0.75,1.25,1.5) @ 3*
Subject to

(1,2,4,5)@x®(1,1.5,3,3.5) @y < (11,13,15,17)
(0.5,0.75,1.25,1.5) @%@ (05,0.75,1.25,1.5) ®y < (1.5,25,3.5,45)

Xy=>0
converting the problem to an interval programming problem using alpha cut we get:

maxz = [0.5+ a(0.25),1.5 — 0t(0.25)]x + [0.5 + ¢(0.25), 1.5 — a(0.25)]y*

Subject to
[1+0a(1),5—alx+[1+0.50,3.5—0.5a]y> < [11420c,17 —20]
[0.54+0.25a,1.5 —0.25a]x — [0.5+0.25a, 1.5 — 0.25a]y < [1.5+ &, 4.5 — o]

x,y =0
Set oo = 1 we get:

max z = [0.75,1.25]x+[0.75,1.25]y*
subject to

[2.4]x+[1.5,3]y* < [13.15]
[0.75,1.25]x — [0.75,1.25]y < [2.5,3.5]
x,y>0
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from this problem we will get two problems The first problem is :

maxz = 1.25%+ 1.25y*
subject to
2%+ 1.5%° < 15
0.75x —1.25y < 3.5
x,y>0
This is a crisp nonlinear programming that can be solved by separable programming proce-

dure as follows:

AG) =58 () =7

from the first constraint we observe that 0 <y < 3.

k| ag| filar)=a} | g1(n) =a}
110 0 0
211 1 1
312 16 8
43 81 27

fi (3) = 0wy +win+ 16wz + 81wy
g1 (y) = 0wy +wia 4+ 8wz +27wi4

substituting f} (¥) and g (y) in the problem we get:

maxz = 1.25%+ 1.25 (012 + 16010 + 81014)
subject to

2%+ 1.5(wip+8wiz +27wyy) < 15

0.75% — 1.25 (w12 + 2w13 + 3wia) < 3.5
witt+wiz+wiz+wig =1

X, Wi, wi2,wi3,wig > 0
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solving the problem we get :

x=0, w1 =063, wp=wi9=0, wy,=0.37
y=3xwu=3x037=1.11
7=1.25(0)+1.25(1.11)* = 1.8976

The second problem is :

maxz = 0.75x+0.75y"
subject to
4x+3y° <13
1.25x—0.75y <2.5
xy=>0
This is also a crisp nonlinear programming problem that can be solved by separable
programming.

substituting the values of fi(y) = X4 and g1(y) = )_)3 noting that 0 <y <2 we get:

maxz = 0.75x+0.75 (w2 + 16w;3)
subject to

dx+3 (w2 +8w3) <13
1.25x—0.75 (w12 + 20013) < 2.5
wit+wi+wiz =1

X, wit,wiz,wiz > 0
solving the problem we get :

0 w;1=0458 w;,=0 W13:O.542

_)_C =
y~2x0.542 = 1.08
z2=0.75(0)40.75(1.08)* = 1.02

now set & = 0 we will get:
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maxz = [0.5,1.5]x+[0.5, 1.5]y*
subject to

[1,5]x+[1,3.5)y® < [11,17]
[0.5,1,5]x—[0.5,1.5]y < [1.5,4.5]
x,y>0

from this interval programming problem we will get two problems, the first problem is

maxz" = 1.5x" + 1.57"4

subject to

X4y <17 (4.14)
0.5% — 1.5y" < 4.5

¥y >0

this nonlinear programming problem will be solved by separable programming proce-

dure:

we observe from the first constraint that 0 < y* <3

Y
[06) =580 =7
fi (?*) = 0wy +wia+ 16wi3 + 81wy
81 (y*) = 0wy +wi2 +8wiz + 27wy

Substituting these values in the problem (4.14) we get :

maxZ" = 1.5 + 1.5 (wia + 16wz + 81wyy)
subject to

X+ (w2 + 8wz +27wyy) < 17

0.5x" — 1.5 (wip + 2wz +3wyy) < 4.5
wi+wp+wiz+wig =1

—x
X, Wi, wiz,wiz,wig >0
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solving this problem we get :

=0 w; =037, wp=w;3=0, ws=0.63
X' ~3x0.63=1.89
X =1.5(0)41.5(1.89)* = 19.7599

The second problem is :

max 7" = 0.5x" + O.SX*4
subject to

5 +3.5y° <11

155" —0.5y" < 1.5
x",y" >0

Solving by separable programming procedure. noting that 0 < y* <2 (from the second

constraint) ,the problem will be:

max z- = 0.5x" +0.5 (wip + 16w3)

subject to

5x°+3.5(wip+8wiz) < 11
1.5x* = 0.5(wip +2wi3) < 1.5
wiitwip+wi=1

X", wi, wiz,wiz >0

solving the problem we get :

g* = 0, wi1 = 0.61, wi3 = 0.39, Wiz = 0
y*=2x%0.39=0.78
¥ =10.01

hence , the optimal solution for the original problem is :

¥=(0,0,0,0), y=(0.78,1.02,1.11,1.89)
7=(0.01,1.02,1.89,19.7599)
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4.4 Solving FENLPP with hexagonal fuzzy number using interval pro-
gramming approach

In this section we will show how the interval programming will be used to solve the FENLPP
with hexagonal fuzzy number and we will show a numerical example.
First we will convert the FFNLPP using the alpha cut of the hexagonal fuzzy number

in definition(I.2.5)) to an INPP as follows :

n

max f(x Z [c],cj] fi(x)

j=1
subject to
n (4.15)
)y [aiﬁ@} gj(x) < [bi,bi]
=1
x>0
forj=1,....nandi=1,...m
o 200 c? c} +c}- a €1[0,0.5)
- 3_ .2 3 2
200(cj—cj)—cj+2¢; a€0,5,1]
. —2a(c?—c?>—|—c? o €[0,0.5)
I 5_ 4 5_ 4
—2(x<cj—cj>+2cj—cj a € 0.5,1]
2a<a —a] )+a a e[0,0.5)
al —
- 2(x<al3j—aij2>—aij—|—2ai2j o €[0.5,1]
—2a(a s >+a a € [0,0.5)
ij = 5 4
241 1
.{2oc<bjbj>+bj a €[0,0.5)
= 312 3
2oc<bj—bj>—bj ael05,1]
6_p5 6
F{Zoc(bij-)erj a € [0,0.5)
! 5 .4 5 .4
~2a (b~ bt) +263 b} @€ [05,1]
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set oo = 0 in problem (@.15) we get

maxz = Z [ Cjs J}
subject to

< 1 16
Z [ lj7 lj:| g] [bi’bi]

i=1,....m

x>0

from this problem we will get two problems which will be solved to get two solutions which

are :

* ko k * = ¥ x
X = (ﬁ,&,...)&) , X*= (x’f,xﬁ,...x;‘l)
and the optimal values are z* and z* respectively .

setting o = 0.5 in problem (#.15)) wo get the following problems:

e~ §: [4.6] i

subject to

from this problem we will get two problems as problems (2)) and (3) which will be solved to

get two solutions which are :

/I /! / N A -
)L_<ﬂ’)2""ﬁ) , —<x1,x2,...xn)

and the optimal values are 7’ and 7’ respectively.

setting o = 1 in problem (4.15) we will get the following problem
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maxz = Z [ 3, ﬂ fi(x)

j=1

subject to

Z dijs tj Jgj(x [bﬁ’bﬂ
=
l:

from this problem we will get two problems a problem (2)) and (3) that can be solved,
to get two solutions which are:

no__ .o " I T 7
)C_—(ﬂ,)27)i) , X —<x1,x2,...xn)

and the optimal values are 7 and 7 respectively.

hence the optimal Solution for problem (#.13) is :

§§|

Yy
Al
H,_,

S %
B
=
5%

_ kI T O/ AV
x_{ <-ﬁ7ﬁvﬁax17x17x>{>7(&7-&7&7)(:2’)(:27)6;) ,...(X

The objective value is

Example 4.4.1 Consider the following FFNLPP with hexagonal fuzzy number

maxz = (0.25,0.5,0.8,1.2,1.5,1.75) QX ® (0.2,0.5,0.8,1.2,1.5,1.8) ®y

subject to

(1,2,3,4,6,8) @x“ 4 (0.5,1,1.5,2.5,3,3.5) @y < (15,17,19,21,23,25)
(0.25,0.5,0.8,1.2,1.5,1.75) ®y©(0.2,0.5,0.8,1.2,1.5,1.8) ®x < (5,6,7,8,10,12)
x,y=>0

first , converting the problem to an interval programming using alpha cut for hexagonal

fuzzy number we get :
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(i) for o € [0,0,5) :
maxz = [0.5a +0.25, —0.5a + 1.75]> + [0.60t +0.2, —0.60¢ + 1.8y

subject to
20041, —4a +8]x* + 200+ 0.5, —2a + 3,5y < [4o 4 15) — 4t + 25]

[0.500+0.25,—0.50 + 1.75]y — [0.60t + 0.2, —0.60t + 1.8]x < 20t + 5, —4a + 12]

x,y=>0

(i) for ¢ € [0.5,1]:
maxz = [0.6a+0.2, —0.60, + 1.8]x*> + [0.6ac +0.2, —0.60. + 1.8]y

subject to
20041, —4a +8)x* + [+ 0.5, —a+3.5]y < [4o + 15, —4 0t + 25]

[0.60t40.2,—0.6a + 1.8]y — [0.60¢ +0.2,—0.60 + 1.8]x < 2 + 5, -4 + 12]
x,y=0

when o = 0 we will get the following interval programming problem

maxz = [0.25,1.75]x> +[0.2,1.8]y
subject to

[1,8]x* +[0.5,3.5]y < [15,25]
(0.25,1.75]y —[0.21.8]x < [5,12]
x,y>0

Thus, we will get two problems The first problem is :

maxz* = 1.75%" + 1.8y"
subject to

¥ 10.57" <25

0.25y" — 1.8%* < 12
X,y >0

solving by separable programming procedure and assuming that
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X = 0wy +wi2+2wi3 + 3wis +4wis + Swie, we get :

y'=0
wit=wp=wiz=wis=0,we=1
X'~5

7" =218.75

The second problem is :

maxz* = 0.25x" + 0.2y"
subject to

8x* +3.5y" <15

1.75y" —0.2x" <5

X,y >0

Solving by separable programming procedure assuming that

x* = 0wy +wio +2wi3, we get :

y' =0
wi1 = 0.53, Wiz = 0, wi3 = 0.47
X~ 2x047=0.94

when o = 0.5 we will get the following interval programming :

maxz = [0.5,1.5]x +[0.5,1.5]y
subject to

[2,6]x% +[1,3]y < [17,23]
0.5,1.5]y—[0.5,1.2]x < [6, 10]
x,y>0
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from this interval programming problem we will get two problems :

max? = 1.5%" +1.57
subject to

¥4y <23
0.5y —1.2x <10
¥,y >0

solving by separable programming procedure and assuming that

X = 0wy +wio+2wi3 +3wis +4ws, we get :

y'=0
w11 =0.28, wp=wiz=wi4=0, w;5=0.72
¥ =2.88

The second problem is:
maxz = O.5)_c'3 + O.SX’

subject to
6)_c'2 + 3)_/ <17
1.5y —0.5x' <6
X,y >0
solving by separable programming procedure and assuming that

x' = 0wy +wiz+2wi3, we get

2’24.13
W11:O.81, W12:0, W13:0.19
¥ =0.38

When o =1
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we will get the following interval programing problem :

maxz = [0.8,1.2]x° 4-[0.8,1.2]y
subject to

[3,4]x* +[1.5,2.5]y < [19,21]
(0.8,1.2]y —[0.8,1.2]x < [7,8]
x,y>0

hence we will get two problems , the first problem is :

maxz’ = 1.27" +1.2"
subject to

3% +1.25

0.87" —1.2% <8

x//’y// 2 0

solving by separable programming procedure and assuming that

¥ = 0w +wiz+2wi3 + 3wy, we get :

y// — 0
wil1 = 0.22, Wi2 = W13 = O, Wi4 = 0.78
¥ =2.34

The second problem is
maxz’ = 0.8x" +0.8y”

4" 425" <19
1.22” —0.8x" <7
.XN,X// Z 0

solving by separable programming procedure and assuming that

g” = 0wy +wiz+2wi3 +3wig, we get :

X// — 0
w11 =047, wp=wi3=0, w4=0.53
¥ =1.59
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hence , the optimal solution for the original problem is :

¥ =(0.94,0.38,1.59,2.34,2.88,5), y=(0,4.13,0,0,0,0)
7=(0.201,2.1,3.2,5.4,35.8,218.75)

4.5 comparison between the ranking function method and the interval
programming procedure

We observed that the interval programming method needs a large number of problems to be
solved individually while that the ranking function method consists only of one problem to
solve. In ranking function method the problem consists of large number of variables which
may affect on each other while that each problem in the interval programming method con-

sists of less number of variables which make each problem easier to solve.

comparing the results of the fuzzy variables between the ranking function method and
the interval programming method ( by calculating the ranking function value of each variable
) we can see that the results are close to each other. the below tables show the comparison

between the results .

In table (4.1)) we have shown a comparison between the ranking function method and
the interval programming procedure in terms of number of problems, number of variables

and the level of complexity of the problems

Tab. 4.1: comparison between the ranking function method and the interval programming procedure

Ranking Function method | Interval programming Procedure
number of problems one problem large number of problems
number of variables large number of variables less number of variables

the level of complexity the problem is complex each problems is very simple
of the problems and needs much time to solve and easier to solve

In table (4.2) we compared the results of example(4.2.1) and example(5.2.1)

Tab. 4.2: triangular fuzzy number example

Ranking Function method | Interval programming Procedure
X (0,0,1.25) (0,0,0)
y (2.31,1.5,2) (1.16,1.5,2.75)
R(x) 0.31 0
R(Y) 1.83 1.73
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In table (4.3) we compared the results of example(4.2.2) and example(5.3.1)

Tab. 4.3: trapezoidal fuzzy number example

Ranking Function method | Interval programming Procedure
X (0,0,0,0) (0,0,0,0)
y | (1.2,0.9896,1.25,1.2143) (0.78,1.02,1.11,1.89)
R(X) 0 0
R(Y) 1.16 1.2

In table (4.4) we compared the results of example(4.2.3) and example(5.4.1)

Tab. 4.4: hexagonal fuzzy number example

Interval programming Procedure

Ranking Function method
(0.94,0.38,1.59,2.34,2.88,5)

X | (3.748,2.832,2.111,1.749,1.27799)
y (0,0,0,0,0,7.142857) (0,4.13,0,0,0,0)
1.95 2.19
0.69

R(x)
R() 1.19
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Conclusion

In this thesis we have discussed two methods for solving some types of fully fuzzy nonlinear
programming problem, the first method is ranking function method that converts the FFNLPP
to a crisp non linear programming problem that can be solved by existing methods.

The second method is the interval programming procedure which converts the FENLPP to
an interval programming problem using the alpha cut of each type of the fuzzy numbers and
then solving it by the existing method for interval programming problems.

As a future work we may consider other types of fully fuzzy non linear programming
problems, and we may use other methods to solve the fully fuzzy nonlinear programming
problem and make a comparison between the new methods .
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