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Abstract

Solving Two-Dimensional Fredholm Integral Equation Using Radial Basis

Functions
By
Ghadeer Abed-Elbaset Mahmoud Mosleh

As its title indicates, this study was devoted to solving Fredholm integral
equation in two dimensions, using Radial Basis Functions (RBF) and RBF thin
plate splines in particular. Fredholm integral equation is an import equation
with many applications in science and engineering. There are different RBF
bases in scholarly research. Researchers have used Gaussian and the inverse
multi-quadric RBFs given their attributes when dealing with engineering appli-
cations, However, new types of RBFs have been introduced with more flexible
mathematical properties. In this study, we used the thin plate splines as basis
functions to introduce a solution for Fredholm integral equation, After finding
the analytical solution for Fredholm integral equation, we introduced a number
of RBF bases to solve the integral equation using the introduced types, including
the thin plate splines. Then we conducted a numerical comparison for the error
between these different types, using numerical examples. we concluded with a

testing of the efficiency of existing approaches compared to this approach,
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Chapter One

Introduction

A function of a numerical variable, for example, may appear under an integral
in an equation known as an integral equation. The unknown function is thereby
subsumed under one or more integrals in a functional equation. Equation of

linear integrals in its generic form is:

nBlar)

alyle) = fia)+ | My (1.1)

The unknown function is h(x), the function k(x,y) is referred to as the integral
equation’s kernel, and f(x) , also known as the perturbation function [25].
Integral equations naturally appear in a wide variety of scientific and engineer-
ing disciplines. In scientific study, a computational approach to solving integral
equations is crucial. Fredholm and Volterra integral equations are two exam-
ples of integral equations. One of the most significant integral equations 1s the
Fredholm equation [28].

The most standard form of Fredholm linear integral equations is given by equa-
tion(1.1), where the limits of integration a(x) and b(x) are constants and the un-
known function h(x) appears linearly under the integral sign, and k(x,t) is the
kernel of the equation [21].

In integral equations theory, when y(x)=1 and the kernel is degenerate of the




k2

form:

Kz, y) = ar(x)f:lz) + . 4 e, (2) 3, (2) (1.2)

where the functions a,...a., 51,... 5, are continuous and a1, . .. a, are linearly
independent, the integral equation (1.1)can be transformed into a system of fi-
nite dimensional linear equations, and the precise solution of a Fredholm inte-
gral equation can be easily derived using straightforward linear algebra tech-
niques [21].

There are four methods for resolving the second type of Fredholm integral equa-
tion: piecewise Bernoulli polynomials, mean value theorem, singular kernels,
and basis functions.

A component of a specific basis for a function space is a basis function. A
linear combination of basis functions can be used to represent any continuous
function in the function space, much as a linear combination of basis vectors
can be used to represent any vector in a vector space. Sorts of basis function
are triangle function, wavelet, spline and radial basis function {10]. Solving
integral equations is one of the most significant topics in applied matheimatics
when dealing with applied problems including those that arise naturally in signal
processing theory. It appears in inverse issues and frontal linear modeling. In
physics, problems in fluid mechanics involving hydrodynamic interactions close
to flexible interfaces of finite size are also represented by the integration of
Fredholm equations, The Fredholm equation can be solved in several ways but
there is a more straightforward way.

This research focuses on Radial Basis Functions. (RBFs). These formulas are
created using a distance variable that has a single dimension. When compared
fo the conventional coordinates-based functions, they seem to have a few ad-

vantages. The RBF collocation methods are mathematically straightforward




and fully meshless, in contrast to the conventional meshed-based approaches.
They stay away from problematic mesh formation for issues in high dimen-
sions with irregular or moving boundaries. RBF types are polyharmony spline,
thin plate splines (TPS), MQ, IMQ and Gaussian [12]. The thin plate splines
are spline-based techniques for data interpolation and smoothing. Introduced
to geometric design by Duchon, [15] they are an important special case of a
polyharmony spline. Robust Point Matching (RPM) is a common extension and
shortly known as the TPS-RPM algorithm. This type of radial basis is used
in this research to solve the equation in hand by building up a solution space
where the basis functions are the thin plate splines. Then the method is imple-
mented numerically and finally, we caps with comparison of the results with
other methods based on classical radial basis. This topic has been an active
area of research for a number of years. The interest in this area increased with
the advancement of different technologies in fields of science. In this respect,
the researcher has made a review of related literature, analyzed the methods,
followed one of them in this proposal. She concluded with the testing of the
efficiency of such approaches. The unique equation has been solved by using
several methods of radial basis functions, in the literature. The Galerkin and
collocation methods are the two commonly used methods fof the numerical so-
lutions of the two-dimensional integral equations. The analysis for convergence
of these methods is well doc- umented in the literature [24] [8] [7]. Han and
Wang approximated the two-dimensional Fredholm integral equations by the
Galerkin iterative method. In [18], Hadizadeh and Asgary by using the bivari-
ate Chebyshev collocation method solved the linear Volterra-Fredholm integral
equations of the second kind. However, in this thesis, it was solved by using
the thin plate spline and comparing the results obtained through numerical ex-

amples, The present work will form a new approach that will be added to the




literature already present in this field. The new approach and numerical com-
parison conducted will help further the knowledge in this field in the future. In
this research, the researcher used RBFs collocation method to solve problems in
integral equations. For this purpose, chapter one was devoted to Fredholm inte-
gral equations, while chapter two was devoted to the space radial basis function.
The researcher studied and analyzed this problem. She explained the RBFs in
terms of types, interpolation and properties. Chapter three dwelt on the Thin
Plate Spline-RBF for Fredholm Integral Equation in One-Dimension. A nu-
merical example of TPS radial basis functions (RBFs) was applied to resolve
the one-dimensional Fredholm integral equation. After solving it, its results
were compared with the results of the method. Chapter four discussed solving
the Thin Plate Spline-RBF for Fredholm Integral Equation in Two-Dimensions.
The two-dimensional Fredholm integral problem was resolved using a numeri-
cal example at the TPS radial basis functions (RBFs). After being solved, the

outcomes were contrasted with those of the approach.




Chapter Two

Preliminaries

This chapter, presents some basic concepts and definitions.

2.1 Fredholm Integral Equation

A solution to the Fredholm integral equation leads to the development of the

Fredholm theory,

Definition 2.1.1 An integral equation is an equation in which the unknown funcion h(x)y(x)
to be determined appears under the integral sign. A typicaf form of an integral equation in is

of the form

5
halyte) = fa)+ | btz pu(ey @
where f{x) and K(x, y} are given continuous functions defined, respectively, on D=[a, b}, k(x,

y) is called the kernal of the integral equation and h, y are unknown functions on D.

The integral equations (2.1) is called a Fredholm Integral Equation of the first

kind when A{z) = 0 as follows -

b
0= flz)+ [ Kz, yy(t)dt (2.2)

a

also, The integral equations (2.1) is called a Fredholm Integral Equation of the




second kinds when h{z) = 1 as follows

b
ylz) = fle)+ | ke yjy(t)dt (2.3)

a.

The theory of signal processing naturally leads to Fredholm equations. David
Slepian, for instance, popularized the infamous spectral concentration problem.
The same operators that are used in linear filters are used here. Additionally,
they frequently appear in inverse issues and linear forward modeling. When
such integral equations are solved, it is possible to relate experimental spectra
to different underlying distributions in physics. One example is the distribution
of polymers by mass in a polymeric melt [2]. The creation of photo-realistic
images through computer graphics, in which the Fredholm equation is used to
describe light transport from the virtual light sources to the image plane, is one
specific application of Fredholm equation. The Liouville-Neumann series is
an infinite series that cor-responds to the resovent formalism technique of solv-
ing the Fredholm integral equations in Fred- holm theory. The second kind
of Fredholm integral equation can be resolved numerically. These analytical
techniques include the degenerate kernel methods, the Adomain decomposition
method, the modified decomposition method, the method of consecutive ap-
proximations, and transforming the Fredholm integral equation to an ODE [26].
The solution of the Fred- holm Integral Equation is analytic. To solve by the
Series solution method, the Saberi-Nadja and Heidari applied the technique of
Trapezoidal Rule and Simp- son’s Rale, as two numerical approximation meth-

ods in order to solve the Fredholm integral equations {2].




2.2 Radial Basis Function

Due to the lack of grid data, there are modern ways to approximate multivariate
functions. These are called Radial Basis Function methods. For several years,
these methods have been known, tested and analyzed. Researchers have identi-
fied a number of positive properties in them. They are typically employed as a
method of approximating functions that are only known at a finite set of cen-
ters or points. Additionally, they are employed to quickly perform evaluations
by approximating function at other points or centers. Moreover, these methods
have received increasing attention to solve PDE in irregular domains. In his
study, According to Hardy [20] , multiquadric RBF are connected to an accu-
rate solution of the biharmonic potential problem. This therefore has a physical
basis. RBF are associated to prewavelets, according to research by Buhmann
and Micchelli {11] and Chiuvet al (wavelets that do not have orthogonality prop-
erties). RBF has also been employed by Alipanah and Dehghan [3] to resolve a

nonlinear integral equation in the one-dimensional situation..

Definition 2.2.1 A radial is function & : RY —» R. If there is a univariate function ¢ :
0,00) = R, such that ¢(z) = p(r), where r= || x ||; and || . || is @ norm on RN a typically

Euclidean norm [13].

Definition 2.2.2 Let RT = X € R,z > ( be the non-negative half-line and let oy : R —

R be a continuous function, with 1H(0) > 0. Radial basis functions on R™. can be defined as

functions of the form ¥(|| (z — x;) 1), in which x, z; € R and || . ||denotes the Euclidean
distance benween x and x;s. If one selects N points {:_Bj}j;‘;l-inf%d then by custom flx) =

S (] (2 —2) ), Aj € Ris called the Radial Basis Functions as well [5].




2.2.1 Types of Radial Basis Functions

In the following table, we can see different types.

Tab. 2.1: Types of Raial Basis Functions.

Name of RBF p{r),r>0 Smoothness.
Gaussian(GA) e Infinite
Multiquadric(MQ) ¢ 4 12 Infinite.
Inverse Multiquadric(7 M () \/.E‘_,lﬂz Infinite
Cubic(CT) e Piecewise
Thin Plate Spline(TFS) r*In(r) Piecewise

The » = « — 2, || denotes the distance between x and the i nodal point z; while
the ¢ is shape parameter. Controlling the shape of functions, which impacts the
pace of convergence, is done using the parameter ¢. There are two main classes
of the common Radial Basis Functions [17].

1- The first class is the infinitely smooth RBFs. The shape parameter ¢ deter-
mines these infinitely differentiable basis functions and makes them ° heavily
depend on it. Hardy multiquadric (MQ), Gaussian (GA), inverse multiquadric

(IMQ), and in- verse quadric(IQ) are examples of these functions [17].

2- The second class is the infinitely smooth (except at points) RBFs or piecewise
smooth RBFs. Unlike Class 1, the basis functions of Class 2 are not infinitely
differentiable. They are both shape parameters and free. They are also relatively
less accurate than the basis. Examples of these functions, are the Thin plate

spline, cubic r* and linear r {17].

The shape parameter can play a significant part in the accuracy of approxima-

tion. The following figures are examples of the shape of Radial Basis Function:
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Fig. 2.1; One-Dimension Gaussian RBF

This thesis discusses the Thin Plate Spline, and the way of using it in solving

Fredholm Integral Equation.
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2.2.2 Radial Basis Function Interpolation

According to Mairhuber Curtis theorem, to have a well-posed multivariate scat-
tered data interpolation problem, there is a need to prefix a set of basis functions
planned to be used for interpolation of arbitrary scattered data. In lieu of fixing

the set of basis functions, we make the basis depend on data location [16].

RBF can be defined as a a limited set of distinct points X ¢ #2¥. These are also
called centers. The function value ¢(x), © € X solely depends on || = | rather

than on the coordinates of x [1].

Given the centers set X = z,;¢ =1, ..., N, which is a set of distinct points in RV,

The Radial Basis Function approximation to the function f is of the form

S(x) = i Nb(llz — zille)-

The coefficients ), are determined by applying the interpolation condition S{x;} =

Fla), at the center set X.

Implementing the interpolation condition at N centers re- sults ina N x N linear

system
Ar=T,

where the entries of the matrix A ared;; = ¢{||z; — x| )1<ij<n and
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The interpolant of f(x) is unique if and only if the matrix A is non-singular.It has
been discussed about adequate conditions for ¢(r) to guarantee non-singularity

of the A matrix [1].

Definition 2.2.3 A function ¢ on X is assumed to be positive defimite on X, if for any sef of

points Ty, 2g, ..., xx i X the N x N matrix Ay = §(x; - 75} is nonnegative definite, That is.

P N N )
VEAV="1 vy Ay 2> 0

j=1

or all nonzero V.e RY. (fVTAV > 0. Whenever the points o; are distinct and V £ 0, then
!

we say that ¢(r} is stricily a positive definite function [29].

The eigenvalues and determinant of A are positive, if ¢(r) is to be strictly positive definite

Junction on a linear space.

Theorem 2.2.1 (Bochner’s theorem) On R. f is non-negative Borel function. If0 < [ Rf <

oc, then f* is a strictly positive definite, where f* is the Fourier transform of function f, That is.

Jr= [j:f Fl)etdy. On an inner-product space, a real-value function F is said to be radial

if F(x) = F(v) whenever ||z|| = {lyll. On using the aforementioned theorem, One finds maiy
i

strictly positive definite functions or RBFs. For instance if flx) = S5 then f¥{(x)=1 iﬁ_,z {27].

2.2.3 Thin Plate Spline

Computational geometry, a branch of computer science, was where Thin Plate
Splines were initially applied. The modeling approach is now widely employed
in both the social and natural sciences. It is utilized, for instance, in ecology
(e.g., population growth), anthropology (e.g., geometric morphometrics), engi-

neering (e.g., structural design), and pattern recognition (e.g. fingerprint iden-
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tification). The study of health sciences also makes use of it. It is specifically
employed in the creation and evaluation of medical imaging methods [9].

The 2D generalization of the cubic spline is called the thin plate spline. The
technique bases its discrete analysis on thin plate splines (TPSs) constructed on
scattered points. collocation strategy TPSs are viewed as a particular category of
free form parameter random basis functions. They provide reliable and efficient
techniques for estimating unknown functions. In order to approximate integrals,
this thesis has used a unique accurate quadratore formula based on the non-
uniform Gauss-Legendre integration rule. A common issue in geosciences is
the modeling of scattered data, which has led to the development of the Thin
Plate Spline (TPS), an interpolation method [6] [14]. The Fredholm Integral
Equation was solved in one and two dimensions using the Thin Plate Spline

RBF.

2.2.4 Thin Plate Splines Approximation

Let v; represent the target function values at locations (z;, 1) in the plane, with 1=
1, ...., N.In particular, the researcher has set »; equal to the target coordinates{x«7, y})

in turn to obtain one continuous transformation for each coordinate,

We assumes that the locations (z;,3:) are all different and are not collinear. The

TPS interpolant f (x , y) minimizes the bending energy

Iy = [[m(ff+2 f;?y + foyldady

and has the form

fle.y) = Yo wl([|(ms, v) — (2, 9)])

where U(r)=r?Inr.

In order for f (x, y) to have square integral second derivatives, we require that

N N N
Doy =0, 3wy =0, ) wiys = 0
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Together with the interpolation condition, f(w,y) = vi.

Finally, the TPS-value in any point can be calculated according to:

Floy) = 5N walmr, [14].
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Chapter Three

Thin Plate Spline-RBF for Fredholm Integral Equation in One-Dimention

The one-dimensional Fredholm Integral Equation’s approximafe solution is pre-
sented in this chapter using the Thin Plate Spline RBE. One-Dimensional Fred-
holm Integral Equations are introduced in the first section. The theoretical basis
for this strategy is presented in the second section, and in third section shows
the example of solutin fredholm integral eqution using thin plate spline and

Compare it with my brother’s methods.

3.1 One- Dimensional Fredholm Integral Equations

The one-Dimensional Fredholm Integral Equations of the second kind of the

form are considered,

3]
y(y = flz)+ | ka.yy(td (3.1)

where f(x) and K(X, y) are given continuous functions defined, respectively, on

D={a, b} and y is unknown functions on D.

3.2 Solution Method

In RBF interpolation, the unknown function y(x) is expressed as a combination

of RBF i.e y(z) = 2211 Nhi{w),
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where ¢;(7) = &(|z — x:]) = |z — z*In{lz — 2,]) then the equation(3.1) become:
N b N
Z Mir = 2Pl — 2]) = flz) + / k(;z:,y)(z Alt — i Pin(t — xdhdt - (3.2)
i=1 2 pEA |
Additionally, using the linear property of an integral, the specific expression of
the aforementioned equation is found for every collocation pointz; in [a, b} as
N 5 N
EM;C — zinllr — ) = flz;) + / k(a:j,y)(z Ailt = 2 Pin(|t — 2}t (3.3)
i=1 @ |

xz; collection point.

when selecting M collocation point, thus forming the collocation equations in

matrix for
[ — K][\] = [F), G
where F' = (f(z1), f(z2), ... fzm)),
and
A= (A, Agy s An)

The elements in matrix @ and K are defined
Biy = |y — wiPinle; — 2 3.5

b
I{;.'j = ;Ii'-(.’l‘-j? ﬂ)(lt = CE,;'EZ}"LIf — lf?i)df (36)

The notation z; and =, represent correspondingly the collocation point and RBF
center, wherease the component K; is the defininte integral of function A(t)

which can be calculated throughout the follwing Gauss qudratic formula:
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D

1
/ Bujdn ~ S weh(ug) 3.7)

-1 del
The integral range can be transformed [23]

—l<u<]lée—a<<t<h

i‘,fu-(—lg . x—q

1—{—1} = b—u

so that t="=2u + &= = p(u)

K = [P k(z, )t — 2,2 Injt — )
:P.%&fil F(zg, plu))|plu) — 22 n|pu) — 2] jdu

2 bz S wak (s, p(ug)) () — 2 Mnlp(ug) — z)

3.3 Example of Solution Fredholm Integral Equation in One-Dimension

by Thin Plate Spline

Example 3.3.1 We consider the Fredholm Integral Equation given in,

1
flay= j{; Vi + yy(t)de, (3.8)

where fix)= 532 r5 + o (x + i - Sor(e+ 1)%+%(T + 1 0<x< 1,

which the precise solution is y(x)==z%, and 0< x < 1

setting Radial basis function(TPS-RBF (¢(r)=r"In(1)), GS, and MQ) centers with
interval 0.2 the coolocation points are the same as the center points N=10, For
MQ the saphe parameter 3= 12 . Then, the 20-point Gauss quadrature formula
in matrix element calculation, and the numerical result was shown in table 3.1.
As Tabel 3.1 shows, comparison between RBF methods.

The maximum errors of types RBF is in the table 3.2.
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Tab. 3.1: comparison between RBF methods.

T Exact solutions TPS RBF GA RBF MQ RBF
0.1 (.01 0.0136914898 0010431787 0.010008990
0.2 0.04 -0.02391498 0.03758911 0.04000413
0.3 0.09 0.14584667 0.0895160 0.0900153654
0.4 0.16 0.28759641 0.1666516087 0.160022667
0.5 0.25 0.183308272 | £.255764401. 0.250009480
0.6 0.36 0.13743517 0.349716785 0.35998681
0.7 0.49 0.500982125 0.4723170664 0.4899874717
0.8 0.64 0.866245903 0.649983924 0.640029827
0.9 0.81 (.836212529 0.839325022 0.810057024
i.0 1.00 0.775988339 0.923076622 0.999862821
Tab. 3.2: Maximum errors of RBF methods.
Types of RBF MAX errors RMSE
TPS RBF 0.226328748386308 0.134065863186407
| GS RBF 0.0’769233773435 89 0.027173263649966 |
MQ RBF 1.371786452182278e-04 4,9222¢-05

Comments these two table illustrates, numerical results show Tps rbf is simplic-

ity and very good of the method

Another example

Example 3.3.2 We consider the Fredholm Integral Equation given in,

(3.9)

v ‘
fle) = /U (z + y) y(t)dt,




where fix)= tz* +1—f$ +%, 0<x< L

which the precise solution 1s y(x)=5 x +1, and 0< x < 1 this paper used the
method presented in it, thin plate spline radial basis function ¢(r) = r?Inr for
solving the one dimension fredholm inteqral equation, since this method is sim-
ple and involve less computation use N= 10. In the table 3.3 show the exact
solution , approximation solutions and maximum error we calculate them by
Matlab as a follow

Tab. 3.3: Approximate solution of RBF methods.

x Exact solution TPS RBF GA RBF
0.1000 1.50000 177950 17054
0.2000 2 1.383068 1.9031
0.3000 2.50000 167681 21372
0,4000 3 235860 2.5629
0.5000 3.50000 3.4520566 32632
0.6000 4 4.53645 4.1692
0.7000 4.50000 538139 5.0474
0.8000 5 5716698 5.5723
0.9000 5.50000 5315442 5.4700
1.0000 6 4.149618 4.6764

The maximum errors of types RBF 1s in the table 3.2.

In the table below show the approximate solution of types of RBF and shows
the maximum error of TPS RBF is 1.850381572941764 and the maximum error
of GA RBF is 1.3236 . show the maximum error of GA less than the TPS but
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Tab, 3.4: Maximum errors of RBF methods.

Types of RBF MAX errors RMSE
TPS RBF 1.8504 0.81157
GS RBF 1.3236 0.5328

the difference is simple between them.




Chapter Four

Thin Plate Spline RBF for Solving Two-Dimensional Fredholm Integral

Equation

In this chapter, the Thin Plate Spline RBF is used to approximate the solution
of the Two-Dimensional Fredholm Integral Equation. Section one, introduces
Two-Dimensional Fredholm Integral Equations while section two presents the
theoretical path of this method and in third section shows the example of so-
lutin fredholm integral eqution using thin plate spline and Compare it with my

brother’s methods.

4.1 Two- Dimensional Fredholm Integral Equations

The Two-Dimensional Fredholm Integral Equations of the second kind of the
form

b d
w(r, 1) = flr p) + / / K (7, o, Ay pou( A, m))dddn, {T.pp) € D (4.1)

where f(r, ) and K(r, p, \,n,u) are given continuous functions defined, respec-

tively on D=[a, b]x [c, d], E =D x D and v is unknown functions on D. {4]

The second type of two-dimensional Fredholm integral equations can be used
to solve a wide variety of engineering and mechanical issues. When calculat-

ing plasma physics, for instance, Fredholm integral equations must typically be
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solved. There are numerous initiatives to create and analyze The second type of

Fredholm Integral Equations can be solved numerically.

The aim of this thesis is to apply the TPS-RBF method for solving the Two-

Dimensional Fredholm Integral Equations.

4.2  Solution Method

In this section, the Radial Basis Functions are used to approximate the solution

of the Fredholm Integral Equation,using the Thin Plate Spline.

The equation(3.1) the in previous section was solved, using TPS-RBF. Changing
the variables 7 = (b-a)X + a, ¢ = (d-c)y + ¢, A = (b-a)t + a and n = (d-¢)s + ¢, Eq.

(3.1) can be written as

11
w(z,y) = fi(zy)+ (b—a)(d—¢) / / Ki(z,y,t, s,ult, s)ydids, (x,y) € D (4.2)
Jo Jo

where fi(x, y) = f ({b-a)x + a, (d-¢)y + ¢),

Ki(x, v, 4, 8, uft, 8)) = K ((b-a)x + a, (d-c)y + ¢, (b-a)t + a, (d-c)s + ¢, u((b-a) +
a, (d-c)s +¢) and D =[0, 1] %[0, 1]. {4]

Let ¢(r)be a strictly positive definite function or Radial Basis Function, and we
approximate u(x, y) with interpolation by function &(r) i.e.,
N M

u(e,y) ~ 305 eydisle,y) = CTd(a,y) 43)

i=0 j=0

where, ¢;;(X, ¥)=o|| (2, 4;) — (=, ¥}

N e e T
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oo Qo1 .. Gon
(}510 (f)} 1 er (;')]_f\’f

(X, y)=
\¢N0 Gn1 e P
Cho 0 e Coar
CH) C}l e Ci i‘if

and CT=

\(5\0 Can CAM}
Also (x;,y;) are the node points. Now by substituting Eq. (4.3) in Eq. (4.2) we

have:

CTP(n,y) = filw,y) + (b —a)(d — ) I [} Kilz,y.t,5,CY0(L, s))dtds,

or

SN M it y) & fil,y) Hb—a)(d—c) [y Jy Kl u,t 8, 50000 Xt eyl s)dids,
For obtammg e i=0,1,...,N andFO, 1, ..., Minthe Eq. (3.5), we consider
the points (x, y) = (z;,y;) fori=0, 1,...,Nand j=0, 1, ..., M we have that
CT®(z;,y5) = filas, yy) H{b—a)(d - fO fo Ki(zs,y5.t, 5, CY B (2, s))dtds,

or




25

S0 Sy i (i) 2 fulm, ys) Hb—a)(d—c) [y [y Kulariysst, . 0000 2img cudu(t, s)dids,
By applying numerical integration method approximate the integral of f on [0,

1] as fo f(x) dx=73% MG wy f () where =; nodes point , and w; is the weights , we

can approximate the integral in Eq. (3.2) and hence the above equation can be
written as follow

CT®(as, 45) = fulze, ;) + (b—a){d—c) Yoo 0 Zm-o Wiy Wiy Ky (T3, Y, Ly 8rys CTB(E, 8))
fori=0, 1, .., N,j=0,1, .. M

This is a nonlinear system of equations, by solving this system, we obtain the

unknown vector C'7.

4.3 Example of Solution Fredholm Integral Equation in Two-Dimension
by Thin Plate Spline

Example 4.3.1 We consider the Fredholm Integral Equation in two dimension given in,

1 pl
flz.y) = / / =TSty (s Hdsdt, (4.4)
SO

where f(x,y)= =1e™ and the exact solution is u(x,y)=2 « and 0 <x,y

1+ 27

<1

When we applied TPS-RBF (¢(r)==r* In(1)), the

collocation points were the same as the center points four points. (0,0}, (0,1),(1,0),(1,1)
. For Gauss quadratiqur formula we choose Q=3. wa calculate the wights and

nodes to approximate the two dimensional integral [ [ e=tv* (s, t)dsdt, then

we apply the thr TPS-RBF that is described in section 4 and solve

CT (i, ;) = filwiyy) + (b — a)(d — &) ity Tjmy waws K (3,95, 41, 55, CT2 (L, 8)) to

find the unkown matrix C7T. first approximate the two dimension integral where

N=M=3, using nodes and weights
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we Calculates the nodes and weights of the Gaussian quadrature polynomial,

(n+ 1) Pyuy(z) = 2n + Dz P(z) - nP,_;(x).

apply n=3 gets
(5 2* - 3 x) Now,

nodes z; the i-th zeros of P,(x),

Py(z) =

weights w; =

2(1—3:?)
(?lp,, ~1 (Ta))z

Tabh. 4.1: weights and nodes

i weight(1;) Nodes(x;)

1 0.555555555556 0.7745966692414834
2 0.8888R8888 0.0000000000000000
3 0.55555555556 -(1.7745966692414834

Ky= (b= a)(d — ¢) ity D0, wiew K (2, 4y, tis 55, 213, 55)).
I&v{l,l) (f} 0):

(wi Uy ’wg)

Sy w0t e A0 — 432 4 (0 S In VO —6)7+ (0 —s5)?

S0y w0y SO B + (0= 5,07 In /0= B) + (0= ;)

Zj’ﬂ 1y, 0T OH s+ \/(0 —t32 4+ {0 — 5‘7‘)22 In \/(0 — 1)+ (0 —- .S‘j)zj

K n{0,0)=

where

ijl wie

T,

().838388

0.

5

R

5

I

)

RN

3

)

)

Zfrl Q[!j,g(]"'o'}'fl"""\i \/(O — 't1)2 -+ (0 - 5'3')22 In \/(G - t1)2 + (G — Sj)z

T8 w00t (0 R (057 In /0 B+ (05,

\Z?al ,wjﬁmnﬂgﬂ_,- \/(D — t:s)z T (U m Sj‘)‘22 In \/(U — 1) + (0 — Sj)z/

OFO TS A0 — )2 + (0 — .Qj)22 In \/(O — )P+ {0—g)P=




().838888 0.55555)

0471313

—0.33468

0.10104
/

= 0.0209

S et Ot ST (0= 802 {0 — E2)E + (0 — s,)° =

g=1""1

and

—0.3342%

—0.07164/

= -(0.2255

23 1 el TS \/(0 — tg)2 4 (0 — S]')EQ n \/(O —t3)° 4+ (0 — s54)*

1=

(0.5555;’ ().385888 0.55555)

then the
K(m) (07 0)=

(0.55555 0.58888 0.55555)

I{(lfg) (0, l):

\

0.10099

—0.041287

\ 0.02163 /

[

0.0209

—0.02255

0.00442
\

=(.00442,

=-0.18622




(wl (7155 'LU;.;)

(0.55555 (.88888 0.55555)

where

) e S— 52 5
Zj',ﬂ wiet T S0 — )2 4 (1~ 5y)% /(0 —1)2 + {1 — 55)2

Ly wyel RS \/(O — )+ (11— s;,-')’32 In \/(0 —t)? 4 (L —5;)%

O+itttss ST 13)2 4+ (1= 5,)7 In /(0 — 1502 + (1 — 5;)°

ooy w0 - )2 (1= 55)2 /(0= £)? + (1 - 51)2\

3wyttt SRR =5 In /0= G + (1 507

i

S et 0 — )2+ (1 - s“,,-)22 In /(0 —t4)2+ (1 — sj)Z/

2;1 wye s 0= )2 + (1 — SJ‘)EEI}} \/(0 —hP T (I—s5)2=

(0.55555 {).888888 0.555{35)

—1.79011

2.17655

\ §.66031

=4.63546

Z?:} ‘l!;'j(io+1+t2+'gj \/(9 = 112)2 -+ (1 — Sj)zz In \/(0 - fg)z ~4- {1 - .‘Fz’j)z =

(0.5‘5555 ().88588 0.55555)

and

—{.455445

2.251305

=0.99771

T3 wyet et SO G F (L= ;)2 In /{0t + (1= 85)° =




(8.5555-5 0.858888 0.5555)

then the
I{(LE) (O? 1):

(0.55555 (0.833888 0.5555>

I{(zal) (1‘ O):

)

(0,55555 (.88888 (.5555H3

where

—0.383403

.466667

\ 1.42651

4.63546

\0,993‘25

= 0.99325.

0.99771 | = 40152

Sy wiet T ST P (0 - s)F In /T —0)7 + (0 — 5,)?

S w0 ST TR T 0 5 T BP0 5,

Z_:;zl wyet TS (1 — 1) 4 (0 — 3:,')22 In /(1 —t3)2+ (0 —5)°

ZS gttt \/(1 Sy (g Sj)f In \/{1 — )P+ (0~ =

je=1

(0.5555'5 ().88338 0.55555)

\

~1.78037

—{).45630

—(1.38343
/

= -1.60562

S8 ettt 15T+ (0 — .%j)gg /(1 =)+ (00— 5} =

=1




(0.55555 {).88888 0.55555)

and
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\

2176778

0.46660
)

=1.46814

7

(0.5555 (.88838%8 0.5-‘3555)

then the
Kon(1,0)=

(O.55555 .88:88 0.55555)

and

]{(2‘2)(1? l):

(0.55555 £).88388 (0.55555

where

6.659706

ST et 0t TR 4 (0 - PRERT V=t + (00— 5)7 =

9.24909 | = 0.48533.

\ 1.42651

/

[ \

—1.60562

1.46814

6.48533
/

el

=4.0152

23 ,wjel‘Tl-i-ti-l-Sj \/(i _ tl)é + (1 _ SJ,)ZE I \/(1 — tl)Q 4 (1 _ 83)2

Zj:z wel s ST — 1) 4+ (1 — Sj)zz In /(1 )% - {1~ s;)?

| Syt st TR H (= ) TP (=557

2wt ST R 4 (-5 /I 6+ (1 — )2 =



(0.55555 ).88888 0.55555)

Z?ml wyet Tt S ) s (1 — sj‘)92 In/(1-6)?+(1-s)=

((3.55555 (0.88888 G.:BSE)SS)

and

Zj:l 'll!jf}i+i+t3+sj \/(l — tg_)z 4 (1 —_ Sj)zg ]_11 \/(1 _ f,;g}z -+ (1 - Sj)2 -

(0 55555 0.85888

then the
1{{272) (1 i)"——'

(0.55555 0.88838 0.5555)

The matrix of

—0.18622 4.0152

K=

4.0152

31

—4.095049

432605

1363750
/

10.03696
\ /

\

0.433069

5117011 | = 1252587

13.63514

10.03150

\

\9.1071107

1252587 | = 20262

21.5482
/

=5.68515

=21.5482.
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Now, we find the matrix \;; for solve the system
(] [A] = [F]

where {(x,y)= %ﬂiti

£(0.0)= =H4€< = 31945

(0, 1)==t252" = 8.625

f(1,0)= ~H5xet = 8.625

(1, 1)= =htee" = 23.6045

then

31045 8.625
=

8.625 23.6045

here we solve the system

~{(0.18622 4.0152 A1 Am 31945 8.625
40152  26.262 A Az 8.625 23.6045
then the

2.344  6.267
/\i,j:

(.G868 1.857
Now, we find to the approximate U(x,y)

N OOM
u(ry) m Y Y Nyéile,y) = No(r,y) (4.5)
=1 j=1
U,0) U{0.1) 2.344 0.6865 ¢ Do
U(1,0) U{1,1) 6.267 1.857 $o1 oo

The table below shows the comparison between the thin plates and the Gaussian

method in solving 2D fredholm inegral equation:
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(x.¥) Ux.y) TPS RBF GA RBF
(0,0) 0313 0.34318 0.33239
(0,1) 0.8508 0.8691 0.22123
(1,0) 0.8508 1.0195 1.086

(1,1) 2.3130 1.4572 0.72288

It is clear from the table that the values of approximate tps are closest to the

exact solution more than gauss method.

The absolute errors are reported in the table below :

(x.¥) errpaz(TPS) errar{GA)
0.,0) 0.03018 0.01939
©0.1) 00183 0.62957
(1.0) 0.1687 0.2352
(1,1) (0.8558 1.59012

comments This table illustrates, the max. erorr difference between thin plate
spline and gauss radial basis function and shows that the amount of max erorr

of TPS less than GA.

4.4 conclusion

In this thesis, we have to solve Fredholm ntegral equation in one dimension and
in two dimensions using Thin plate spline Radial basis function. This method
is very straightforward and requires little computation. Additionally, we may
extend this method to issues with larger dimensions. In this thesis we have
solved Fredholm’s integral equation in one and two dimensions, using radial
basis functions (RBF) and RBF thin plate spline in particular. Fredholm’s inte-

gral equation is an equation that has many applications in science and engineer-
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ing. After finding the analytical solution to the Fredholmn integral equation, we
presented in the numerical solution other ways to solve the Fredholm integral
equation using Gauss and MQ Radial basis function. A numerical comparison
of the error between these different types was then performed using numerical
examples. It concluded by testing the efficiency of existing methods against
this approach. In the future it is possible to expand the solution of the Fred-
holm integral equation in higher dimension using the thin-plate spline Radial
basis function method and solution of the Fredholm integral equation in Two

dimension using softeware like matlab.
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