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1 Introduction
In 1930 Kuratowski [1] introduced the notion of a measure of noncompactness. In func-
tional analysis, this idea is particularly important in metric fixed point theory and opera-
tor equation theory in Banach spaces. The theory of infinite systems of fractional integral
equations (FIEs) plays a pivotal role in different fields, which includes various implica-
tions in the scaling system theory, the theory of algorithms, etc. There are many real life
problems which can be formulated by infinite systems of integral equations with fractional
order in a very effective manner.

In recent times, the fixed point theory (FPT) has applications in various scientific fields.
Also, FPT can be applied seeking solutions for FIE.

Different real life situations which are formulated via FIEs can be studied using FPT and
measure of noncompactness (MNC) (see [2—24]).

Let a real Banach space (E, ||.||) and B(x,7) = {y e E: |y — x| <r}. If Q(#¢) C E. Also, Q
and Conv<2 represent the closure and convex closure of 2. Moreover, let

a. Mg = collection of all nonempty and bounded subsets of E,

b. Mg = collection of all relatively compact sets,

c. R = collection of all real numbers,

and

d. R, = collection of all nonnegative real numbers.

The following definition of an MNC is given in [25].
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Definition 1.1 A function IT : 9tz — [0,00) is called an MNC in I if it satisfies the fol-
lowing conditions:
(i) The family ker IT = {2 € Mg : [1(2) = 0} is nonempty and ker IT C M.

(i) QS Q) = TI(Q) < TI(Q)).
(iil) T1() = [1(L).
(iv) II(Conv 2) = IT(R2).
(V) M(p2 + (1 - p)P) < pTI(2) + (1 - p)TI(P) for p € [0,1].
(vi) If 2, € Mg, Q= Ly V1 € Ry, for n=1,2,3,... and lim,,_, o, [1(2,)) = 0 then

Qo = 21 Q7 0.

The ker I1 family is kernel of measure T1. Note that the intersection set Qn, from (vi) is
a member of the family ker IT. In fact, since [1(22) < I1(£2,) for any n, we conclude that
I1(2s) = 0. This gives Q2 € ker IT.

The fixed point principle and theorem play a key role in the theory of fixed point.

Theorem 1.2 (Shauder [26]) Let V be a nonempty, closed, and convex subset of a Banach
space E. Then every compact, continuous map T :V — V has at least one fixed point(FP)
inV.

Theorem 1.3 (Darbo [27]) Let V be a nonempty, bounded, closed, and convex(NBCC)
subset of a Banach space E. Let T : V — V be a continuous mapping. Assume that there is
a constant p € [0, 1) such that

n(rQ) =pn(2), Qcv,
where 1 is an arbitrary MNC. Then Y has an FP in V.

We introduced the following generalization of the Banach contraction principle, in
which we get a variety of contractive inequalities by substituting different functions g.

Theorem 1.4 Let (y,d) be a complete metric space. Also, let ] : y + y be a continuous
self-mapping. Suppose that there exists a function g : R, — R, such that lim;_, ,+ g(£) = 0,
2(0)=0, and

d(x,Jy) < g(d(x,9)) - g(dUx, Jy));  Vx,y€y.
Then ] has a unique FP.

Definition 1.5 ([28]) Let IF be the class of all functions F: R, x R, — R, satisfying:
(1) max{my,my} < F(my, my) for my,my > 0;
(2) F is continuous;
(3) F(my +my,ny +ny) < F(my, ny) + F(ma, ny);

e.g. F(my, my) = my + my.

2 Main result
Theorem 2.1 Let V be an NBCC subset of a Banach space E, and let T :V — V be a
continuous operator such that

F[TI(YX),p(TI(YX))]| < A[F{I(X), p(I1(X))}] - A[F{I(TX),¢(T(rX))}] (2.1)
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forall X CV, where A,¢ : R, — R, are nondecreasing continuous functions and 11 is an
arbitrary MNC. Then Y has at least one FP in V.

Proof LetV, =V and construct a sequence {V,} such that V,,,; = Conv(7'V,,) foralln € N.
If there exists a positive integer Ny € N such that IT1(Vy,) = 0, so Vy is relatively compact.
And by Theorem 2.1, we give that 7" has an FP.

If possible, assume that T1(V,,) > 0 for all #. Also, we have

VIQVZQQVVI QVVI+12"'

Since the sequence {I1(V,)} is decreasing. So, ¢(I1(V,)) is decreasing.
Hence, the sequence F[T1(V,,), ¢(I1(V,))] is decreasing.

Since lim,,_, o, F[T1(V,), p(TT(V,.))] = L.

By using equation (2.1), we have

0 < F[M(Vy1), ¢(T1(V,ri1))]

= F[II(Y'V,),¢(N(Y'V,))]

< A[F{TI(V,), ¢(TI(V.) } ] - A[F{TI(YV,.), p(TH(TV,) }]
= A[F{TI(V,)), o(T1(V.) }] = A[F{TH(V,01), 6 (T(V,010)) }].

As n — oo, we get
0<L<AlL)-AL)=0,

thatis, L = 0.

Therefore, lim,,_, o, [1(V,,) = 0. According to axiom (vi) of Definition 1.1, we conclude
that Vo, = ()2; V, is an NBCC set, invariant under the mapping 7" and belongs to ker IT.
By Theorem 1.2, we have 7" has an FP. O

Theorem 2.2 Let V be an NBCC subset of a Banach space E, and let T :V — V be a
continuous operator such that

2F[TI(Y X), ¢ (TI(Y X)) ] < F{I(X), (I1(X)) } (2.2)

forall X €V, where ¢ : R, — R, is a nondecreasing continuous function and 11 is an
arbitrary MINC. Then T has at least one FP in V.

Proof Taking A(¢) = t;¢t > 0 in Theorem 2.1. O
The statement in the next corollary is a result of Theorem 2.1.

Corollary 2.3 Let V be an NBCC subset of a Banach space E, and let T : V — V be a
continuous operator such that

2I(T X) +2¢(TI(Y X)) < I(X) + ¢(T1(X)) (2.3)
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for all X €V, where ¢ : R, — R, is a nondecreasing continuous function and Il is an
arbitrary MNC. Then T has at least one FP in V.

Proof Taking F(my, my) = my + m; in Theorem 2.2. So, we get the required result. O

Corollary 2.4 Let V be an NBCC subset of a Banach space E, and let T : V — V be a
continuous operator such that

M(TrX) < pl(X) (2.4)

forall X €V, wherep = % €(0,1] and 11 is an arbitrary MNC. Then T has at least one FP
inV.

Proof Taking ¢(t) = 0 in Corollary 2.3, we get the required result. O

Theorem 2.5 Let V be an NBCC subset of a Banach space E, and let T :V — V be a
continuous operator such that

F[TI(YX),¢(TI(Y X)) ] < AF{T1(X), ¢(T1(X)) } (2.5)

for all X €V, where ¢ : R, — R, is a nondecreasing continuous function and Il is an
arbitrary MINC, where A = % €[0,1). Then T has at least one FP in V.

Proof Taking A(t) = kt where t > 0, k > 0 in Theorem 2.1. O

Corollary 2.6 Let V be an NBCC subset of a Banach space E, and let T : V — V be a
continuous operator such that

(T X) < ATI(X) (2.6)

forall X €V, where & € (0,1] and I1 is an arbitrary MNC. Then T has at least one FP
inV.

Proof Taking F(my, my) = my +my and ¢(¢£) = 0in Theorem 2.5. So, we get the result which
is Darbo’s fixed point theorem. d

Definition 2.7 ([29]) Anelement (A, B) € X’ x X is called a coupled fixed point of a map-
pingT: X x X > Xif T(A,B)=Aand T(B,A) = 5.

Theorem 2.8 ([25]) Suppose that T11,11,,...,11, is the MNC in Eq, E,, ..., E, respectively.
Moreover, suppose that the function X : R} — R, is convex and F(y1,y2,...,y) =0 &
y: =0 fort=1,2,...,n, then TI(X) = F(I11(X)), [15(AX5),..., 11,(X,)) defines an MNC in
E, Ey, ..., E,, where &, denotes the natural projection of X into E, fort =1,2,...,n.

Example 2.9 ([25]) Let IT be an MNC on E. Define F(A,B) = A + B; A,B € R,. Then F
has all the properties mentioned in Theorem 2.8. Hence, I1¥ (X) = IT; (X)) + [15(X,) is an
MNC in the space E x E, where &}, ¢ = 1,2, denotes the natural projections of X.
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Definition 2.10 ([30]) Suppose that G is the set of all functions p : R, — R satisfying the
following conditions:

(1) w isa continuous strictly increasing function.

(2) lim,_ o0 u(s,) = —00 & lim,, o0 5, = 0 forall s, CR,.

For example,
L p1(s) =1In(s),
ii. pa(s)=1- S% t>0.

Theorem 2.11 Let V be an NBCC subset of a Banach space E, and let T : V x V — V be
a continuous operator such that

w[F{II(Y (s1 x $2)), ¢ (TI(Y (51 X 52))) }] <

| >

[11{T1(s1 x 82) + 9(TI(s1 x 52))}]  (27)

for all s1,s0 €V, where A, F, and ¢ are as in Theorem 2.1 and 11 is an arbitrary MNC.
In addition, we assume (A + B) < u(A) + u(B); A,B >0 and ¢(A + B) < ¢(A) + ¢p(B);
A,B>0.Then Y has at least a couple of FP in V.

Proof Consideramapping V¥ : VxV — VxVbyTY(A,B)=(Y(A4B),T(B,A);ABe
V. It is trivial that 79 is continuous.

Let s €V x V be nonempty. We have I1¢ (s) = TI(s;) + I1(s;) is an MNC, where s1, s, are
the natural projections of s into E.

We get

p[F{N9(r7(s),¢ (7 (r9(s)))}]
M[F{Hcf(’f(sl X $9) X T'(sg X Sl)),gb(l'lcf('f(sl X $9) X T(s9 X sl)))}]
"

[F{H(T s1 X sz)) + I"I(T(sz X sl)),¢(l'l('f(sl X Sz)) + H(T(Sz X 51)))}]

1l IA

IA

W[F{TI(T (51 x 52)) + TI(Y (52 % 1)), (MY (51 x 52))) + S (TL(T (52 x 51)) }]
LI (761 % 52). (175 s))]

W[F{TI(T (52 % 50)), o (TT(YT (52 x 1)) ) }]

[1{TI(s1) + TI(s2) + ¢ (TT(s1) + T(s2)) }]

{9 (s) + ¢(17 (5)) }]

WF(T09,0(196) ]

IT
I1

IA

+

IA

A
Aln
A

[
[

By Theorem 2.1, we conclude that 7 has minimum of one fixed point in V x V. That is,
7 has minimum of one coupled fixed point. g

3 Measure of noncompactness on C([0, T])

Consider the space E = C(I) which is the set of real continuous functions on I, where

= [0, T]. Then E is a Banach space with the norm

loll =sup{|e(s)|:c €1}, o€E.
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Let 7 (# ¢) € E be bounded. For ¢ € 7 and € > 0, denote by w(g, ¢) the modulus of the
continuity of g, i.e.,

w(o,€) =sup{|o(s1) —a(s2)| : g1, 52 € LIs1 — 1| <€}.
Further, we define
o(T,¢€) = sup{a)(g,e) (0 € T}; wo(T7) = lin(l)a)('f,e).

It is well known that the function wq is an MNC in E such that the Hausdorff measure of
noncompactness y is given by x(7°) = %wO(T) (see [25]).

4 Solvability of fractional integral equation
For p € (0,1] and « € C,Re(w) > 0, we define the left GPF integral of f defined by [31]

(af) () = parl(a) f e,

In this part, we study the following fractional integral equation:
Z(s) = A(s, L(s, 2(5)), (oI*" 2)(s)), (4.1)

wherea > 1,0 €(0,1],c €I =0, T].
Let

By, ={Z €E: || Z|| < dp}.
Assume that
(A) A:IxR?>—= R,L:IxR— Riscontinuous, and there exist constants 8;,8,,83 > 0
satisfying
|AG, L,1) - A, L,L)| <8i|L - L] + 810 - L], seLLL, LI eR
and
|L(s, 1)) - L(s, )| <81 =Ll h)eR
(B) There exists dy > 0 satisfying
A=sup{|A(s,L,1)|:c e, Le[-L, L)L € [-1,7]} < do
and
86103 <1,

where

L =sup{|L(s,2(5))| : s €1, 2(5) € [~do, do]}
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and

T =sup{| (oI 2)(s)| : s € 1, Z(5) € [~do, do]}.

(C) |A(§1070)| = 0,£(§,0) =0.
(D) There exists a positive solution dy of the inequality

SorT® (o-1T
8103r+ ——— e ¢ <.
0T (a +1)

Theorem 4.1 If conditions (A)—(D) hold, then Eq. (4.1) has a solution in E = C(I).
Proof Define the operator 7 : E — E as follows:

(T2)(s) = A5, L(s, 2(5)), (oI 2)(5)).-

Step 1: We prove that the function Q maps By, into By,. Let T € B;,. We have

(T 2)(s)|
<|A(s, £(s, 2(5)), (1" Z)(5)) = A(s,0,0)| + | A(s,0,0)|
<81|L(5, 2(5)) = 0] + & (/" Z)(5) - 0|
<8183 Z(5)| + 82| (01" 2) (<))

Also,

(01" 2)(<)]

1 $ (p-)(s-1)
p"‘F(a)/ e ¢ (c—1)*'Z()dr
0

1 S (p-1(s-1)
<— | e ¢ (c-1)YZ@)|dr
T () /0 | |

(p-1T
doe 7
< 0

= pT(a) Jo

(o-1)T
d()Taep'”

~ pT(a+1)

(c-1)*tdr

Hence, || 7T || < do gives

Sody T (p=1T - do,

<&183dop+ ———.& 7
711 < 8183 0+,00‘F(oc+1)e =

Due to assumption (D), 7 maps By, into By,.
Step 2: We prove that T is continuous on Bg,. Let € > 0 and Z, Ze B,, such that || Z -

Z| < €. We have

(T2)(5) - (T2)(s)|
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<|A(s,£(5,2(5)), (oI 2)(5)) = A5, L(5, 2()), (oI Z)(5))|
<811L(s, 2(5)) - L(5, 2(5)) | + 82| (eI Z) (5) = (oI** Z)(5)|-

Also,
(I Z)(5) = (oI*" 2)(5)]

s p-1)(s-T —
= ﬁfo e%(g—r)‘“l{Z(t)—Z(t)}dt

< [ ¢ -0z - 2] dr

(p=1T
€T% »

< p?T(e +1)

Hence, | Z - Z| <€ gives

(p=1)T
- €T »
|(TZ)(§) - (TZ)(§)| < 8103€ + m-

As € — 0 we get |(T2)(¢c) - (T 2)(c)| — 0. This shows that 7 is continuous on By,

Step 3: An estimate of T with respect to wy: Assume that £2(# ¢) € By,. Let € > 0 be

arbitrary and choose Z € £2 and ¢1, ¢, € I such that [¢; — 61| <€ and ¢ > ¢3.
Now,

(T2)(s2) - (TZ)(s1)]
= |A(s2,L£(52, 2(52)), (01" 2)(52)) = A(51, L£(51, Z(51)), (oI Z) (51))|
<|A(s2, L(52, 2(52)), (oI** 2)(52)) = A(52, L(52, 2(52)), (oI Z) (51)) |
+|A (52, L(52, 2(62)), (1" Z) (1)) — A2, L(51, Z(51)), (o1 Z) (51)) |
+|A (52, L(51, Z(51)), (1" Z)(51)) = A1, £(51, Z(51)), (oI Z) (51)) |
< 8|1 2)(52) = (oI Z)(s1)| + 81| L(52, 2(2)) — L(51, Z(61)) | + wall, €)
< 8|1 2)(52) = (oI Z)(s1)| + 8183 2(s2) — Z(s1)| + wa L, €),

where

[A(2, £, 1h) - Als1, L, D) |2 — 1l S €61, 52 €15
wa(l,€) =sup PN <A .
Lel[-L,L;Th e[-1,1]
Also,

(01" Z)(52) = (oI*" Z) (1)

1 S2 (p-1)(sp-17) o1
T @ f e » (om-1)"Z(r)dt
0

1 S (p-1)(s1-7) a-1
" poT (@) / e v (-7 Z2()dr
0
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1 S2 (p-1)(sp-1) L S1 (p- 1)(§1 7) 1
L / P (- 2 () dr - / e (61— 1) Z(x) dr
p*T'(@)|Jo 0

1 $2 (p-1)(s2-7) 1 ST (p- 1)(§2 7) I
L f & gm0 2y de - f e (62— 1 Z(v)dr
pT (@) |Jo 0

1 ST (p-1)(sy-1) 1 ST (p-1)(s1-1) 1
/ & (- 0 2y dr - / & 6 - 2y de
p*T (@) 0

1 S2 (p- 1(52
— (gz—f)“ "Z2(1)|dr
p°T(@) Jg | |

S1 (p-lgy1) (=151 -)
T (Gt —e r (q -0 ) 2(0)]de
p°T(@) Jo

(p=-1)T

—e P o
=< m”zn(s‘z -61)
12 ST (p- 1)(;2 7) a1 ( -1)(s1-7) o1
e -7 ° -7 drt.
el (@) Jo | (s2 ) (61 ) |

As € — 0, then ¢y — ¢1, and so [(o(/*? Z)(s2) — (oI*? Z)(c1)| — 0.
Hence,

(T 2)(s2) = (T 2)(s1)|

< 8|1 2)(52) = (" Z)(s1)| +81830(Z, €) + wa (L €)
gives
(T Z,€) < 8| (1" Z)(52) - (oI Z)(1)] + 81850(Z, €) + wa (L, €).

By the uniform continuity of A on I x [—/3, ﬁ] X [—f, j], we have wa(l,€) — 0ase — 0.
Taking supz., and € — 0, we get

wo(T £2) < 8183w0(£2).

Thus, by Corollary 2.6, Q has a fixed point in £2 C By, i.e., equation (4.1) has a solution
in E. O

Example 4.2 Consider the following equation:

Z(5)  (I*12)(s)

Z =
O e T

(4.2)
for ¢ €[0,2] =

We have

1 S
(*22)(s) = % /0 e (¢ -1)Z(r)dr
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Also, A(s,£,Ty) = £+ % and L(s, Z) =
satisfying

1= /ol
8

|L(s,h) - L(s, 1)| <

and

%. It is trivial that both A, £ are continuous

o -1 _
|A(s, £,10) - A, L,Ty)| < U -U| + 1_0|Il -1l

Therefore, §; = 1,89 = %,83 =
If | Z|| <dy, then

1
8

A~ d
=2
8
and
N 80
Zze—z
Further,
dy 8dy
A, L) < —+— <dy.
| (s 1)|_8+1082_0

If we choose dj = 2, then

A1 ~ 16
L==, I=-=,
4 e?

which gives

A<2.

,and8183 = é <1.

On the other hand, assumption (D) is also satisfied for dj = 2.
We observe that all the assumption from (A)—(D) of Theorem 4.1 are satisfied. By The-
orem 4.1, it can be said that equation (4.2) has a solution in E = C({).
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