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Abstract— This paper deals with the inverse scattering of ultra 
wide band (UWB) tomography used in reconstruction the 
dialectic properties of the unknown targets in 2D.  The image 
reconstruction algorithm is based on the gradient minimization 
of an augmented cost function defined as the different between 
measured and calculated fields. The computation requires two 
successive steps: (i) direct and (ii) adjoint solutions. The forward-
backward time stepping algorithm, implementing the finite-
difference time-domain (FDTD) method with Mur’s absorbing 
boundaries is employed in both steps. The imaging  algorithm is 
based on non-linear optimization technique from which the 
single-step and iterative inversion schemes are derived.  The 
experimental results demonstrate that the algorithms can resolve 
features whose sizes are comparable to the half wave-length even 
though scaterring data are collected only from limited view 
angles. These experimental evidence suggest that the technique 
could potentially be used to solve practical imaging problems 
such as detecting cancerous tumors in breast. 

Keywords: Electromagnetic tomography, ultrawide band, 
FDTD, inverse problem. 

I.  INTRODUCTION   
Inverse scattering deals with the reconstruction of the 

electromagnetic properties of a scatterer under investigation, 
and have attracted the attention of many researchers because of 
its potential applications in variety of fields such as medical 
imaging, geophysical exploration, nondestructive testing, and 
target identifications.  A key promising application is breast 
cancer detection, where thermal and ionizing radiations of CT 
and MRI are avoided. In addition, the contrast in permittivity 
properties between malignant and background fat tissue [1] can 
easily distinguish cancer tumors. Many nonlinear inversion 
techniques have been proposed for imaging high-contrast 
objects. The vast majority of these proposed techniques have 
been based on the frequency domain approach where the 
incidences are assumed to be monochromatic. Popular 
frequency-domain methods include the method of moments 
(MoM) [2, 3] and the finite-element method (FEM)[4].When 
the frequency of excitation is increased, in order to improve the 
resolution of the reconstructed scatterer profile, the inversion 
becomes highly non-linear because of the wave scattering and 
other soft field related artifacts.  On the other hand the high 
frequency and broad-band signal is a preferred choice for 
excitation since this signal enables images to be reconstructed 
at super-resolution accuracy [5-7]. One popular approach to 
obtain more detailed reconstruction is through the use of time 
domain methods. One such method is the FDTD which has 
been successfully investigated for different applications [7, 8]. 

Recently, the time domain inverse scattering technique 
based on non-linear optimization methods have been 

proposed[8, 9]. In this technique, the cost function is 
represented by the difference between simulated and observed 
data, and the solution is obtained through iterative 
minimization. Different minimization techniques are available 
ranging from local minimization, where first and second order 
derivatives methods are used, to global minimization, where 
one attempts to find the global minimum using stochastic 
methods. Global techniques require large number of cost 
function evaluations, and hence, are considered more costly 
than local methods. However, the second order methods 
utilizing Hessian matrix are too expensive compared to the first 
order one where only the gradient information has been 
utilized. Hence, among both optimization classes, the preferred 
choice in terms of computational cost is the first order method.  
Popular examples include the steepest descent, the quasi-
Newton, and the linear and non-linear conjugate gradient 
techniques. 

 

The concept of sensitivity analysis design implementing 
Landweber regularization strategy was introduced for 
applications in process tomography[10]. Following this the 
FDTD approach of the inverse-scattering problem using 
sensitivity map solution was recently proposed in [11] and 
[12].One particular shortcomings of this inversion strategy is 
that the sensitivity calculations are computationally intensive,  
and are not yet efficient enough for large tomographic 
problems. Furthermore, the quality of the image depends 
strongly on the threshold values used to map the scattered field 
vector to the permittivity space, and subsequently, updating 
this parameter in response to a convergence or divergence. 
Moreover, the sensitivity kernels are computed using first peak 
arrival times which are difficult to measure due to scattering 
and waveform distortion.  Clearly, a more realistic model 
focusing on the information in the full waveform is needed in 
order to improve the accuracy of the inversion scheme.  

In this paper we employ the former approach in calculating 
the sensitivity or gradient of the scattered fields with respect to 
the model parameter by using Fréchet derivatives and adjoint-
state method [9] and [13]. By utilizing this analytical form of 
the sensitivity functions, both single step and iterative solutions 
are attempted. In the first case the algorithm is terminated after 
the first iteration and the solution is obtained through Born 
series approximation. Meanwhile, the iterative solution is 
obtained by repeatedly updating and minimizing the gradient 
function leading to Newmann series approximation. In the later 
case the Polak–Ribiére nonlinear conjugate gradient 
method[14] is used in the minimization. Some salient features 
of these inversion techniques, particularly the capability of 
reconstructing an object at super-resolution accuracy, are 
demonstrated using simulated and real data experiments. 
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II. TIME  DOMAIN INVERSE  SCATTERING 

A. Problem Formulation 
We consider a bounded 2-D domain which is occupied by 

single or multiple scatterers as shown in Fig. 1. These 
scatterers can only be dielectric and are described by spatial 
distribution of their dielectric properties. For simplicity, we 
assume that the medium is non-dispersive and isotropic. The 
cross-hole geometry is used in the measurement, and the 
images are reconstructed from limited-view projections. 

B. Augmented Cost Function 
 

Following similar procedures described by [9] and [13], 
and assuming TM mode propagation  in which the electric field 
is polarized in z direction, the unknown properties representing 
the dielectric properties ( , )ε x y  can be estimated by 
minimizing the cost function as follows 
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where ε  is the dielectric property of the scatterers, 
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zE  respectively represent the measured and 

calculated fields obtained at the mth measurement position for 
nth incident wave. 

 

Fig. 1 FDTD grid used to model the propagation of TM's wave in a cross-hole 
geometry.  The grid is truncated by first and second order Mur absorbing 
boundary conditions [15] 

This minimization process is subjected to the constraint in 
such a way that for given estimate of  ε  and for every 
incidence the calculated fields should satisfy the Maxwell's 
equations. Next, the constraint is introduced to the cost 
function by utilizing Lagrange multipliers referred to as the 

adjoint fields and denoted by, n
ze , n

xh  and n
yh . Thus, the 

objective is to minimize the following augmented cost function  
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The necessary condition for the minimization of the 
augmented cost function is that its first variation is equal to 
zero. Taking into account only the first-order variations while 
neglecting all higher order terms, and assuming that the 
perturbations in parameters μ  and   σ  are zeroes, the first 
variation can be written as   
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Careful examination of the right-hand-side (RHS) terms of 
equation (3) reveals the following important points. First, the 
first and second terms must be equal to zero resulting in the 
fulfillment of Maxwell equations. Solving them in the time 
interval [0 T] constitutes the forward problem in which the 
electromagnetic fields inside the domain is sought for a given 
permittivity distribution. Second, the third, fourth and fifth 
terms are related directly to the  adjoint fields. Integrating these 
terms by parts in time and space and assembling the similar 
terms yields the following  
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By equating equation (4) to zero, the condition necessary 
for the minimization of an augmented cost function is derived.  
In so doing, the first term on the RHS of equation (4) is 
equated to zero, which results-in the adjoint fields satisfying 
Maxwell's equations with the current source terms replaced 
with error signals calculated as the different between the 
computed  and measured electric field at the measurement 
points. For the second term in equation (4) to be zero, the 
adjoint fields should be traveling back-ward in time. Moreover, 
the third and forth terms cancel each other when the adjoint 
fields follow the same boundary condition as in the forward 
problem. Therefore, by simply changing the variable in time, 
the adjoint fields can also be calculated using the FDTD 
approach.  Finally, the sixth term on the RHS of equation (3) 
represents the gradient of an augmented cost function. 

C. Inversion strategies 
The gradient of augmented cost function with respect to the 

permittivity can be easily identified by examining equation (4) 
closely. Mathematically it is given as follows 
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This formula can be utilized by any gradient based 
optimization techniques for minimization of augmented cost 
function. Among them, the most commonly used techniques is 
the Polak–Ribiére non-linear conjugate gradient method [14]. 
Using this method,  the updating process for the current 
estimate of the dielectric properties of unknown target is given 
by  

1     ε ε α+ = +k k k kv                                          (6a) 

where kv  is given by  
1    β −= − +k k k kv g v                                           (6b) 

where 1ε +k  and ε k  are the current and previous estimate 
of permittivity, α k is the step size in the direction of conjugate 

gradient, kv and 1−kv  are the current and previous conjugate 
gradient directions,  kg is the gradient of the augmented cost 
function, and  β k  is  given by 
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The Newmann series solution is obtained by iteratively 
solving equations (5-6) until convergence is reached or when 
the maximum number of iteration is exceeded. 

There are two major issues associated with the use of the 
above optimization technique. First, the problem with local 
minima and second is the time consuming nature of the 
procedures. These problems become more complicated when 
the search region is large compared to a wave-length. To 
overcome these difficulties a special case solution can be 
obtained by carefully examining (6). One such case is that 
when 0=k  and 0 1α = , is the first iteration and the solution 
to inverse scattering becomes Born approximation. Following 
this and letting 0=k   and 1α =  in equations (6), we have 
derived a single-step time domain inverse scattering technique 
and its updating equation is given by  

          εΔ = −g                                       (7) 

Meanwhile the Newman series approximation is obtained 
by iteratively updating the solution via the Polak-Ribiére 
algorithm  as mentioned previously. The methods needed for 
calculating the gradients and adjoint fields are similar to the 
single-step algorithm. In this case convergence is assumed 
after the iteration has exceeded 20th step. Even though other 
systematic approach can be used to terminate the algorithm, 
however, a fairly good reconstructions are possible after 20th  
iterations as results in this paper demonstrated.  
 

III. RESULTS AND DISCUSSION 
In order to assess the fidelity  and accuracy of these inversion 
strategies, both numerical and experimental data are 
performed. Two different grid sizes are used in this study. In 
the first one the computation domain is descritized into 22x52 
cells from which 20x40 grid points constitute the imaging 
region. Meanwhile the second  and finer grid is made-up of 
210x410 cells from which 200x400 grid points constitute the 
imaging region. The coarser and finer grids are used to 
implement the iterative and single-step image reconstruction 
algorithm respectively. In both cases, the imaging plane is 
illuminated by transverse magnetic (TM) waves generated by 
20 transmitters placed on one side of the scaterrer.  For each 
transmitter position, the electric field is measured by 20 
receiver placed on the opposite side. Modulated Gaussian 
pulse with central frequency 1GHz is assumed for both 
simulation and experimental results. Fig 2. shows the 
excitation signal, its spectrum and first derivative respectively. 
 



A. Simulation Results 
 

Two simulation examples are performed using the coarser 
grid in order to validate the methods and procedures above 
described. It is also assumed that the medium is lossy  with 

 

Fig. 2 Example of excitation signals assumed in the reconstruction, (a) 
modulated cosine Gaussian with 1 GHz central frequency, (b) its spectrum, 
and,  (c) is the derivative of (a) 

30ε =r , 1σ = mS/m, and μ  is set equal to free space 
value. In the first simulation 4 cm square object ( 35ε =r ) is 
placed at the center of the imaging plane while in the second 
example two 4x6 cm rectangular objects ( 35ε =r )  are placed 
18 cm apart. Based on the frequency of the excitation signal 
together with the electrical properties of the medium, the 
maximum possible time step, Δt , determined by the Courant 
stability criteria [16] is129ps . Here, 32.5Δ =t ps  is used thus 
fulfilling this condition. The time interval used in the 
computation is fixed to 400 time steps corresponding to the 
imaging period of [ ]ns13,0 . 

The reconstruction profiles of one and two objects using the 
single step and iterative inversion algorithms are shown in 
Figs. 3-6. In Fig. 3, (a) is the actual image, (b) is the single-step 
reconstruction (c) is the image reconstructed using iterative 
technique. Fig. 4(a) and (b) correspond to images in Fig. 3(a) 
and (c) respectively but plotted in 2-D. Meanwhile a graph in 
Fig. 4(c) shows the convergence trend of the iterative 
algorithm. In this example the reconstruction is terminated after 
16th step. The two-object reconstructions are shown in Figs.4-
5. As before, Fig. 4(a) shows the actual image, 4(b) is the 
single-step reconstruction and 4(c) is the iterative 
reconstruction. The 2-D representations of these images are 
shown in Fig. 6(a) and (b), while Fig. 6(c) displays the 
convergence trend of the iterative scheme. In the of iterative 
scheme the algorithm is terminated after 21st step. Clearly, it 
can be seen from Figs. 3 and 5 that both algorithms can 
accurately estimate the shape, size and location of unknown 
scatterer. As expected the iterative technique resulted in a  
more accurate reconstruction compared to a single-step 
technique. However, in both cases, the reconstruction shows 
some error asymmetrically along the horizontal direction since 
the measurements are performed in lateral view only. The same 
trend is also observed in Fig.4. The sizes and locations of the 
objects are correctly reconstructed even though their shapes 
and sizes appear distorted in x-direction. However, the 
distortion is less when the iterative technique is employed. 
Although the iterative technique is more superior compared to 
the single-step algorithm, the latter is much faster and the 

convergence is always assured. Implemented on 2.5 GHz Intel 
quad-core processor with 2GByte of memory, the single-step 
takes slightly less than 60 seconds compared to more than 13 
hours for the iterative technique. If speed is crucial factor, then 
it can be shown here that a single-step reconstruction algorithm 
with an adequate smoothing filter offers an alternative solution 
especially when reconstruction is attempted on large scale  2-D 
or 3-D problems. 

 
Fig. 3 Simulation results for one object at center, (a) actual image, (b) 

reconstructed image using single step, and, (c) reconstructed image using 
iterative algorithm 

Fig. 4 A 3-D representation of Fig. 3, (a) actual profile. (b) reconstructed 
profile after 16 iterations, and, (c) the convergence trend 

Fig. 5 Simulation result for two objects,  (a) actual image (b) reconstructed 
image using single step, and (c) reconstructed image using iterative algorithm 

(a) (b) (c)



 

Fig. 6 A 3-D representation of Fig. 5, (a) actual profile, (b) reconstructed 
profile after 16 iterations, and (c) the convergence trend 

B. Experimental Results 
The reliability of the single-step reconstruction algorithm is 

further assessed using two experiments and following the same 
geometry described elsewhere [9]. In the first experiments, one 
biological target in the form of ellipsoids-shape pumpkin with 
fattest and thinnest diameter with 9 and 5cm respectively is 
placed at the centre of the imaging plane while in the second 
experiment, two plastic rods with different size and shape are 
placed at two different locations. The first one is a cylindrical 
pipe with 2.5 cm diameter located at the upper half of imaging 
plane while the second is the 5x6 cm rectangular object placed 
slightly below the centre. The first experiment is performed 
using antenna with centre frequency of 1 GHz while the second 
one is accomplished using 0,9 GHz antenna. Altogether 400 
unique measurements are recorded for each experiment. Each 
measurement represents transmitter–receiver pair, containing 
801 samples each for real and imaginary components. The 
scanning times are fixed to 8.5 ns and 13.ns for the first and 
second experiments respectively. The difference in time is due 
to the different in centre frequency of the antenna. 

 The cornerstone of our inversion algorithm is the gradient 
which is already known to be zero for same homogenous 
medium. However, this is not the case due to the experimental 
and modeling errors. Therefore, calibration is performed to 
minimize these errors. This ensures that the gradient calculated 
from known distribution agreed with gradient obtained by 
simulation. The calibration strategy is adopted in order to 
ensure that the measured signals and calculated signals from 
the model are in close agreement for a defined set-up.  The aim 
of this procedure is to minimize systematic errors between the 
experimental system and the model, such as antenna gains, 
positioning errors, cable propagation delays and such like. The 
procedure involves comparing the measured and simulated 
signals for the case of a fixed homogeneous medium. The 
measured values are then time-shifted to coincide with the 
simulated data and their amplitudes normalized. Following this 
time alignment and normalization, the remaining residual 
errors are calculated by simply subtracting the calculated and 
measured signals.  This resultes in a residual error matrix of 

size m n×  with 1m T= −  and n NM= . Subsequent 
measurements are then corrected by applying the appropriate 
time offset, gain correction values, and subtraction of their 
residual errors. Fig. 7 shows the pulse obtained from one 
projection before and after calibration. From this figure it can 
be seen that the measured signal approximately matches the 
simulated one after calibration. Indirectly, this procedure 
minimized errors inherent in the FDTD modeling and ensures 
that these errors are not carried on into the image 
reconstruction procedure. 

All data measured are treated in the same way prior to 
reconstruction. Fig. 8 and Fig. 9 show the image reconstruction 
obtained from first and second experiments respectively. 
Referring to these figures, (a) are actual images (b) are images 
reconstructed using Born series approximation and (c) are  
corresponding images in (b) after smoothing. Clearly, it can be 
seen from this figure that the algorithm can accurately detect 
and localize the biological target despite low signal to noise 
ratio, although its size appears exaggerated due to the 
approximation in the algorithm. Furthermore, the detailed 
features within the target are absent from the tomogram. This 
must be expected since the size and variation of such features 
are electrically small compared to wavelength used. The results 
from plastic rods experiment are shown in Fig.7. Again, it can 
be seen here that the location, shape, and size of objects are 
accurately reconstructed; however there are some artifacts in 
shape reconstruction particularly the rectangular rod in which 
the four edges appeared smooth. This is due to the effect of 
processing this image using a low-pass filter. 

 

 

 

Fig. 7 Calibration of the imaging instrument showing the waveform pattern 
obtained from one projection, (a) the simulated pulse, (b) the measured pulse 
and (c) the calibrated pulse 

 

 



 
Fig. 8 Image reconstruction of a pumpkin located at the center,  (a) actual, (b) 
reconstructed before smoothing, and (c) reconstructed after smoothing 

 
Fig. 9 Image reconstruction of two plastic phantoms of different sizes and 
shapes, (a) actual, (b) reconstructed before smoothing, and (c) reconstructed 
after smoothing 

IV. CONCLUSIONS 
Two inversion time domain inverse scattering schemes, 

which combine the FDTD and gradient based minimization 
scheme has been discussed and implemented. The gradient has 
formerly been computed using Fréchet derivative and adjoint 
method. The first algorithm has been based on Born 
approximation, permitting the image reconstruction be 
performed in single-step. In contrast, the second algorithm 
utilized the iterative Polak–Ribiére method, leading to a 
Newman series solution. The practical feasibility of these 
algorithms has been investigated by using simulated 
experiments and real data. In the first experiment, a biological 
object was added to simulate cancerous-like dielectric profile, 
while the second experiment used plastic for performance and 
testing purposes. It has been discovered that the Newman 
solutions are more accurate compared to Born series 
approximation although the former technique takes much 
longer time to converge. It has also been shown here that the 
quality of images produced by Born approximation can further 
be improved by filtering. Therefore, a compromise between 
speed and accuracy can be achieved via a single-step technique 
provided a suitable filter can be designed for image 
enhancement. 
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