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Abstract

Methods for solving Fully Fuzzy Multi—dbjective Linear programmingi

problem

In this thesis fully fuzzy multi objective linear programming problem will be considered,
we will stady two methods which are ranking function method and game theory approach,
in these methods the fully fuzzy multi-objective Linear programming problem (FEMOLPP)
will be converted to a crisp multi objective linear programming problem (MOLPP) and then
the problem will be solved by weighted method or preemptive method. And alpha cut method

will be used for solving fuzzy multi objective linear programming (FMOLPP).
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Chapter 1

Introduction

Multi objective linear programming is an efficient operational research technique in decision
making problems. It is usually used in cases which the decision maker needs to take more
than one aspect simultancously instead of one. However, since the problems in our real world
are complex, the decision maker cannot set a deterministic values for the coefficients so it is
more convenient to deal with this uncertainty by means of fuzzy concepts and replace the
crisp number by fuzzy one, this will lead to a fully fuzzy multi objective linear programming
problem (FEMOLPP) in which all the coefficients are fuzzy numbers.

Several methods have been used to solve the fuzzy multi objective linear programming prob-
lems such as ranking function method in [3], max-min method [7]. Hossein Zadeh [11]
discussed the fuzzy multi objective linear programming problems in which the variables are
symmetric trapezoidal fuzzy numbers, the authors in [10,20] used fuzzy simplex algorithm
1 solve such problems. In [9] revised simplex method was used in case that the constraints

are crisp.




The general form of the FFMOLPP is given as : [5}

Mazimize Z2%,72%, .., 2%
- 7l A1, ~h - L -
where  ZF =) 65 @1y, k=12, K

such that

F >0 j=1,2,..n

where 5‘; d;;, by are fuzzy numbers and Z; are fuzzy variables,

In this work we will study two methods for solving FEMOLPP. In chapter 2 we introduced

some basic definitions about triangular, trapezoidal and hexagonal fuzzy numbers. In chap-

ter 3 crisp mult objective linear programming problem (MOLPP) was considered, we have

shown two methods for solving a MOLPP which are preemptive method and weighted sum

method, numerical examples were also presented. In chapter 4 we used the ranking func-

tion method to solve fully fuzzy multi objective linear programming problem with triangular,

trapezoidal and hexagonal fuzzy numbers by converting the FFMOLPP to a crisp MOLPP

and then solving it by preemptive and weighted sum method, the method was fllustrated by

some numerical examples. In chapter 5, game theory approach was used to solve the FE-

MOLPP. In chapter 6, alpha cut method was used for solving FMOLPP.




Chapter 2

Fuzzy sets and fuzzy numbers

To solve FEMOLPP and FMOLPP , we need first to understand the basic definitions about
fuzzy set and its basic definitions and the types of fuzzy numbers that we will use in our
thesis.

In this chapter we will introduce the definitions of fuzzy set and fuzzy number and we will
show the membership function for the fuzzy numbers that we will deal with in our thesis

which are triangular, trapezoidal and hexagonal fuzzy number.

2.1 Fuzzy set

Definition 2.1.1 Fuzzy set
For a set X, a subset A is called fuzzy set if pry 1 X — [0,1], where ji denote the degree of

belongingness of Ain X [22].

Its obvious that the fuzzy set is a generalization for the classical crisp set that has a charac-

teristic function which maps each elementin X to Qor 1ie (X, : X — {0,1}).

Definition 2.1.2 Convex Set
A fuzzy Set A on X is said to be convex if for any z.y € X and A € |0,1], we have

pale+ (1= Ay) = min{jale), paly) e,y € X [16].




Definition 2.1.3 Normal set

We called a fuzzy set normal set if there exist at least one point = € X with jia(z) = 1, fe

(Fx € X st palz) =1)[16].

Definition 2.1.4 For a fuzzy set A, o — cut is a crisp set, defined by

Ao =1z € Xlpalz 2 a)} [16].

2.2 Fuzzy numbers

In this section we will show the definitions of fuzzy number and each type.

Definition 2.2.1 Fuzzy number
A fuzzy set A with membership function defined on the set of the real numbers is called fuzzy

mumber if it is normal , convex and [14(x}} is plecewise contimwous [18].

Definition 2.2.2 A fuzzy mumber A is called positive fuzzy number (A > 0) if pa(x) =

0.¥e < 0 and itis called negative fuzzy number (A < 0} if pa(z) = 0Vx = G [15].

2.3 Triangular fuzzy number

In this subsection we will show the definition of the triangular fuzzy number and some other

basic definitions and operators on them.

Definition 2.3.1 Triangular fitzzy number
Let a,b, ¢ be real numbers with @ < b < ¢ Then the triangular fuzzy number (IFN)

A = {(a,b,¢) is the fuzzy number with the following membership function [28]:




; :: z € fa,bl
palz) =4 m, z e b
c—b
0, T < a _w!ld.' A::: >0

The eraph of the triangular fuzzy number is shown in Fig 2.1.

Definition 2.3.2 Two triangular fuzzy mumbers A= {04, ag, a3) and B = {by, by, by) are said
to be equal i.e A = B if ay = by and ag = by and az = by [12]

Arithmetic operations on the rriangular fuzzy numbers,

(YA + B = (@ + by, ag + ba,ag + by)

(i1)A ~ B = (ay — by, ay — b2, a3 — by)

(i1i) — A= (—ag, —2, —)

(iv)

(kay, kas, kag) for k>0
klay, as, 0a) = 2.5

(kay, kag, kag) for k<0

I

Definition 2.3.3 A fuzzy triangular number A = (a,b,¢) is called non negafive triangular

Juzzy number if a > 0 [16].
Definition 2.3.4 o — cut for triangular number [6]

If A = (b, c)is a triangular fuzzy number then a — cut of A

Ax={b—a)a+ac—{c—Dj] (2.2)




"
o

Fig. 2.1: Triangular fuzzy number.

2.3.1 Trapezoidal fuzzy number

In this subsection we will introduce the definition of the trapezoidal fuzzy number.
Definition 2.3.5 Trapezoidal fuzzy number [2]

A fuzzy number A = (a, b, ¢, d)is a trapezoidal fuzzy number if

;

0 v <axzd
T —
; W< r<bh
palr) =771 (2.3)
1 h<xz<ec
d— d
S if i
L d — ¢’ ‘ ‘

The graph of the trapezoidal fuzzy number is shown in 2.2, we can see that when b = ¢ we

will get triangular fuzzy number.




Definition 2.3.6 « — cut of trapezoidal fuzzy number

The o — cut of trapezoidal fuzzy number(a, b, ¢, d} is given by [22}:

Ay = [0+ alb— a}, d—a(d = c)] (2.4)

Fig. 2.2: Trapezoidal fuzzy number.

2.3.2 Hexagonal fuzzy number

In this subsection we will show the definition of the hexagonal fuzzy number,
Definition 2.3.7 Hexagonal fuzzy number [8]

A fuzzy number Ay is a hexagonal fuzzy number denoted by
Ay = {e1, a2, a3. aq, a5, ttg)WhETe @y, tg, iy, 0y, G5, g 41C real numbers and its membership

function gt 4p is given by:




0 I < Qg

1/ 2—aq

— [ — a1 <<y
2 \ Gz —ay

1 " 1 I — (9 < g <

- 4 | —— ity <K
2 2 \ag—az S

Hag —

1/ r—ay
11— e g <x < ay
2 \as— a4

g — &
— a3
dg — U5

&> g

g | b=
AN
B
1A
o
(w1

o

The graph of the hexagonal fuzzy number is shown in 2.3.

X

Fig. 2,3: Hexagonal fuzzy number.

(2.5)




Definition 2.3.8 a-cut for hexagonal fuzzy mmber [21]

if A = (ay,ay, as, as, 05, ag) is hexagonal fuzzy number then

Dalay — a1} + a1, —2afag — a5) +ag) for a € [0,0.5)
Ay = (2'6)

| Radlas — ag) — ag + 202, —2a(as — as) + 2a5 — a} for a€0.5,1]
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Chapter 3

Multi objective linear programming problem

In solving FFMOLPP we need to convert the problem into a crisp malti objective linear
programming problem (MOLPP).
In this chapter we will introduce the definition of the multi objective linear programmang and

some methods for solving it with numerical examples.

Definition 3.0.1 The process of optimizing systemically and simultaneously a collection of
objective functions is called multi objective optimization (MOQ), when all the objective fiinc-
tions and constraints are linear this will lead to multi objective linear progranuning which

we want 1o study [22].

Multi objective linear programming has applications in real world such as economic, indus-
trial, etc {4].

The crisp multi objective linear programming model usually presented as [27]:

max or min Z, = Ci.x

subject to
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where 7 is an n-dimensional vector of decision variables.

Z1(x), Za(z),..., Zi(z) are k distinct linear objective function of the decision vector x.

Cy, Ca, ..., Cy are n-dimensional cost factor vector.

A is m * n constraints matrix.

b is n-dimensional constant vector.

Many methods have been used for solving MOLPP such as preemptive method and weighted

sum method {26,27].

3.1 Preemptive method

In preemptive method, the objective functions are ranked according to their priority ot im-
portance for decision maker and at each step we will optimize only one objective function
(starting with the highest priority) subject to the constraints and neglecting ail other objective
functions, at each step we will add an additional constraint from the answer of the previous

optimization step, we will show an example to iHustrate the method [23].

Example 3.1.1

min Zl = 40.’231 e 32’1’2
min Ze = 00z, + 12501,
min Zq = 0.22 4+ 0.452,

subject to

120 + dzg 2 48
4oy + dxy > 28

3.D
10 + 202 = 100

Ty.ite =0
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solution;
step 1: we will solve LPP1
men £ = 402y + 321
subject to
12, + 4y > 48
4apg + dwg = 28
1021 + 20xy > 100
1, e = 0
by using simplex method we will get :
=25 Ty = 4.5 Zy == 244
step 2: we will solve LPP2
min £ = 800x; + 1250z,
subject to the set of constraints (3.1)

4021 + 3225 < 244 (additional constraint)

by using Big M-method or linear programming solver we will get :

ap = 2.5 Iy = 4.5 Zy = 7625
step 3: solve LPP3

min Zy = 0.2 + 0.4Dhxg

subject to the set of constraints (3.1)

800z - 125022 < 7625

Alxq + 321, < 244 (additional constraint)

by simplex method we will get :

wp =25 20 = 4.5 Zy = 2.525
hence the optimal solution is :

2 =25 2 =45 Zy = 244

Zy = 2.525
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3.2 Weighted sum method

Weighted sum method in multi objective linear programming is used to combine two or more
objective functions together by multiplying each objective by a weight which will be de-
termined by the decision maker according to the importance of each objective function to
him/her, combining the objective functions will Iead to a single objective function which can
be solve easily by simplex method or other methods.
Since objective functions have different units and magnitude, normalization is needed to
maké them comparable before combining it together.
Here we will show steps fore solving MOLPP by weighted sum method:
Step 1:
Solve each objective function individually subject to all constraints to find the optimal value
of the objective function, denote the optimal value for the objective function Z by Z}.
step 2:
we will combine the objective functions together by using weighted sum, and we will nor-
malize each objective function to make the objectives comparable, hence the single objective
function is written as fotlows:
Z =3 uki_é
step 3:
solve the foilowing LPP by any method or by a linear prograimming solver to get the optimal
solution:
max/min £ = . zu%%
8.t
Az, >, =}b
x>0

* Note that the weights 1w wilt be chosen by the decision maker.




Example 3.2.1

14

We will solve the previous example by weighted method.

Step 1: we have to solve each objective subject to constraints individually to find the optimal

solution,

For each objective, denote the optimal value for Z;, objective by Zi, k = 1,2, ... where k is

the number of objective functions.

solving Z, subject to the constraints (3.1) we get

Ty = 4

332"—_3

solving Z, subject to the constraints (3.1) we get

py =4

4}
o = o

solving 73 subject to the constraints (3.1) we get :

=4

Step 2:

Ty =3

£ = 250

5 =215

construct a normalized weighted Linear programming problem :

min 7 = wy % (25) + wo # (%) A ws # (
:

Z3
Z3

subject to the set of constraints (3.1)

wy,wa,wy are chosen by decision maker, assume that

1y = (1.2

solving by big-M method we get :
=4
Zy =256

which is the optimal solution.

wq = 0.6
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Chapter 4

Ranking function method for solving fully fuzzy multi

objective linear programming problem

In this chapter, we will use the ranking functions for the fuzzy numbers to convert the fully
fuzzy multi objective linear programming problem to a crisp one, and then solve it by the
previous methods, this method will be applied to the triangular, trapezoidal and hexagonal

fuzzy numbers.

4.1 Ranking function

Definition 4.1.1 ranking finction

The ranking function is a functionR? : F(R) — R, where I'(}) is the set of fuzzy numbers
_defined one the real numbers wich maps each fuzzy number into the real line where a nature
order exist [1,25].

The ranking function for a triangular fuzzy number A = (a;, ay, ¢3) is detined as:

Ay . aytBasdns
R(A) = 21500288 [13]
The ranking function for (rapezoidal fuzzy number A= (@1, as, @3, 04} is defined as:

R(A) = sxteazartes [o4],
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The ranking function for hexagonal fuzzy number A = (a1, 09, a3, 14, a5, a5) is defined as:

R(fi’_) — 21 '1-&2"3'“&3‘;&44»&.5.{“&6 [26} '

To use the ranking function wa have to know the following properties:

For a two fuzzy numbers A and B :
1. A> Biff R(A) > R(B)
2. A < Biff R(A) < R(B)

3. A= Biff R{A) = R(B)

4.2 Ranking function method

In this section we will study the ranking function method and give some numerical exam-
ples {25].
let ¢ = {&l1am:b = {E}ml be fuzzy numbers and A = [d;]n be a matrix whose entries are
fuzzy numbers, T = [73]1.n 18 the solution which is fuzzy vector, then the FEMOLPP (1) can
be written as follows:

maximize or minimize Z¥ — z;}:_l (dy, ey, fro) @ (25,05, 25, )

subject to

Z;}‘:l(@’ij; bij: Cij, )@(Tf; Yis 24, ) g (b'i7 i, h“i', )s

2z 0 5=1,..n
by using the definition (4.1.1) the objective function will be
max or min 2% = RO (dy e frn) @ (25,45, 25 )
and constraints will be as follows:
Yoralag, b i) © (5,5, 25, 0) S (b, g, Py )
(s aigs, Yy bisti D €tz ) < (biy ga s )
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by the comparison of components we will get the following crisp MOLPP :
max/min Z% = R(37"_ (d;, 65, f1,) @ (2, Y5, 75, - )) , k=12, . K
subiject to
D1 0ty S b
D i bits < g

k3
D e Gz S

x; 20,y > 0,2, 20, g=1 .n
and then this model can be solved by any method for solving MOLPP such as preemptive
method and weighted sum method that we discussed before.

Numerical examples:

Example 4.2.1 Solving FFMOLPP With Triangular Fuzzy Number Using Ranking Function

Method [19].

max Z; = {7,10,14)% & (20, 25, 35)7
max Zp = (10, 14, 25)T & (25, 35, 40)§
subject to
(1,2,3)r & (1,4,6)y < (2,5, 13)
(1,2,3)r e (4,5,6)y < (2,4,7)
.7 = 0 solution:
let & = (1, 29, 23), U = (Y1, Y2, Ua)

TIAX ,;‘;1 = (?, 1() 14} ® (.’1’31, g, 1‘3) 28] (20 25 35) & (yl: 4o, 1}3)

max 7y = (10, 14,25) ® (zy. 22, 3) @ (25, 35,40) @ (y1, 12, 3)
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subject to
(1,2,3) ® (w1, 23, 22) @ (1.4,6) @ (31,702, 43) < (2,5,13)
(1,2,4) ® (21,22, 25) © (4,5,6) @ (31,92, ¥3) < (2,4.7)
(21, T2, 333):— (;1/1; U2, ys) =0
using multiplication of triangular fuzzy numbers we will get:
max # = (721, 102y, 1d23) @ (201, 25y2, 35¢s)
max o = (102, 1424, 2523) @ (2531, 351, 40ys)
subject to
(21, 222, 3m3) ® (y1, 42, Oy} < (2,5,13)
(zy, 20, d73) & (dy1, by, B33) < (2,4, 7)
(2, 2, %3), (1. Y2, 93) 2 0
by using addition of triangular fuzzy numbers
max 5 = {Tzy + 20y;, 1022 + 2590, 1wy -+ 351s)
max 5, = (1021 + 2511, 14ws + 3542, 2523 -+ 40ys)
subject to
(21 + 3, 2 + 4y, By + Bys) < (2,5,13)
() + dy1, 200 + Dy, dag + Gys) < (2,4,7)
(2, o, T3), (Y1, 42, W) 2 0
Now by applying the ranking function R(A) = ‘fi‘“ﬁfaﬂ”*ﬁ* on the objective functions we will
get:
max z; = 0.7 + 21 + Swo + 20y + 14wz + 3.0y
max zo = 21 + 2.5 + 11.20 + 28y + 2.5 -+ 43
subject to
w4y 2
2y +4ys <5

3;‘63 + 6';.{;‘3 g 13
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xy b Ay <2

2o 4+ Dys < 4

dwg +0ys <7

T, Y1 T, Y2, T3, 43 = 0
This is a crisp MOLPP that we will solve by preemptive method and weighted sum method.
(i) Using preemptive method
We will solve LPP1 which 1s

max z; = 0.72) + 21 + 829 + 20ys + L.das + 3.513

subject to
1+ <2
2rp + 4y < H
3xs 4+ Byy < 13
2y +dyy <2 (.0
229 + Yy < 4
day +Oys <7
1y Y1, Tay Y2, T Yy 2 0
using simplex method :
=2 ary = €} I3 =1 g1 =10 y2 = 0.8 ys = 1167
zp == 21.483
Now we will solve LPP2 which is ;
max zy = 21 + 2.5y + 11.229 + 28y + 2.525 + Ay
subject to the set of constraints (4.1)
0.72 + 2y1 + Swp + 20y, + 1.4z + 3.5y; = 21483
by a linear programming solver we get
ry = 2 ry =2 Ta =0 g =0 yo = O ye = 1.167

Za =129
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hence the optimal solution is:
F = (1, 20.23) = (2,2,0)
7 = (11, y2,43) = (0,0, 1.167)
5 = (Tay, 102, 1425 ) O (201, 255, 35ys) = (71 +20yy, 1020+ 251,, 1423+35y3)
= (14,20, 40.85)
%o = (1021 + 25y, 14ws + 35y0, 2525 + 40ys)
= (20, 28, 46.68)
(i) Now we will solve the problem by using weighted sum method.
First we have to solve LPP1 which is
max z; subject to the set of constraints(4.1)
by simplex method we get :
zy o= 2 Te = () zz = 0 yp = () Yy = 0.8 ya = 1.167
2t = 21.483
then we will solve LPP2 which is
max zp subject to the set of constraints (4.1)
by simplex method we get :

£y = 2 Lo = ) Ty == ¥ U1 = Q0 iy = 3.8 Yz = 1.167

Now we will form a single objective function by using weighted sum method and normaliza-
tion for the objective function.

assuming that wy = 0.8, wy = 0.2, the LPP will be written as tollows:

(0. Fary +2y1 +Bae + 2010 1 dwa +3.5y3) +0.2% o1 +2.50 11,250 28y +2 5ag 4y

max z = 0.8 % 21.4833 20.1

subject to the set of constraints (4.1)
by a linear programming solver, the optimal solution is :
T = (2,0,0)

7= (0,0.8.1.167)
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% = (14,20, 40.85)
% = (20,28, 46.68)

Example 4.2.2 Solving FFMOLPP With Trapezoidal Fuzzy Numbers By Using Ranking Func-

tion Method,

maximize 7, = (1,3,5, )% @ (4,6, 10,12)§

maximize % = (4,6, 10,12)% @ (20, 22, 26, 28)7

subject to
(0.25,0.5,1.25,2)F ® (1,1.5,2.5,3)7 < (10,15, 25,30)
(0.25,0.5,1.25,2) < (2,4,8, 10)

g0

Lz

Solution:

Let T = (xy, Lo, T3, Ta), ¥ = (31, Y2, U3, ¥a)
max % = (1,3,5,7) @ (z1, 22, 73, 72) & (4,6, 10,12) ® (31, 1, 3, Ya)
max 5 = {4,6,10,12) & (z1, 79, 1, 34} D (20,22,26,28) @ (41, W2, Y3, Ya)
subject to
(0.25,0.5,1.25, 2)@(x1, 2, 23, £4)D(L. 1.5, 2.5, 3)@(y1. y2, U3, y1) < (10,15, 25, 30)
(0.25,0.5,1.25,2) @ (21, 29, 23, 24) < {2, 4,8, 10)
(1, 29, w3, 24}, (Yr, Y2, Y3, ya) = 0

using multiplication of trapezoidal fuzzy numbers we will get
max ) = (@, 372, dwg, Tas) B (dyy, Gya, 10ys. 12y4)
max % = (day, 6, 102y, 12224) & {20071, 2212, 26y3, 2814)

subject to

(QQJ?l 0.5z, 1231‘3 QLI) B(U]_ l)i'j‘) 2 5yq 3}4‘4) < (10 i3, 25 ‘3(})

(0.9524, 0.5x,, 1.2525, 224) < (2,4, 8, 10)
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(1, @2, 23, 24) 2 0, (0, v2, 98, 04) 20
using addition of trapezoidal fuzzy numbers we get:

max F1 = (zy + 431, 322 + 6y2. by + 10y, Ty + 124)

max Z; = (dxy + 20y, 620 + 22y, 1023 -+ 26ys, 1224 + 28y,)

subject to

(0.252; + g1, 052 + 1.5yo, 1.2525 + 2.5ys, 224 + 3y4) < (10,15,25, 30)

) (0.257,,0.52, 1.2525, 24) < (2, 4,8, 10)

(21, 2, T3, T4), (41, Y Y3, ¥a) 2 0
Using the ranking function R(A) = @Fe2Fextas for the objective functions we get: max
ze = 0,252 + 0.752 -+ 1.252s + 17824 4+ y3 + 1.Dya + 2.5y3 + 31

max zg = 21 -+ L5xs + 2525 + 324 -+ Byy + 5.5y + 6.5y5 -+ Ty

subject to

0.521 + 1y < 10
0.5mq -+ 1.5y9 < 15
1.25z3 4 2.5y3 < 25
2xs -+ 3y < 30
0.251, <2 (4.2)
0.5%y < 4
12513 <8
20y < 1D
X1, T, Tz, T, YL Y2, Wa, e =2 0
This 1s a crisp MOLPP that we will solve first by preemptive method and then by weighted
sum method.
(1) Using preemptive method
we will solve LPP1 which is

max z; = 0.25z1 + 0.7520 + 1.25w5 4+ L.75:xy + 91 + 1.0y2 + 2,520, + 3y,
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subject to the set of constraints (4.2)

using simplex method we get :

:’1‘22““—“‘8 3:3:0 374"-:0

T = 0]
1y = 7.33 Yy = 10

y4=10 ZIWSQ

=10

then we will solve LPP2 which is
max £z = 2y + LBxg + 2523 + 324 + byy + 5.5y + 0.5y3 + Tya

subject to the set of constraints (4.2)
(.25, + 0752y + 1.2523 + 1701y + yy + 1.5y + 2.0yg -+ Jyg = 82

selving by a linear programming solver we get

Tg = & gy =0 1y =10

=735 ;=10 2g = 237.315

zy =10

i =10

(ii) weighted sum method
now we will use weighted sum method and normalization to form a single objective function

first we have to find =7 and 23
z5 = 237.3

The LPP is constructed as follows:

Max z = g X % Ay X

v%{!

ke

subject to the set of constraints (4.2)

assume that w, — 0.2 and g = 0.8
hence
#=(0,0,0,0)
7= (10,10, 10, 10}
2 = (40, 60, 100, 120}
Zy = (200, 220, 100, 280)

assume that wy = 0.7, wy = 0.3,

7= (0.8,0,0)
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i = (10,7.33,10,10)

we can see how changing of weights may change the optimal solution.

Example 4.2.3 Solving FFMOLPP With Hexagonal Fuzzy Number Using The Ranking Func-

tion Method.

max 7 = (50,60, 70, 80,90, 100)3 & (65, 75, &5, 95, 105, 115)7
max £, = (35, 45, 55, 65, 75, 85)F & (50, 60, 70, 80, 90, 100)7
subject to
(180, 190, 200, 200, 210, 220)7 & (230, 240, 250, 250, 260, 27035
< (12000, 13000, 14000, 14000, 15000, 16000)
(280, 290, 300, 300, 310, 320)7 & (180, 190, 200, 200, 210, 220)7
< (11500, 12000, 12500, 12500, 13060, 13500)
&,y 20
solution :
let & = (i1, Tg, 5, Ta, Ty Ta ) § = (Y1, Y2, Uy Ya, Us, Yo )
max % = (50,60,70,80,90,100) ® (xy, 2, T3, T4, T, T} B (65,75,85,95,105,115) ®
(1. Y2, Y3 Yar U5 Uis)
max 3, = (35,45,55,65,75,85) @ (1, 29, 3, T, T, Vg)
©(50,60,70,80,90,100) & (Y1, Y2, Y3, Y4, Y5+ ¥s)
subject to

(180,190, 200,200, 210, 220) & (21, 29, T3, ¥4, 5, To)

(230, 240, 250, 250, 260, 270)@(y1, Y, U» Y, ¥ ¥s) < (12000, 13000, 14000, 14000, 15000, 16000)
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(280. 290, 300, 300, 310, 320} @ (1, £2, T3, T4, T5, T6)

(180, 190, 200, 200, 210, 220)6(y1, Y2, ¥, Y, Ys: ¥6) < (11500, 12000, 12500, 12500, 13000, 13500)
(w1, 2o, T3, T, 25, To)y (11, Y2, Y35 U4 Y5, Y6) = 0

using multiplication we get :

max 7 = (501, 6024, 7033, 8024, 9025, 10024) & (501, 60ya. T0ys, 801y, 90ys, 1000ys)
subject to

(28021, 200239, 30023, 30024, 31025, 32026 ) & (1801, 19019, 200y3, 20044, 210y;, 220ys)
< (12000, 13000, 14000, 14000, 15000, 16000)

(180, 19022, 20024, 200z4, 210x5, 220x6) & (230yy, 240y, 250ys, 250y, 260ys, 270y6)
< (11500, 12000, 12500, 12500, 13000, 13500)

(01, @2, 23, w0, 5, 26}, (Y1, Yoo U3, Yas Uso Ys) = 0

using addition of hexagonal fuzzy numbers we get:

max #; = (50w -+ 065y, 6520+ Ty, T0x3 -+ 85ys, 802y + 85y, 9lxs + 10 1545, 10026 -+ 115y4)

lQ

= (3ba3 + B0y, 452, - 60ya, 553 + 10y, 652 + 80yy, 755 + H0ys, 8526 + 100y;)
subject to

(180, + 230y, 190z + 240y,, 20023 + 250y, 2002, + 250y, 21025 + 200y5, 22026 +
270x6) < (12000, 13000, 14000, 14000, 15000, 16000)

{2807y + 180wy, 2909 + 1907, 30025 + 200ys, 300xy -+ 200y, 31025 + 210y;, 32024 +
220ys) < (11500, 12000, 12500, 12500, 13000, 13500)

Applying the ranking function R{A) = stlextaslactesion on the objective functions we get:
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max z; = }1+§9?;1+7 2+12.5y2+ ’sz,s-i-t-'—’y;—{— g2 0 Dy + 1525+ 17 5ys + 100,1"54-11%}[,
max 2g = wﬂ"l-l"“’gy; +7. <)I‘a+y2+”1"3+ ?jg+G’T4+SgU4+12 55 +10JJ+85T6+ gﬂgy(,

subject to
180z + 230y; < 12000

19029 + 240y, < 13000

200y -+ 250y < 14000

200m4 + 2:’303/; lg 14(‘){)(]

210z5 + 266y; < 15000

220z 4 270ys < 16600

280 + 180y, < 11500 (4.3)

2905 + 190y, < 12000

3004 + 200ys < 12500

3004 -+ 200y, < 125600

310z + 210y < 13060

32026 + 220ys < 13500

T3, T2, T3, L4, L5, T, Yi, Y2, ¥, Ya, Us: Ys = 0
(i) Solving by using preemptive method
solve LPP1 which is:

max 2 = Loy + By oy +12 5o+ Lavg + Ly + Loy + By +15m5+ 175y + e+ Ly

(:‘

subject to the constraints (4.3)
using linear programming solver we get:
2y =0 ay = () g == ) xg =0 x5 = 6.3z = 3.29
1 = 52 Yo = b4 iz = 506 ya = 025 ys = 52.6 Ys = 56.57
hence the optimal solution is;
t={0,0,0,0,63,3.29)

7 = (52,54, 56.02.5,52.0, 56.57)
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zp = 5972.9
second we will solve LPP2 which is :
max zp = ——T + 3 7 J1+7 312+y>+ 13+—'€j3+6§m+ B +12. ara~%~1ayo+ Tﬁ+1—@-y5
subject to the set of constraints (4.3)
014+ By + 2541252+ Wyt Bys+ Ry + Ly + 1525 +17 Bys+iRag+ 1Py > 5972.9
using a linear programming solver we get :
=10 Ty = (L.0O2 Ty =0 g =0 1Ty = 6.3 T = 3.3
yy == b2.17 iy = 54.15 3 = 56 iq = G2.5 s = H2.0 g = 50.6
2y == 4486.47
hence the optimal solution is :

= (0,0.02,0,0,6.3,3.3)
§ = (52.17,54.15, 56, 62.5, 52.6, 56.6)

&\l!

= (3519, 4058.7, 4760, 5937.5, 6090, 6839)
%, = (2008.5, 3250, 3920, 5000, 5206.5, 5940.5)
(i1) Using weighted sum method:
zy = b972 2y = 4742.5
The linear programming problem is constructed as follows:
max z = wy % ;5%5 +un X s
subject to the set of constraints (4.3)
assume that wy = 0.4 we = (.6
The optimal solution is:
¥ == (0,12.2,0,0,6.3, 3.28)
7= (52.2,44.5,56,02.5, 52.6,506.6)
5, = (3393, 4069.5, 4760, 5937.5, 7129, 6837)
%, = (2610, 2670, 39200, 5000, 5206.5. 5938.8)




Chapter 5

Solving fully fuzzy multi objective linear prograniming

problem by using game theory approach

In this chapter we will study a method for solving FFMOLPP by using game theory approach
and we will show some nuamerical examples.

In [23] game theory approach and ranking function were used to solve FEMOLPP with tri-
angular fuzzy numbers , in our work we will consider also trapezoidal and hexagonal fuzzy

nunbers.

Consider the general form for the FEMOLPP in (1) the method for solving it is given in the
following steps:

Step 1: separate the FEMOLPP into k FFLP problems where k is the number of objective
functions.

Step 2: solve individually each FFLPP using any method to find the optimal solution qu =
(%1, ., T )¥g € 1, ..., k we will solve by using the method in [17].

Step 3: find the value of each objective function at all {fuzzy optimal solutions and then use
the ranking function to defuzzify these values.

Step 4: use the values that were obtained in the previous step to construct a payoff matrix as

shown in the table 5.1

28
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The payoff matrix

P, REP,) REPL - REP)
Py RGP Y RGP o RE(P)
P REiLP2) R{E2(Po) o RE(P))
P RGP RGPy RGMPOY

Tab. 5.1: The payotf matrix.

Note if we get any negative entry in the payoff matrix then we have to convert it to a matrix
which all entries are positive by adding consecutive integer of the absolute values of the least
negative entry.

step 5: take the ratios of the values of thr rows of the payoff matrix to form a ratio matrix ,

the ratio matrix is shown in the table 5.2.

A tepresentative ratio matrix

1 Poic ot ik

By /P REPY)  Rathn  REGE)
v RGE(P))  RGa(Po) R (P2Y)
L R(E (P2 R(Ea(Pa RGP

PPy [ 1(‘_)) { z(.__)) ( ‘{;)
RGP R{Z1(PY) RiZp{Fan
Bio/Pe Je()?, ] (?;;.M o m;}zrf{Pf_; no R(Ei( I’E. .‘....n
RELLD R{Z2 (P ) R (P

Tab. 5.2: A tepresentative ratio matrix.

Note that if the FEMOLPP has two objectives only then we have to add an extra row to the
ratio matrix. This will be by solving a Lp problem with crisp parameters which was obtained
in step 2 and with objective function which equals zero.

Step 6: solve the ratio matrix as a two player zero sum game to get the weights for each

obiective function
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Step 7: multiply each objective function with its weight and then add them up and use nor-
malization to obtain a normalized weighted linear programming problem and then solve it
under the constraints that was obtained in step 2.

Step 8: express the fuzzy compromise solution for the FEMOLPP problen.

Note that if we change the order if the row in the payoff matrix we will get an alternative
ratio matrices and hence another fuzzy compromise solutions can be generated and hence the

decision maker(s) can choose the most preferred one.
Definition 5.0.1 Fuzzy compromise solution

In case of minimization, a fuzzy feasible solution #¥ of the fully fuzzy multi objective linear
programming problem is called compromise solufion iff there is not exist another feasible
solution 7 .t R{Z,(2%)) < R(Z.(z1)) Vs, and R(Z.(2*)) < R(.(x1)) for at least one [24].

Numerical examples:

Example 5.0.1 Solving FFMOLPP With Triangular Fuzzy Numbers Using Game Theory

Approach .
maximize z; = (7,16, 14)F & (20,25, 35)y
maximize Z = (10, 14, 25)% & (25, 35,40)%
subject to
(1,2,3)F e (1,4,6)7 < (2,5,13)
{(1,2,4)F @ (4,5,6)5 < {2,4,7)
T,y =

salution :

First we will separate the problem into two FELP problems and solve each one individually

by the method in [17]
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The first FFLP problem is written as:
max 7, = (7, 10, 14)Z & (20, 25, 35)7
subject to
1,2,z (1,4,6)§ < (2,5,13)
(1,2,4)F @ (4,5,6)7 < (2,4,7)
T4 =0
let & = (21, 22, 23) | i = (11,92, %3)
now we will convert the inequalities to equations by adding arbitrary fuzzy variables L =
(L1, L, Lis), Ly = (Lyy, Lon, Log) and 7y = (741,719,713}, T2 == (P, T2, 723) to the left
and right sides respectively as follows:
max 2y = (7,10,14) @ (1, x2, 3) @ (20,25, 35) @ (1, U2, U3)
subject to
(1,2,3) & (w1, 22, 23) © (1,4.6) ® (11, y2,73) ® (La1, Lz, Lag) = (2,5,13) @ (r11, 72, 118)
(1,2,4) & (21, T2, 23) D (4,5,6) @ (Y1, %, ys) @ (Lar, Loo, Log) = (2,4,7) & (711,719, 713)
By multiplication then addition of triangular fuzzy numbers we get
max 5 = (7xy -+ 20y, 10, + 28y», 1day + 35y3)
subject to
(1 + 11 + Ly 2o + 4y + Lyg, 3wa -+ Gy + Lya) = (24 741, 54 712, 13 + 7r13)
(1 + 4y + Loy, 20y -+ By + Loo, dy + Oyy + Log) = (24 var, 4 -+ 792, T4 1a3)
Now, use the ranking function R(A) = M{;Tﬂ‘ on the objective function, we get :

max z; = G.72; + 2y; + 8xy 4+ 20y, 4+ Ldzg + 3.5y
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subject to

by + Ly =24
2o+ dys + Lio =5+ 112
g + 6ys + Lig = 13+ rig
w A+ Ly =247y

29 + By + Loy =4 4 7199
4rg 4 OBys + Log = T+ 7oy

Ty — 21 2 ay —a 20
Yo~y 20 ys —y2 20

Ly = L1y 20, Lig— L1 > 0
Log —La1 2 0, Log — Loy > 0
rig =1 2 0,73 =72 2 0

Toy — Tg1 2 0,793 — Tag > 0

L+ 8L+ Ly —11n —8rpp—rz 2 0

Loy + 8Ly + Loy — 191 — 87y — 1aa = 0

Solving by using a linear programming solver we get :

oo =10} g =)

y2 =10 iy = 0.8

A o= 23.9

(5.1
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The optimal solution is :
7 =(0,0,0)
5 =1(0,0,6.8)
Z o= (Tzy + 20y, 1022 + 2510, 1424 + 35y3) = (0,0,238)
Now we will solve the second FFLP problem
max % = (10,14, 25)F & (25,35,40)§ -
subject to
(1,2,3)2 & (1,4,6)7 < (2,5,13)
(1,2, 4)za (4,5,6)y < (2,4,7)
T,y =0
Using ranking function R(A} = wtiete On the objective function we get :
max zg = z1 -+ 2.5y; + 11.225 4 28y, + 20m5 + 3215
subject to the set of constraints 5.1
Solving by using simplex method we get:
2y =1 zy =0 Ty =0
=10 Y2 =10 Yz = 6.83
Zy = 218.7
The optimal solution is :
T =1(0,0,0
7 =(0,0,6.8)
Zy = {101 + 25yq, 1dws + 35ys, 25623 + 40y3) = (0,0, 273.2)
step 4: construct the payoff matrix(5.3)
Since we have only two objective functions we will get py by solving the problem with the

same constraints with objective function equal zero,
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RI R(zl;Pq) R(EQ?PQ)

Py | 238 27.32

P, 1238 27.32

Py 21,11 27.96

Tab. 5.3; The payoff matrix

Py = (3,9), % = (0,0,0), % = (0,0,6.83)
By = (&, & = (0,0,0), 5 = (0,0, 6.83)
By=(2,9), &= (0.14,0.14,0.14), § = (0.47,0.74,1)

5(Py) = (0,0,238) = R(&(P) =238
52{P1) () (J,2r32)=>l? 72(P1)»ﬁ2( 32

7(Py) = (0,0,238) = R(%(Py) = 23.8

y) =
(D) = (0,0,273.2) = R(&H(F,) = 27.32

51(Py) = (14.98,19.9, 36.96) = R(#(F,) = 23.8

5(Py) = (13.15,27.86,43.5) = R(&(P3) = 27.6

Step 5: construct the ratio matrix (5.4)

Z1 Za
/BT T
/P [ 113 | 0,98

Tab, 5.4: The ratio matiix

Step 6: Solve the following matrix as two-player zero sum game

miningze z — v
subject to

— > agw; = 0
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un 4 we =1

w; >0i=1,...,n

minimize z = v
subject to
v =y —wg > )
v— 113w — 0.98w; > 0
w4y =1
v unrestricted
wy, wy = 0
by using a linear programming solver we get:
wy = () Uiy =1 p=1
hence the weights for zy and z3 are O and 1 respectively
Step 7: we will multiply z; and = by the normalized weights to form a single linear program-
ming problem as follows:

o=k B e % 2

= =
zz

2187

=y MAX Z =
subject to the set of constraints 5.1

hence the fuzzy compromise solution of the FFMOLPP 1s

]

(£,4) = ((0,0,0), (0,0,6.8)) 7 = (0,0,238) 5= (0,0,273.2)

Example 5.0.2 Solving FEMOLPP With Trapezoidal Fuzzy Numbers By Using Game The-

ory Approach.

maximize 2 = (1,3,5,7)T & (4,06, 10, 12)7
maximize 2, = (4,6,10,12)7 @ (20,22, 26, 28)y

subject to
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(0.25,0.5,1.25,2)F @ (1,1.5,2.5,3)§ < (10, 15,25, 30)
(0.25,0.5,1.25,2)% < (2,4,8,10)

7920

solution:
Step 1: separate the problem into two FFLP problem and solve each one individually.
The first FFLP problem is:
max 3 = (1,3,5,7)% & (4,6,10,12)§
subject to
(0.25,0.5,1.25,2)F & (1, 1.5,2.5,3)5 < (10, 15,25, 30)
(0.25,0.5,1.25,2)F < (2,4, 8,10}
Let & = (a1, To, 05, £4). U = (W1, Y2, Y3, ¥s)
Converting the inequalities to equalities by adding arbitrary trapezoidal fuzzy variables L=
(L1, Lz, Tng, Lag)s Ly = (Lay, Log, Log, Loy) and 7y = (111,712, 713, 714), T2 = (1, T2, 7oz, Ta)
to the left and right sides respectively

max # = (1,3,5, )& (4,6, 10,12)y
subject to

(0.25,0.5,1.25, 2)#&(1, 1.5, 2.5, 39D ( L1y, L1a, Lig, Lrg) < (10,15, 20, 30)B(ra, 112,713, Tyy)
(0.25,0.5,1.25,2)% @ (Lay, Lo, Las, Log) < (2,4.6.8) & {191,722, T3, T04))

T

now, using multiplication and then addition of trapezoidal fuzzy numbers we get

max %; = (1 -+ 41, 350 + Gy, Szg + Oy, T2s + 12y4)

subject to

(0.2521 + ¥y + Ly, 0.5z + Loya + D12, 1.2523 + Lig, 2rs + 3ya + L1g) < (10 473,15 +

r12. 25 4 115,30 + 114
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(0.25:131 + Lgh 0.55%x0 + ng,, 1.2515 + L—g3, Qx4+ Lg4) < (2 + 721, 4+ 792, 8 4 723, 10 - ?"24)

now applying R(A)

. TiFastagtog 5
e i =4 on z; we get

max z: = 0.2521 + 0.7523 + 1.2523 + 175z + 91 + 1.5y + 2.513 + 3

subject to

0Bz +y1+ Ly =104+r1

0.5z + 1.5ys + Lo =15 + 1y

1.2528 + 2.5y5 + L = 25 4y

9ts 4 3ys -+ L = 30 + 714

0.25ny + Loy = 24710

0.5 4 Log =4 + 199

1.2525 + {9 = 8 + 1703

Gy + Doy = 10 4194 (5.2)
Lip—=Tq1 20 Tnyg—1L19>20 Lia—Lizz20
Log — Loy 20 Ly — Lo 20 Loy~ Loy 20
ro—r11 >0 rTg—ra20 ry—rzl

Top —Toy 20 1oy — T >0 1oy —T3 20

g — 21 >0 @y —a0 20 xg—m3 20

o= >0 w20 w—y 20

L+ L+ Ly+ Lig—ru—ra—7ri3—714 20

Ly 4+ Fog + Log A+ Loy — 1oy — 190 — 193 — 794 = 0

by a linear programming solver we get

iy

=1{ wg = 3.7 Tg = 13.7 xy =10

1

E Yo = H.d ys = 2.6 iy = 2.6

I
o]
(1]
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The second FFLPP is:
max % = (4,6, 10,12)% @ (20,22, 26, 28)§

subject to

(0.25,0.5,1.25,2) @ (1, 1.5,2.5,3)}7 < (10,15, 25, 30)
(0.25,0.5,1.25, )& <

(2,4,8,10)
Z,9 >0
by using multiplication and then addition of trapezoidal fuzzy numbers as the previous step
and then applying R(A) on Z, finally we get the following LPP :
maximize zp == 1 + 1L.O1e 4 2.0z ++ 324 <+ By 4+ 5.5ye + 6.8ys + Tina
subject to the set of constraints (5.2}
solving by any LP solver we got :
=) A = () xg =10 xy=10

y = 20.8 Y2 =10.8 y3 =0 ya =0

counstruct the payoff matrix (5.5)

B, [ R (P | RG(R)
P 552 146.6

Py 22 1084

P | 50.8 158

Tab. 5.5: The payotf matrix

= (8,4 = ((0,13.7,13.7,0),{5.4.5.4,2.6,2.6))
, = (&, ) = ((0,0,0,0),(20.8,0.8,0,0))
(£.4) = ((10,0,6.4,5), (10,10, 1.64, 1.64))
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7 (P) = (21.6,73.8,94.5,31.2) = R(%,(P)) = 55.2

5{(P) = (108,201, 204.6,72.8) = R(Z(B)) = 146.5

7 (P) = (83.2,4.8,0,0) = R(5H(P)) = 22

H(Py) = (417,17.6,0,0) = R(%,(Py)) = 1084

5 (Py) = (40,60,48.4, 53.68) = R(Z;(/%)) = 50.8

5 (B5) = (200,220, 106.6,105.92) = 158.1

construct the ratio matrix (5.6)

21 po
PJP, 25 | 135
P/ P; | 043 [ 0.667

Tah. 5.6; The ratio matrix

now, solve the matrix as a two-player zero sum game :

minimize z = v

subject to
u— 2.5y —1.35y, = 0
v —0.43 —0.67ys > 0
wy g =1
w, = 0i=1,...n
1 unrestricted

fience

wy == () U == v=1.235
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Now we will form a single linear programming problem as follows:
mMax z = 1wy * ::—1— 4, % 22

1 !
subject to the set of constraints (5.2)

= max 2 = 0+ 535

subject to the set of constraints (5.2)
using any LP solver we get :
= (0,0,0,0)
7 =1(20.8,0.8,0,0)
7 = (83.2,4.8,0,0)
Z, = (416,17.6,0,0)

Examgple 5.0.3 solving FFMOLPP with hexagonal fuzzy number using game theory ap-

proach.

max 5 = (50,60, 70,86, 90,100)% & (65, 75,85, 95, 105, 115)y
max %, = (35,45, 55,65, 75, 85)F @ (50, 60, 70, 80, 90, 100)§
subject to

(280,290, 300, 300,310, 320) & (230,240, 250, 250, 260, 270}
< (12000, 13000, 14000, 14000, 15000, 16600)

(180, 190, 200, 200, 210, 220) & (180, 190, 200, 200, 210, 220)3
< (11500, 12000, 12500, 12500, 13000, 13500)

74> 0

Solution:

let = (ml.: Lg, @y, Ty L, :rﬁ)s ?j = (yia Yo, UYs, Y. Vs, UG)
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Separate the problem into two FFLpp

The first FFLPP is

max # == (50,60,70,80,90, 100)Z & (65,75, 85,95, 105, 115)7
subject to

(180, 190, 200, 200, 210, 220)& & (230, 240, 250, 250, 260, 270)7
< (12000, 13000, 14000, 14000, 15000, 16000)

(280, 200, 300, 300, 310, 320)2 & (180, 190, 200, 200, 210, 220)7
< (11500, 12000, 12500, 12500, 13000, 13500)

Convert the inequalities into equalities by adding arbitrary hexagonal fuzzy variables L =
(Lay, Dya, Lygy Lo, g, Tng)s Lo = (D, Lag, Lag, Loy, Las, Lag) to the left side and 7 =
(711,712, 713, T4, Ta5, 716 ) T2 == {1, 722, 728, 101, a5, To6) O the right side.

max #; = (30,60,70,80,90, 100) & (65,75,85,95, 105, 115)§

subject to

(180,190, 200, 200, 210, 220)£6(230, 240, 250, 250, 260, 270)5® (L1, Lz, L1s, L1, Lis, Lig) =
(12000, 13000, 14000, 14008, 15000, 16000) @ {711, r12, 713,714, T'i5, T15)

(280, 200, 300, 300, 310, 320)FE (180, 190, 200, 200, 210, 22036 (Lay, Laa, Log, L, Las, Log) =
(11500, 12000, 12500, 12500, 13000, 13500

E,g >0

Using multiplication and then addition of hexagonal fuzzy numbers we get:

max F = (50xy + 65y, 60me + T5ys, T0ws +80ys, 80, + 95y, 90w -+ 105y;, 100z + 115y4)
subject to{ 180z -+ 230y, + Lyy, 19025 + 240y, + Lys, 20023 + 260y3 + Liz, 200z, 4 250y, +
Ly, 210z + 260y + Lis, 22008 + 260y + Lig)

= (12000 + r11, 13000 + 71, 14000 4+ 133, 14000 + r44, 15000 4- 745, 16000 + 715)

(28021 + 180y + Loy . 29025 4+ 190y -+ Lao, 3003+ 200y3-+ Lag, 3002, +200y4 4 Ly, 31025+
210y + Log. 320w + 22035 + Lag)

e 1B = e 12000 4 a0, 12500 + 1y, 12500 + rag, 13000 + ro5, 13500 + rge)
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Applying R(A) = atetmtutates on 31 we get:

o = i 5 5 E -
max z = 5+ P 41020412500+ F g+ Byt Faat Bya+1525+17 5y + e+ Py

subject to

18021 + 230y; + Ly = 12000 4+ 1y

1902e + 240y + L1y = 130004712

2004 + 250y + Lyy = 14000 + 14

20024 + 250ys + Ly = 14000 4+ 714

210xg + 260ys + Lis = 15000 -+ 5

92035 -+ 270ys + L == 16000 -+ r1q

280z + 180y, + Loy = 11500 4+ 191

29021 + 190y2 + Lo = 12000 + roo

30021 + 200y; + Loy = 12500 + rog

30021 + 200yy + Laog = 12000 + 724

3102 + 210y + Lag = 13000 + 795 (5.3)
320 + 220y 4+ Log = 13500 + rag

Ty, To, T3, Ty, Ta, 6, Y15 Yoy Y. Ua: U Yo 2 0

Pg—2; > 0,23 — 2y = 0,y —~2320,85 —ug 2006 —25 2 0

Yo—n =0y~ 2 0w —y3 20,5 —ya 2 0 Yps — 45 2 0

Lo =Ly 20, Lyy — Lin 20, Loy — L1z 2 0, Lis — Lyy 2 0, Lyg — L5 > 0
Lyy— Loy 2 0, Loy — Loy 2 0. Log — Log 20, Log — Ligg 22 0, Liag — L5 > 0
Tz 2 0 = 2 Uorag —ra > 0,71 — ra 2 O — s 20

Tog = Tarz0, 723 — T2 =2 (ray — 7oy 2 0,70 — g > 0,795 — 1oy 22 0

Loy 4+ Lo+ Dyg+ Lyg + Lyg o+ Lyg = ryg —71g — 73 — 71 — V15 — 136 22 U

Loy + Loz + Loa A Loy + Log ++ Log = rar — 720 — T3 — P2g — 125 — g 2 (0
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Solution:

=0 2y =0 ry =0 zy =10 Ty = 0 g =0
=0 Y =0 Y3 =10 Yy =0 ys =0 Yo = 295.5
The optimal solution for FELPP 1 is

£=1{0,0,0,0,0,0), g = (0,0,0,0,0,295.5}

# = {0,0,0,0,0,33982.5)

Now we will solve FFLPP 2

which is:

max 3, = {35,45,55,65,75,85)E & {50, 60, 70, 80, 90, 100)y

subjeét to

(180, 190, 200, 200, 210, 220)Z & (230, 240, 250, 250, 260, 270)¢

< (12000, 13000, 14060, 14000, 15000, 16000)

(280, 290, 300, 300, 310, 320)z4, (180, 190, 200, 200, 210, 220}7

< (11500, 12000, 12500, 12500, 13000, 13500}

T,y 20

Applying R(A) = 2L2800185860 o 7y and adding fuzzy variables to the left and right sides
of the constraints the final LPP will be:

mex 2y = 21+ Ry 7,50, + g+ P+ Py + Foat et 12.5ys + 1oys + Frg+ ove
subject to the set of constraints (5.2)

The solution is :

ay =10 e = () g = () ay =0 LIy =8 g = {)

y1 =0 Yy =) Yy == 0 1y =0 ys = 0 s = 295.5
2y = 4924

The optimal solution for FFLPP 2 is

& =1(0,0,0,0,0,0), % = (0,0,0,0,0,295.5)

Zoo= (0,0.0.0.0 29550
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Using weighted sum method with normalization:
zy = 5972 o == 47425

The LPP is formed as follows:

maxz-:wlxga—;g%«w-zx

47'4%122.5

subject to the set of constraints (4.3)

assume that vy = 0.4 wy = 0.6

The optimal solution is:
#=(0,12.2,0,0,6.3,3.28)

= (52.2,44.5, 56, 62.5, 52.6, 56.6}

3, = {3393,4069.5, 4760, 5937.5, 7129, 6837)

%y == {2610, 2670, 3920, 5000, 5206.5, 5938.8)

Brief comparison between the previous two methods :

first we want to recall that we can get the best or optimal solution for each objective function
by solving each objective individually neglecting the other objectives , we assume that the
best value for the objective functionz;is denoted by z}'.

to compare the results that we got we will convert the fuz;iy solution to crisp by using the
ranking function and then see how much is it closs to the optimal value . In example 4.2.1
L2t = 21.483 and z§ = 29.13 we use the ranking function method to get a crisp MOLPP and
then we solved it by preemptive method and by weighted sum method . using preempiive
method the solution was : Z, = (14, 20, 40.85), 7, = (20, 28, 46.68)

applying the ranking function we get © 21 = 21.485 and z» = 29 which are very closed to
=} and 25 . using the game theory approach for the same example we got 2 = (0,0, 238}
and 7, = (0,0,273.2) using the ranking function for the triangular fuzzy number we got
2 = 23.8 and z = 27.32 these results are also very closed to =} and 23 . the first method

will be better to use when the decision maker has a priority levels for the objective functions
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in this case he/she can ecither choose weights for each objective function or rank the objec-
tive functions according to their priorities for the decision maker. the second method will be
better to use in case that the decision maker has no priorities for the objective functions so
that when using the game theory approach, the ratio matrix will automatically generate the

weights without the interference of the decision maker.
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Chapter 6

Alpha cut method for solving fuzzy multi objective linear

programming problem

In this chapter alpha cut method will be used to solve FMOLPP, the method will be iilustrated
by numerical examples.

Counsider the following FMOLPP

ﬂfa’ﬁ/ﬂfm ::":]_1 22; . ZL
subjectto
fl:r;(g > “—“)ZB

x>0

where 7 = CTa, i = 1,2,..., K is the i objective function.

o (= (C,Ch, ..., CH,-‘.,.J consists of coefficients.

the vector @ = (iry, &9, ..., ¥y, ) consists of decision variable vector.

A is the coefficient m » 7 matrix ,where m is the number of constraints.

r € X where X is the feasible region.
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6.1 Alpha cut method

For a specific o, if the objective function 3; is to minimize then £;, ¢ = 1, ..., & can be replaced
by the lower bound using alpha cut i.e (£)5 = (CH)lw, i = 1,.... k [141.
If the objective function is to maximize then Z;, ¢ = 1,..., k can be replaced with the upper
bound of its alpha-cuti.e (3} = (1w, i =1,...,k |
The constraints:
Arzb;  §=1,2..¢
fnlj.’l? < Ej g=g+1,...,m
will be rewritten as follows:
(Aple> 0F 7=12 ¢
(ADke < (b)Y J=q+1L..m
hence the FMOLPP will be converted to c-multi objective LPP as follows:
min ((Z{x )L, (Z02)E, ., Gl max (3 (). (Z(NY, ., Gelz))D)
subject to
(A)Var > (b)E i=1,2,...,q 6.0
(A < b)Y j=qg+1.,m
Let 1y = min[(5(z)%], 4= 1,2, ...,k be the minimum solution for the individual (5 (z)):
which will be obtained by solving the following problem:
min( Z; ()}~ subject to the set of constraints (6.1).
Let £; = maz{(Z(z)7], ¢ = 1,2,...,k be the maximum solution for each individual
(Z(2))Y which will be obtained by solving the following problem:
max(Z;(2))Y subject to the set of constraints (6.1).

the normalized weights for each objective function will be obtained as follows:

£ - B .
wt-:tk—E\E T'uf,- =1, i=12 ...k (6.2)
Z—i:l(Fi — £, —j
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Here we will show the solution procedure that we will use for alpha cut method :

step 1: the decision maker have to choose the value of & where o € [0, 1] and then construct
the a--multi objective LPP.

step 2: calculate F; which is the lower band for the objective function and calculate F; which
is the upper bound of the objective function.

step 3: find the corresponding weights for each objective function from (6.2).

step 4: form a single LPP by using the wéightcd stm and then solve to get the optimal solution
denoted by 5.

Numerical examples:
Example 6.1.1 Solving FMOLPP with triangular fuzzy numbers using alpha cut method

max 71 = (7,10, 14)z & (20, 25,35)y
max zp = (10, 14, 25)z & (25, 35, 40)y
subject to
(1,2,3)x b (1,4,6)y < (2,5,13)
(1,2,3)z (4,5, 0)y < (2,4,7}
step 1:
Formulate the «-MOLPP:
Max (2)Y = (14(1 — &) + 10c)2 + (35(1 — ) + 25a)y
Max (z)¥ = (25(1 — a) + o)z + (40(1 — a) + 35a)y
Subject to
(1 —a)+2a)z+ (1 —a)+4dajy < 13
(1 —a)+20)z+ (4(1 — a) + bajy <7
et o = 0.5 the problem wili be:
Max(z;)l = 122 + 30y

Max(z)n = 19.5r = 377y
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subject to

1.0z + 2.6y < 13 _
(6.3)

1oz +4by <7

step 2:

Find E; (the minimom value of each objective function) and F; (the maximum value of each

objective function)

Solving max(z;)§, = 127 + 30y

subject to the set of constraints (6.3)

we get:

(w,yy={47,0}

(Zl)oUs =56=1F

Now solving max(z)5; = 19.52 + 37.5y

subject to the set of constraints (6.3}

using any linear programming solver we get :

(z,y) = {4.7,0}

(z2)fs =91=F

min(z1)E = (1 — o) x 7+ 10a)a + ({1 — o) x 20 + 25a)y

min{zo)L = (1da + 1001 — a))m + ({1 — ) x 25+ 35ar)y

assume o = .5 hence ,

min(z )4 = 8.5z + 22.5y

min(z )y = 122 + 3y

Solving min(z ), = 8.5 + 22.5y

subject to the set of constraints (6.3)

we get :

(#, ¢} = (0.0}
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(=1)55 = 0 = En
Solving min{z)r. = 12z + 30y

subject to the set of constraints (6.3)

Summarizing the results in tables 6.1 and 6.2

Objective Function | (z1}55 | ()8

E; 0 0

Tab, 6.1: The minimum optimum values for the individual objective functions z; and 22

Objective Function | (21)55 | {(22)55
ok 56

Tab. 6.2: The maximum optimum values for the individual objective functions z; and =z

step 3:

computing the weights from (6.2)

s F] ——E;{ 516—0 SN b TR
W= LR (=B 1 T Oed
L Jy— by _95-0_ e
Wo = (BB (F—Be) 17 0.62

step 4

form a single LPP by multiplying z; by wy and 23 by ws
mar &= wy X {25 4wy % (2)5 5

= 0.38(12x + 30y) + 0.62(19.52 + 37.5)y

= nax r = 16.65x + 34.65y
subject to the set of constraints (6.3)

solving by a linear programming solver the optimal solution is :
(2", y) = (4.7.0)

z7 = (32.9.47.65.8)
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25 = (47,65.8,117.5)

Example 6.1.2 Solving FMOLPP with trapezoidal numbers using alpha cut method.

maximize 5 = (1,3,5,7)z & (4,6,10,12)y
maximize Z, = (4,6, 10,12}z ¢ (20, 22,26, 28)y
subject to
(0.25,0.5,1.25, 2y @ {1,1.5,2.5,3)y < (10, 15, 25,30)
(0.25,0.5,1.25,2)x < (2,4,8,10)
z,y >0
Solution:
step 1-
formulate the o-MOLPP, let o = 0.6
Max(z) s = 5.82 + 10.8y
Max(z)§ g = 10.8z + 26.8y

subject {0

Jdw 4 1.3y <27
04w <88

step 2

Find F; and F;

solving max (21 )55 = 5.8z + 10.8y

subject to the set of constraints (6.4) , we get:
(z,y) = (0,20.8)

(1) =2243 =14

solving max(z2)) 5 = 10.8¢ + 26.8y

(6.4)
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subject to the set of constraints (6.4), we get:
(z,9) = (0, 20.8)

(20)F s = 556.6 = Fy

Solving min(z; )}, = 2.2z + by

stubject to the set of constraints (6.4) , we get :
(2,y) = (0,0)

(Zl)giﬁ =0=5

Solving min(z,}§s = bz + 21.2y

subject to the set of constraints (6.4) , we get :
(2, 9) = (0,0)

()56 = 0= I

step 3:

computing the weights for z; and 2 respectively :

B —B-1 . 2ad3—0
(L —E)+(Fa—-FEa) — 224345556 (.29

o Fy—E—2 53860
We = (F B +(FamFay . 2243155606 0.71

Uy =

step 4:

max z = 0.29 x (5.8 + 10.8y) + 0.71 x (10.82: 4 26 8)y
= 0,352 + 22.106y

subject to the set of constraints (6.4)

the optimal solution is :

{z*,y") =(3,6) =9

27 = (27,45,75,93)

=5 = {132,150, 186, 204)

In case the decision maker has a priority levels for the objective functions we can use pre-

emptive method as follows:

Solving max(z,)f, = 5.82 + 10.8y
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subject to the set of constraints (6.4)

we get !

{z,y) = (0,20.79) = 5

(21(5))Ys = 2245

Solving max(z;)§ s = 10.8z + 26.8y
subject to the set of constraint (6.4)

5.87 4 10.8 > 2245 (additional constraint)
we get the optimal sofution :

(2%, y*) = (0,20.79)
Exampie 6.1.3 Solving FMOLPP with hexagonal fuzzy numbers using alpha cut method

max 3 = (50,60, 76,80, 90, 100)x: & (65,75, 85, 95,105, 115) 29
max # = (35,45, 55,65, 75, 80)z; & (50,60, 70, 80,90,100)x,
subject to
(180, 190,200, 200, 210, 220)z, @& (230,240, 250, 250, 260, 270)y
< (12000, 13000, 14000, 15000, 16000)
(280, 290, 300, 300, 310, 320)z; @ (180,190, 200, 200, 210, 220)x,
< {11500, 12000, 12500, 12500, 13000, 13500)
Solution:
step 1:
formulate the a-cut MOLPP, let o = 0

Max{z )L = 100z, + 115z

Max(z)§ = 85z, + 1002,
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subject to

step 2t

find y, E., 71, %

solving max(z (2))y = 100z + 115z,
subject to the set of constraints (6.5) , we get:
(21, zo) = {7, 64.06)

(z1(2))§ = 80703 =F,

Sobving max(z (@) = 851 + 10022
subject to the set of constraints (6.5) ,we get
{(z1.20) = (7, 64.06)

(zo())Y = 7003.9 = F),

Solving min{z; ()} = 50y + 6522
subject to the set of constraint (6.5), we get :
(21, 29) = (0,0)

(ula))f =0 =Py

Solving min{ze{x))] = 35w + 502

we pet :

(21, 22) = (0,0)

(z2(x))5 =0 = Es

step 3:

Uy = = BT05 - — ()54

7O03.9+80T0.3

R ) R
W = simacsrod = 040

(6.5)
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step 4:

max z = (.54 x (100z; + 115z2) + 0.46 x (85xy + 100x,)
= z=031r; + 108.112

subject to the set of constraints (6.5)

Solving by a LP solver we get the optimal solution:

(z3,23) = (7,64.06) = S

(z2(9))§ = 8070.3

(z2(S))Y = 7003.9

7 = (4510, 5220, 5930, 6640, 7350, 8060)

7y = {3445, 4155, 4865, 5575, (G285, 6995}
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Conclusion

In thig thesis we have discussed two methods for solving the fully fuzzy multi objective
linear programming problem , the ranking function method converts the FEMOLPP to a crisp
multi objective linear programming problem which can be solved by weights sum method or
preemptive method.

The game theory approach also uses the ranking function to convert the problem to a crisp
one , but the weights here are generated by the ratio matrix and then using these weights ,
a linear progranuning problem will be formed and can be solved easily by using any Hnear
programming solver . we discussed also alpha cut method for solving fuzzy muld objective
linear programming problem.

As a future work alpha cut method methed may be extended te solve FEMOLPP .
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